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PREFACE. 



I HAVE in this treatise endeavored to arrange a course of 
trigonometrical study sufficiently extensive to enable the 
student to comprehend readily any applications of trig- 
onometry he may meet with in the works of the hest modem 
mathematicians. With this object, some topics have been 
introduced which are not usually found in works devoted 
specially to this subject. 

Among these topics, the most important is the solution 
of the general spherical triangle, or the triangle whose sides 
and angles are not limited, according to the usual practice, 
to values less than 180°. The advantage of introducing 
such triangles into astronomical investigations is sufficiently 
shown in the applications made of them in the worlds of 
Bessel and other German mathematicians ; and especially 
in the Theoria Motus Corporwn (Jcdestivnn of OauSS, who 
was the first to suggest their employment. 

The subject of Knite Differences of triangles, plane and 
sphericalj occupies a large space in Cagnoli's treatise, but 
has not been admitted into more recent works. It here 
occupies only a few pages, but no important result of 
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4 PREFACE. 

Cagnoli'a Table has been omitted, wliilc a number of ihe 
formiilie are much simpler than the corresponding ones 
given by him. 

Although my plan embraces a much more extensive 
course than is contained in the text-books commonly used, 
I have studiously kept in view the wants of academic and 
collegiate classes ; and have so arranged the work that a 
selection of subjects of immediate importance may be readily 
made. The more elementary portions are printed in a larger 
type, and are intended to form, independently of the matter 
in the smaller type, a connected treatise which may be 
studied as though it were in a separate volume. 

Those who may afterwards wish to extend their know- 
ledge will appreciate the advantage of having the higher 
departments of the subject treated in connection with those 
fundamental ones to which they are most intimately re- 
lated. W. C. 

U. S. NAYAH AOADKMr, 

AnTu^olii, Md., May 1, 1850. 



KOTE TO THE FOURTH EDITION. 

In this edition, baaidcs a number of minor changes, and tie c 
tjpograpliioal errors, a very important modifioation has been made in tlio solution of 
the equation tan a; = ^ tan y by series (p. 146), whieh mas given in former editions 
in the usual form as atated by all writers on trigonometry. This form was dis- 
covered to lack generality, and consequontlj to fail in certain applications, in con- 
sequence of the omission of the arbitrary term nw now introduoed. Several subse- 
quent iuveetjgations, depending on tiiia, have in like manner been rectified. 

W. C. 

U, 8. MiVit Academy, April I, 1854. 
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PART I. 

PLANE TIUGONOMETRT. 



CHAPTER I. 
MEASURES OF ANGLES AND ARCS. 

1. Trigonometky is that branch of Mathematics which treata 
of methods of subjecting angles and triangles to numerical compu- 
tation. 

2. Plane Trigonometry treats of methods of computing plane 
angles and triangles. 

It embraces the investigation of the relations of angles in gene- 
ral, a branch of the science not necessarily connected with the 
elementary solution of triangles, and which has been distinguished 
as the Angular Analysis, 

3. By the solution of a triangle, in trigonometry, is meant the 
computation of unknown parts of the triangle from given ones. 

The triangle has six parts ; three angles and three sides. It is 
shown in geometry, that when any three of these parts are given, 
provided one of them is a side, the triangle may be constructed, 
and the unknown parts found by mechanical measurement. 

In the same cases, by trigonometry, we compute the unknown 
parts from the three given ones, without resorting to eonatruction 
and measurement : a method of inferior accuracy, on account of the 
unavoidable imperfections of the instruments employed, and the 
difEcuIty of distinguishing with the eye the smallest subdivisions of 
lines and angles. 

But here also the case is excluded in which the three angles are 
given without a side, because there may be an indefinite number o'' 
plane triangles, whose angles are equal to tlie same three given ones, as 
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PLANE TRIGONOMETET. 

in Fig. 1. the triaEgles J._B C, A'B' 0', 
&c. In this case, all these triangles 
are similar, and their sides are pro- 
portional ; or the ratio of A B to A 
is equal to the ratio of A'B' to A' 0', 
&C. ; so that the ratios of the sides to 



each other are fixed or determiQate, although the absolute lengths 
of these aides are indeterminate. 

4. Now, in order to subject a triangle to eomputation, wo must 
first express the sides and angles by numbers. For this purpose 
proper units of measure must be adopted. 

The unit of measure for the sides of plane triangles is a straight 
line, as an inch, a foot, a mile, &c, ; and the number expressing a 
side is the number of units of the adopted kind that the side con- 
tains, 

5. The units by which angles are expressed are, the degree, 
minute, and second; distinguished by the characters ° ' ". 

A degree ie an angle equal to g'c of a right angle; or a degree is 

sJo of the whole angular space about a point, or ska of four right 

kb.2. angles. Thus, Fig, 2, if the angular space about 

'^' is divided into 360 equal parts, of which A OB 

is one, then A OB is one degree. The right angle 

_^___ B will be expressed by 90°; two right angles by 

" 180°, and the whole angular space about a point 

by 360°. 
J,,,, A minute is an angle equal to a'g of a degree. 

Therefore, 1° = 60' ; and a right angle = 90 X 60' = 5400'. 

A second is an angle equal to ^^ of a minute. Therefore, 1' = 
60"; 1° = 60x60" = 3600"; and a right angle = 90 x 60 X 60" 
= 334000". 

Angles less than seconds are sometimes expressed by thirds, 
fourths, fifths, ko., marked '" " ', &c. ; a third being ^ of a second ; 
a fourth, ^jj of a third ; &c. But the more convenient method is to 
express them as decimal parts of a second ; thus ^ of a right angle 
will be either 

12° 51' 25" 42'" 51^", &c. 
or more conveniently 

12° 51' 25"-T14, &c. 
6. The aboTe division of angles ia osdled sexagesimal, from the divisor 60 employed 
in the suMivision of the degree. The centesmal division, however, would lie prefer- 
able in all cases, bnt cannot now be jrenerally introduced without, at the same time, 
changing tJie arrangement of all out tiiblcs, the graduation of astronomical and 
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11 



other instruments, chiu-ts, &e. Nevertheleaa, the attempt lias bean made in France, 
and several standard works esist in the French language, in wiiioh it is employed 
throughout. 

In tie ceatasimal or French disision, tha right angle is divided into 100 degi-ees ; 
the degree into 100 minutes ; the minute into 100 seconds, &c. The reduction of 
these denominations from one to the otter requires only a change in the poaition. 
of tte decimal point ; thus, in this ayatem 60" 75' 84"-8 is the same as 607584"-8 
or 60°-75848 or 0* ■6075848, the symbol q denoting a quadrant or right angle. 

To convert ceniethaal inio sexagesimal degrees, since 100° dee. =^ 90° ses. deduct one 
tenth from tke itumher of ceniesiraiil degrees. 
EsAMFLE, Required the number of ses. degrees in Sfl" 47' 43" dec. 
85°-4T43 cent. 
Deduct i"j = 8 -54743 

76'''92687 aes. degi-ees and doc. parts. 
65'-6122 
36"-782 
or 76° 55' 86"-7S2 sexogeaimaL 

To convert aexageaimal inio ceniesmal degrees, aiuoe we must take y of the ses,, 
dtoide by 9 aatd move, the decimal point one place to the tig/il. 
Example. Reqmrotf the nnmher of centesimal degrees in 76" 65' S6"-732 ses. 
Keducing the miuntes and seconds to the deoimat of a degree, we have 

76"-92687 aei. 
y of which is 85»'47i8 cent. 

OP 85° 47' 48" oentesinia!. 

To djstiiiguish the degrees of the centoaimal from those of the sexsLgesimal divi- 
siOQ, the former are frequently called grades, and are denoted by tha character * 
instead of " ; thus the preceding angle would be 83' 47' 43". 

Measures op Arcs. 

7. Since tlie angles at the center of a circle are proportional to 
the arcs of the circumference intercepted between their sides, these 
arcs may be taken as the measures of the angles, and we may express 
both the arc and the angle by the number of unite of arc intercepted 
on the circumference. 

The iiLiits of arc are also the degree, minute, and second. They 
are tlie arcs which subtend angles of a degree, a minute, and a 
second, respectively, at the center. A degree of arc is thus always 
^in of the circumference, whatever the radius of the circle may be ; 
and we obtain the same numerical expression of ^is- »■ 

an angle, whether we refer it directly to the angu- 
lar unit, or to the corresponding unit of arc. The 
right angle AOA', Fig. 3, and its measure, the 
quadrant AA', are therefore both expressed by 
90° ; the semicircamference by 180°, and the 
whole circumference by 360". 

8. The radius of the circle employed in measuring a 




then 
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12 PLANE TRIGONOMETKY. 

arbitrary, and we may assume for it sucli a value as will most sim- 
plify our calculations. This value is unity ; that is, the linear unit 
employed in expressing the sides of our triangles, or other lines 
considered. This value will be generally used throughout this 
treatise. 

9. To find the length of an arc of a given number of degrees, 



The semi-circumference of a circle whose radius is unity is known 
to be 3-14159265 ; or, tho radius hcing It, the Bemi-eireumference 
is 3.14159265ii. Hence 

When^=-1 
Are 180° = 3-14159265^ =3-14159265 

" 1° =0.017453293ig =0-017453293 
<i 1' =0-0002908882^ =0-0002908882 
u 1" =0-00000484813r-R =0-000004848137 
An arc x therefore, in the circle whose radius is unity, being ex- 
pressed in degrees, or minutes, or seconds, we find its length by the 
formiilai 

Are a: = 0-017453293 3^° 
= 0-00029088822^ 
= 0-000004848137 a^". 
As these factors for finding the length of an are are often used, 
it is convenient to have their logarithms prepared.* Thus 
Arc a: = [8-2418774] 3^° 
= [6-4637261>' 
= [4-6855749] a:" 
in which the rectangular brackets are used to express that the logar- 
ithm of the factor is given instead of the factor itself. 

Example. What is tlie length of the arc x = 38° 17' 48", the 
radius being = 1. 

38° 17' 48" = 137868" log. 5-1 304635 

Log. factor for seconds 4-6855749 
3^ = 0-6684031 log. X '9^260384 

10. To find the nv-mher of degrees, ^c. in an arc equal to the 
radius. 

We have, from the preceding article. 



* Tlio logaritlims in the examplea of liis -work nUl lie taken from Stanley's Tables, 
(publislied in New Haven, by Durrie Mid Peck,) the beat tables of seTen-figore 
logiultlims yet published in this eountfj. 
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■^ 3-14159265 " 
= 343T'-T4677 =206264"-806 

H. The aiiglo at the center meagured by an aio equal to the radius, is often 
taten as the unit of angular measure, as this angle will be of aJi iarojiable magni- 
tude, whateyep is the length of the radius. If i is the number of Buoh units in a 
giTOu angle, tho number of degrees, &e., in it will be found by multiplying by Hie 
Talue of the radios in degrees, &o., fonad in lie preceding article. Thua, 
x-=xB^ = 67''-29S7796i = [1-7681226] x 
a- =xie ■=843r-74677 I =[3-6362739]* 
■^■ = xS" = 206264"-800 x = [5-3144261] x 
Bedprooally, the angle being given in degrees, &c., we redncB it to tho unit ra- 
dius, by dividing by E", R', or R", thus, 

_ ^ _x' _^' 

Vfhich is eyidetitlj the same aa multiplying by the factors of Art. 9. 

It appears, then, that an angle is expressed in the unit of this article by the 
length of the arc which meiieiires the angle in the circle whose radius is unity. 
Hence, an angle thus expressed is said to be gireu if! aro. If we put (as is usual) 

!r = 8-I4159265 ■ ■■ 
!T is the circular measure of two right angles, or it is the expression of two right 
aJiglea in arc. In tj-igonometry it is therefore common to employ a- to denote an 

angular magnitntle of 180° ; ~ a right angle ; 2 w four right angles, &c. 

12. The complement of an aiiglo or arc is tho remainder obtained 
by subtraetmg the angle or arc from 90°. 

The su^lement of an angle ur are ia the remainder obtained by 
subtracting the angle oi ait, fiura 180°. 

Thus the complement of 30° is 60° ; tho supplement of 30° is 
150°. 

Two angles or arcs are complements of each other when their 
sum iB 90°, They are snpplements of each other when their sum is 
180°. 

13. According to these definitions, the complement of an arc 
that exceeds 90° is negative. Thus the complement of 120° is 
90° — 120° = — 30°. In like manner the supplement of 200° is 
180° -200° = -20°. 
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SINES, TANGENTS, AHi) SECANTS. FUNDAMENTAL FOEMULa;. 

14. Having expressed the aides and angles of triangles by num- 
bers, we are next to find such relations between them as shall enable 
us to combine these two difi'erent species of quantity in compu- 
tation. 

As every oblique triangle may he resolved into two right triangles 
by dropping a perpendicular from one of the angles upon the oppo- 
site side, the solution of all triangles is readily made to depend upon 
Big. i. that of right triangles. Let us therefore 

„, B" consider a series of right triangles, ABO, 
AB'C", AB"G", ka., Eig. 4, which have 
a common angle A. The angles at B, 
B', B", being also e(;ual, the triangles are 
similar; and by geometry 
BO:AB = B'G' : AB' = B"G" : AB" 
or by the definitions of ratio and proportion, 
BO _ B^'__ By" 
AB AB' AB''~ 
In like manner it follows that 

BO_B'G'_ B"C" 

AO~AO'' AO" 

, AB_AB'_AB" 

^"^ AO''AO'~A(r 

Hence it appears that the ratios of the sides to eaoh other are the 
same in all Hght triangles having the same acute angle; and, 
therefore, if these ratios are known in any one of these triangles, 
they will be kno^vn in all of them. 

These ratios, then, depending on the value of the angle alone, 
without regard to the absolute lengths of the sides, may be considered 
as indices of the angle, and have received special names, as follows : 

15. The SINE of the angle in the quotient of the opposite aide 
divided hj the hyj)otenuse. 
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SINES, TANGENTS, AND SECANTS. 

Tiiua, in the right triangle ABC, Fig. 5, 
if we designate the sides hy the small letters 
a, h, c, we shall have, (whatever the absolute 
length of the sides) 

Bin^ = -, sin_B-A 



16. The TANGENT of the angle is the quotient of the ojyposits aide 
divided by the adjacent side. 




17. The SECANT of the angle is the quotient of the hypotenuse 
the adjacent side. 



18. The COSINE, COTANSEHT, and COSECANT of an angle, are re- 
spectively the BINE, TANGENT, and SECANT of the complement of the 
angle. 

Since the snm of the two acute angles of a right triangle is one 
right angle, or 90°, thej are, by Art. 12, complements of each other ; 
therefore, according to the preceding definitions, we shall have 



sin j1 = cos 5 = 
tan A= cot 5 = 
sec A = cosec B = 



cos ^ = sin ^ — - 
cot A = tan B = - 



cosec ^ = sec £ = - 



(1) 



19. Since— is the reciprocal of — , it follows from the first and 

last of these equations, that the sine and cosecant of the same angle 
are reciprocals ; and from the other equations, also, that the cosine 
and secant, the tangent and cotangent are reciprocals. That is, 



sin A. = 


cosec A = -. — - 


cos A L- 


&ecA = ^-j 


tan A — ~ 

cot A 


cot A L 

tanJ. 



r more briefly, 

sin A cosec A = cos A sec A = tan AcoiA = 
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Sines, &o. of Arcs. 





N. 


'^ 


^ 


1 




J 


] 



20. Tlie sine, tangent, and secant of 
an are are respectively the sine, tangent, 
and secant of the angle at the center 
measured hy that are. Thus, Pig. 6, 

sin ^ _B = sin yl 0B=-~ 



The sine of an arc, therefore, docs not depend upon the absolute 
length of the are, but upon the ratio of the arc to the whole circum- 
ference, {Art, 7.) It follows that the relations (2) and (3) are also 
applicable when A expresses an are. 

21. If the radius = 1, all the trigonometric functions above de- 
fined may bo represented in or about the circle by straight lines. 
Representing the arc AB, or angle AOB, by a:, we have, when OA 
= 0B = 1, 

BO BC 



= B0 



AT AT 



■AT 



and from the arc A'B = 9 



" 0A~ 1 ^-^ 
° — X we find in the same way 
cmx = BB=OC 
cot x = A'T' 
coseca- = OT' 
Therefore, in the circle whose radius is unity, the sine of an aro, 
or of the angle at the center measured % that are, is the perpen- 
dicular let fall from one extremity of the are upon the diam^er 
passing through the other extremity. 

The trigonometric tangent is that part of the tangent drawn at one 
extremity of the aro, which is intercepted between that extremity and 
the diameter (produced) passing through the other extremity. 

The secant is that part of the produced diameter which is inter- 
cepted between the center and the tangent. 

The cosine is the distance from the center to thefoot of the sine. 
In a cii'ole of any other radius than unity, the trigonometric 
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functions of an a.rc will be equal to tlio lines drawn as aljove, divided 
tj that radius. 

The properties here stated have heretofore heen used by most 
writers upon trigonometry as definitions, hut without limiting the ra- 
dius to unity ; and it is evidently from this mode of viewing these 
functions that they have derived their names., 

22, Besidea the functions already defined, others have bean occaaiooallj employed 
to fjLcilitato particular calciilationST as tlie vei'sed sine, "wliioh in the circle is the 
portion of the diameter intorcepWd hetwoen the eitremitj of the arc and the foot 
of the ^ne ; thus, Fig. 6, tiie versed sine of ^ ^ is ^ C, or tJie radius being = 1, 

by means of which formula we may always sahatitute versed sines for cosineSj and 
reciprocally. 

Tbe CBVo'sed sine (covora.) is tlie varaed aine of the complement, aud savsrsed sine 
(suvera.) is fhe versed sine of the supplement. 

The clwrda of arcs ha^e also been used, and may be substituted for sines by the 
formula 

cl>5i=2ainj=r (5) 

wMdi is evident from Fig. 6, where if the arc BB' ^x, we have chord BB' = 
2BCz=2BinAIJ. 

23. From what has now heen stated, the student will perceive that 
angles are to be subjected to computation by means of the quanti- 
ties aine, cosine, &o., commonly designated by the comprehensive 
term trigonometrie functions.'' It becomes necessary, therefore, for 
the computer to know the values of these functions for any given 
value of the angle. The trigonometric tables contain these values 
for every minute, and sometimes for every second, from 0° to 90° ; 
and with these tables ali the numerical computations of trigonometry 
are carried on. In practice, then, we are not required to compute 
the functions themselves, and we shall therefore defer the methods 
for that purpose to a subsequent part of this work, and proceed 
at once with the investigation of the formulae and methods hy which 
these tahles are rendered available. 

FUSDAMENTAL PoElMUtiE. 

24. G-iven the sine of an angle, to find the cosine. 
From the right triangle ABC, Fig. 7, we 

have by geometry a^ + S^ = c^ 
Dividing by c% this equation becomes 

S + S-i 



trii/nnomelric lines, from the pi'opBrtiea esplained in Art, 21. 
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or, by the definitions of sine and cosine (1), 

Ein'^ + co8M = l (6) 

in which the notation sin' A signifies " the square of the sine of A." 

From this formula, if the sine is given, we finci 

cos^ J. = l — sin^J. = (1 + sin j1) (1 — sin J.) 

cos A = v/ (1 - sin^ A) = y/ [(1 + sin A) (1 - sin ^)] (7) 

and if the cosine is given, we find 

sin J. = %/ (1 — cos' A) = v/ [(1 + cos A) (1 — cos A)] (8) 

25. G-iven the sijie and cosine of an angle, to find the tangent. 

By (ij we have 

, a 
tan^i = -7- 



tan A = 



_ sin J. 

cos -A 

And since the cotangent is the reciprocal of the tangent, 

, cos A 
gqXA = — ■■ ■ , - 

26. Given the tangent of an angle, to find the secant. 
The right triangle ABO, Fig. 7, gives 



(10) 



Dividing by b^, this becomes 

»■ , o" 

or, by the definitions of secant and tangent (1), 

sec^J. = 1 + tan' J. (11) 

This formula applied to the complement of A gives 

eosec^ A = 1 + cot' A (12) 

^/'•'■^* _ 27. The preceding formulic are also 

directly obtained from Fig. 8. If the 
angle A OB, or the arc AB, be denoted 
by X, the right triangle OBC, gives 

BC' + 00'==OB^ 




or remembering that the radius is 


unity, 


by Art. 21, 




I'x-i- co5= a: = 1 


{V6) 
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The triangle OB gives by the definition, Art. 16, 

txn.AOB = -^ 

sins; ,, ,, 

or tan x = (14) 

cos X ' 

Since tlio angle BOD is the complement of BOC, Xa.nBOI> = 
cotx, and the triangle B0J9 gives 

„^^ BB 00 

i.nBOI>=^ = ^, 

cos X 
or cot 3: = -; — (lo) 

sin a; ^ ' 

In a similar manner the triangles AOT, A' OT' give 

sec' .c = 1 + tan^ x (16) 

cosec^ j; = 1 + eot^ x (17) 

28. The following equations are easily demonstrated by combining (18), (i*)> 
(15), (16), (17), atid employing the property of the reciprocals (2). Tliey are of 
frequent uae. 



""•" s^ = °"" 


""•~;.i^-tsr; 


(18) 


.m! = >/p-.o='.), 


oo,j = v'{l-.to'«) 


(20) 


....-y(l + t«i',), 


..... — •(1 + oof.) 


(21) 


toni = ^(sec'i-I), 


eoti = ^{ooseo'z— 1) 


(2!) 


tan I 


1 




• (l + M 


1 


(23) 
(21) 


" •(! + '■»«■ 


"■) ,/(l + m'.) 


Bin I 


.) 


(25) 


^(l—in-: 


«.l.- "■" 


.-<"!;::'"•■' 


(28) 



29. To find the sine, ^e. of 30° and 60°. 

In Fig. 8, let the arc AB = 30°, and BB' =2AB = 60°. By 
Art. 21, sin AB = BO, and by geometry the chord of 60°, or of one- 
sixth of the circumference, is equal to the radius = 1 ; therefore 

2sin30° = 2BC=_B5'=l 
whence 

sin30° = | = co3 60° (27) 
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.nd by (7) 

cos 30° = v/ [(1 + J) ( 1- m = x/ (I X J) 
-whence cos 30° = J v" 3 = ain 60° 

Then, by (9) and (2), 

sin 30° 



'•'•'<">' o«30= wa ^3-"""'° 


(29) 


00130°-—^^^- ,/ 3 -ton 60° 


(30) 


Bec!30°=— '5;!;= 4i; =cos8ce0° 
COS 30° v^ 3 


(31) 


cosec 30° - jj^js = 2 = s«(! 60° 


(32) 


30. ro^it/iesme, #0.0/46° Since 45° is tte 


oraplemeiit of 


45°, wc liave 




sin 45° = eo3 45° 





■whence ty (13), putting x = 45°, 

sm^ 45° + cos* 45° = 2 ain^ 45° = 2 coa^ 45° = 
sin^ 45° = cos' 45° = ^ 
sin 45° = coa 45° = ^/ 1 = 1 ,/ 2 
sin 45° 




- cot 45° ■ 
= cosec 45° 



s45° 



(34) 
(35) 



■ihr46"°^^^ 
These values arc readily verified in the circle, 
Fig. 9, where OATA' is a square described upon 
the radius. The diagonal OT bisects the right 
aaglo, whence ^0^ = 45°, and tan 45° = ^7 
= 0^ = 1 ; cot 45° =^' 2-= 1; ain 45° = BQ 
= OC = coa45°, &c. 



81. The sines and eosines of two angles being given, to find 
he sine and cosine of the sum, and the sine and cosine of the differ- 
■nee of those angles. 

^ ^ j,jg ^ Letthetwoanglesbejl OB 

V ' y and BOO, Figa. 10 and 11. 

/ \y P^^^^ -^^ ^^^ point B in the line 

/y y>-^ Draw BA and GB perp. to 

0^ tA ° Ti OA, and BE perp. to OB. 
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Then tlie triangles B Q E and BOA are mutually equiangular, 
the three sides of the one heing perp. to the three sides of the other 
respectively; therefore the angle B 0E~ A OB. 



Let i = AOB~BaE 
y^BOO 






Then, Kg. 10, a: + y = COB 
Kg. 11, x~-y=OOB 
and in 






^. ,„ . , , e.0 BA + OB BA 
F.g. 10, an (« + J,) = ^ « — ^,.^- _ ^ + 


OE 
00 




„ „ . , ., CO BA-CB BA 
ag.ll, „n(^-y)=^ = ^,^ ---W- 

and in both iigurcs 


OE 
00 




BA BA BO . 
C0~ BO'^ (,(,- Bin fB cosy 






CU BE OB 

W = OB '^W -""'"'"■' 






Trliicli being substituted in the above expressions of s 


in {x + 


y) and 


sin (x - y) give 

sin (a; + y) = sin a: cos ^ + cos a: sin y 
Bin (fB - ») - sin I cos y - cos x sin y 

Again in 

„. ,„ , . , OB OA-F.B OA 

l.g. 10, C0»(a, + y) g^ gl, gg- 


BB 

'00 


(36) 
(37) 


^. „ , , OB OA + EB OA BB 

Fig. 11, cos (.r - y) = ^, = - -gg~~ = gj, + gj,- 




and in both iignres, 






OA OA OB 

00- Woo-"'""''!' 







00" BQ ^00^ 



therefore 



cos (a; + ^) = cos a; cos ?/ — sin x sin y (38) 

cos (k — 4/) = cos a; coa !/ + sin a: sin »/ (39) 

and (3C), (37), (38), and (39) are the required formulse. 

These may be considered as the fimdaraental formulas of tho trigo- 
nometric analysis, and will form the basis of our subsequent inves- 
tigations. They are equally applicable to arcs represented by x and 
y (Art. 20). 
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CHAPTER III. 

TRIGONOMETRIC FUNCTIONS OF ANGULAS MAGNITUDE IN GENERAL. 

32. The definitions of sine, &c. givon in the preceding chapter 
apply oniy to acute angles, since the angle is there assumed to be one 
of the oblique angles of a right triangle. But we shall now take a 
more general view of angular magnitude and of the functions by 
means of which it is subjected to computation. 

pig, IS, if^ Fig. 12, we suppose the line OA to revolve 

from the position OA to OA' in the direction of 
tte arc J.J.' (or from right to left), it will describe 
\ an angular magoitudo of 90° ; when it arrives at 
0^"it will have described an angular magnitude 
of 180° ; at OA'", 270° ; and at OA again, 360°. 
If it now continue its revolution, when it arrives 
at OA' again, it will have described an angular magnitude of 
S60° + 90°, or 450° ; and thus we may readily conceive of an angular 
magnitude of any number of degrees. In like manner we may have 
arcs equal to or greater than one, two, or more circumferences. 

To obtain trigonometric functions for angles and arcs thus gene- 
rally considered, we shall avail ourselves of the fundamental formu- 
Ife established in the preceding chapter ; first deducing their values 
analytically, and then explaining their geometrical signification. 

38. To find the eine, ^c. of 0° and 90°. In (37) and (39) 
let X = y; the first members become sin (x — x) ^ sin 0°, and 
cos (a; — re) = cos 0° ; and hj (13) they are reduced to 

cos 0° = cos° X + sin^ x =1 




d since 0° and 90° are complements of each other, Art. 12, 




BinO° = co8 90° = 


(40) 


cos 0° = sin 90° = 1 


(41) 


om which by (9) and (2) 




tan 0° = cot 90° = ^^^-^ = ^ = 


(42) 
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cotO°= tan90° = -^=^=M (43) 

tan 0° ^ ' 

see 0° = cosec 90° = — "^ = T "" "^ ^**^ 

cosec 0° = sec 90° = ■ . „. - = - = oo (45) 

34. To find the sine, ^e. of 180°. In (36) and (38) let 
X = y= 90° ; these equations become by means of the preceding 
values 

sin 180° =1x0 + 0x1 = (4i5) 

cos 180° = 0x0-1x1 1 (47) 

wlience by (9) and (2) 

tan 180° = -~^ = cot 180° = ^ = c« (48) 

see 180° = ~ = ~1 cosec 180° = ^ = =o (49) 

35. To find the sine, ^e. of 270°. In (36) and (38) let 
31=180°, 2/ = 90°, then 

sin 270° = X + (- 1) X 1 = - 1 (50) 

cos270° = (-l)x0- 0x1 = (51) 



to 270= - -J^ = 


„ 




cot 270° - i - (52) 


see 270° - i- = 


00 




coBec 270° = ;i^ = - 1 (53) 


Vo find t!ui sine, 


fc. 


of 


360°. In (36) and (38) let 



x = y= 180° ; then 

Bin S60° =Ox(-l) + (-l)xO = (54) 

cos360°=(-l)x(-l)-0 xO = l (55) 

the same values as for 0°, ■whence it follows that all the trig, func- 
tions of 360° are the same as those of 0°. 

The same process continued will give for 450° ( = 360° + 90°), 
the same trig, functions as those of 90° ; for 540° the same funetiona 
as for 180°, &c. 
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37. The preceding values now furnish us at once with the values 
of the functions for all ipossible values of the aDgle. In (B6) and 
(38) let X = 0°, they are reducecl to 

sin ^ = sin 0° cos ^ + cob 0° sin !/ = sin ?/ 

cos?/ = cosO° COS!/ — sinO" sin^ = cosy 

■which are simply identical equations, and reveal no new property. 

But if in (37) and (39) we put x = 0°, we have, after substituting 

the functions of 0°, 

sin (-v/)^ -sin*/ cos ( — y) = cos ?/ (56) 

by (9) and (2) 



taa(~ tf) = 
cot (-?/) = 
sec (-«/) = 






cos ( — y) cos y 



: — tan ir 


(57) 


— coty 


(58) 


sees 


(69) 



cosec (—'/) — —. — -, r — - — -i— ~ — oosec 1/ (60) 

^ ■" sm(^f/) -siny -^ ^ ' 

or, the sin., tan., col., and cosee. of the negative of an angle are the 
negative of the sin., tan., cot., and cosee. of the angle itself; and the 
COS. and sec. are the same as those of the angle itself. 

38. In (37) and (39) let lk = 90° ; we find after reduction 

sin (90° — «/) = cos g cos (90° ~ y) ~ sin «/ 

which agree with the definition of cosine, but give no new relations. 
But in (36) and (38) let x = 90% we find 

sin (90° + g) = cos g, cos (90° + y) = — sin ?/ (61) 
whence by (9) and (2), 

tan (90° + y) = — cot y cot (90° + y) = — tan y (62) 

sec (90° +?/) = — cosec y cosec (90° + g) = secy (63) 
or, the sin. and cosec. of an angle are equal to the cos. and sec. of the 
excess of the angle above 90° ; and the cos., tan., cot, and see. are 
equal to the negatives of the sin., cot., tan., and cosec, of the excess 
of the angle above 90°. 



.Google 



FUNCTIONS OP ANGULAR JiAGNITUDE. 25 

39. In (37) and (39) let x = 180° ; wc find 

sin (180°-^) = sin?/ cos (180° ~ ?/) = - cos*/ (64) 

tan (180° — y) = ~ta.ny cot (180° —y)^ — coty (65) 

sec {180° — y) = ~ saay eosec (180° — y) = coseo|/ (66) 

or, t1ie sin. and eosee. of the supplement of an angle are the same as 

those of the angle itsey ; and the cos., tan., eot., and see. are the 

negative of those of the angle itself. 

40. If y is acnte (that is, less than 90°), all its trig, functions are 
positive ; and since its supplement 180° — y'ls obtuse (that is, great- 
er than 90°), it follows from the preceding article, that the sin. and 
cosee. of an obtuse angle are positive, while its cos., tan., cot., and 
see. are negative. 

41. Id (36) and (38) let x = 180° ; ire find 

sin (180° +!/) = — sin !/ cos (180° + )/)=: — cos »/ (67) 

tan (180° +y) = tan y cot (180° + y) = cot y (68) 

sec (180° + )/) = — sec »/ cosec (180° + y) = — coscc ?/ (69) 

by means of which, if y is acnte, we obtain the values of the sines, 

&c. of angles between 180° and 270°. 

42. In (37) and (39) let x - 270° ; we find 

Bin (270° -y) = - COB y cos (270° -,j)^-,iny (70) 

tan (270° ~ y) = cot y cofc (270° — y) = tan y (71) 

sec (270° —«/) = — cosec y cosec (270° — y)= — seoy (72) 

43. In (36) and (38) let x = 270° ; we find 

sin (270° +y) = ~ cosy cos (270° + y) ~ sin y (73) 

tan (270° + y] = - coty cot (270° + //) = - t-^ny (74) 

sec (270° +y) = cosec y cosec (270° + y) = — secy (75) 

44. In (37) and (39) let x = 360° ; we find 

sin (360° — ?/) = — sin ^ cos (360° ~y) = cos y (76) 

tan (360° ~y) = — taiiy cot (360° — y) = — cot z/ (77) 

sec (360° —y) = &ecy cosec (360° ~y)==~ cosec?/ (78) 

or the functions of 360° — y are the same as those o? — y (Art. 37), 

45. In (36) and (38) let x = 360° ; we find 

sin (360° +y) = B.my cos (360° + y) = cos y (79) 

or, the functions of an angle which exceeds 360° are the same as 
those of the excess above 360°. 
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It follows that the functions of 720° + y are the same as those 
of 360° + y, and therefore the same as those of y ; and in like 
manner for an angle which exceeds any multiple of 3t>0°. 

46, Since y — 90° is the negative of 90° — ?/, we obtain from 
Art. 37, 



(80) 



sin {y ~ 90°) = — sin {90° — j^) = — c 
COS (2/ — 90°) = cos (90° ~ y) = sin y 
"whence also tan., &c. ; and in the same manner we may find the func- 
tions of s- — 180°, y - 270°, y ~ 360°, he. 

47. Wo shall now give the geometrical interpretation of the pre- 
ceding results. 

^''^^^- In Fig. 13, let the radius revolve from the 

position OA to OA', OA", kc, as in Art. 32, 
thua describing a continuously increasing an- 
gular magnitude; or, which is equivalent, let 
the arc commencing at A increase continuous- 
ly to AS, AA', AB', &c. Then the changes 
in the values of the several trigonometric lines 
may be traced as follows, 
lat. Me sme being, by Art. 21, the perpendicular from one extre- 
mity of the arc upon the diameter drawn through the other extremity, 
«-e shall have sin AB = BC, sin AB' = B' 0', sin A A" B" = B" C, 



m 



aAA". 



we have 



= B"'0, and if we make 
AB = A"B' = A"B" = AB-" 



sin y = J5 C 
sin (180° ~y)=B' 0' 
sin (180° +y) = B" C" 
Bin(360°-!/) = _B"'O' 
The hnes £C, B' 0', B" 0', 5'" C, however, represent only the 
nximerieal values of the sines, and are here equal. But the results 
above obtained from our formuhe enable us to distinguish between 
them by means of their algebraic signs. Thus, by (64), (67), (76), 
sin(180°-y) = 3in^ 
sin(180°-J-^) = — siny 
sin (360° — )/) = — sin 3/ 
so that the sines from 0° to 180° are positive, wbile those from 180° 
to S60° are negative ; or the sines which are aho've the diameter 
AA!' are positive, while those which are lidow this diameter are 
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negative ; or still more generally, the sines that have opposite di- 
rection, with reference to the fixed diameter from which they are 
measured, have opposite signs. 

2d. The cosine being, by Art. 21, the distance from the center to 
the foot of the sine, we have 

cos ^ = 

cos{180°-^) = 0' 

cos (180° + ?/) = 0(7' 

coa(360°-i/)= 

but by (64), (6t), (76), 

cos (180" — y)'= — cos y 
cos (180° +;,) = - cos ^ 
cos (300° ~y) = cos y 
so that the cosines on the right of the diameter A' A'" are positive, 
while those on tlie left of this diameter are negative ; or rather the 
cosines that have opposite directions, with reference to the diameter 
from which they are measured, have opposite signs. 

We have here only exhibited a well-known principle in the appli- 
cation of analysis to geometry, viz. ; thai all lines measured in op- 
posite directions from a fixed line- have opposite signs. 

To interpret the results (56), it is only necessary to observe that 
a negative arc will be one reckoned from A towards B'", or in the 
opposite direction to that of the positive arc, so that 

BmAB"' = sixi{-y) = B"'0='-BO=-smy 
cos J. 5'"= cos ( — J/) = 00= coay 
as in (56). 

The same principle applies to the tangents, but it will be simpler 
in practice to obtain their signs (as also those of the secants), ana- 
lytically, from those of the sine and cosine, as has been already shown. 
It will be sufSoient to bear in mind the following table, which is also 
Fig. 13. 



Sine 

COSISB 


1st Quad. 


2d Quad. 


3d Quad. 


4th Quad. 


+ 


+ 


_ 


+ 
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48. T?ie particular viduca of t!ie sine and 
cosine at A, A', A", &c., or sin. and cos. of 
0°, 90°, 180°, kc, may also be found by 
Fig. 13, upon the same principles ; but this 
■we leave to the student. 

49. General Eemaek, — In the demon- 
stration of the fundamental formulas for 
sin (a;±y), and cos (a:±y), Art. 31, the 
angles x, y and x:^y were aU taken less than 90° and positive. 
In this chapter these formulas have been applied to angles of any 
magnitude, and the resulting functions have been shown to take 
opposite signs when the lines representing them take opposite direc- 
tions. It follows that, in deducing trigonometric formulae from 
geometrical figures, we need not embarraea our demonstrations with 
the consideration of the various cases of the problem, or of the 
various values of the angles of tho figure. The formula deduced 
from any supposed position of the lines of the figure will be of 
general application, provided in the practical application of this for- 
mula to the particular cases, we observe those values and signs of the 
trigonometric functions which have now been determined, 

50. Tha resulte of thig chapter may be expressed by a few general formulEB. 
From (7S) it appears that all the trjgonometrio funotions return to the same valuee 
after one or more complete revolutions of 800". If we represent the semi-oirotun- 
ference, or two riglit angles, by s- {jiit. 11), and let n = any whole number or zero, 
weflhallhsye 

sm4«|: = oos4«|-^I (81) 



sm (i ™ -I- 1) ^ 
sin(lr>-H2)^ 



)s(4«+2)^ = -l (83) 



is(d« 



-S)- = 



(84) 



n(4« + 2)^^0 
e even multiples of ^. 



to„(4„+l)_ = ,^ 
tan(-l«+8)^ = oO 
0, and of the odii iimltjples =oo . so that 



«(Z.+ l)j-. 



(85) 
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In these fonnulES we liave oulj to give a one of the yaluea 0, 1, 2, 3, 4, &c., t», 
oTjtaiu tlie funetiona of any given multiple of tiie right angle. Tims, we find . 

sin 450° = sin 5 |1 = Bin [4 + 1) -1 = 1 by mating « = 1, in {8^J. 
Since the subiraotlon of 8 n .^ from .the arc will not change the fnnotiona, the 

ahOTe formulte are alao tme when n is a negative whole nuinbe:'. 
51. In a sijuilav manner we obtain 



™[(1» + 1) J+! 
.l.[(4.+ 2)J + ; 



in which n may be any whole number, positive or negativ 

52. A still more concise form may be given to the fora 
articles, as foUovfS : n being, as bctcre, any whole numbi 



[(4,.+ I)|- + !,]=-Bay(8I) 
[(4»+2)f + s]=-~J (88) 

[(«"+») J+j']-"!"'!' m 

[(2. + I)-; + ,]=~,.t»(!10) 
e or negative, and y any angle, positive 

L to the fonniilB? nf the two preceding 



■In (2 « + I) J=(-l)- .0. P"+l)J-0 (S2) 

,m[2.-J + s] = (-l)-.i.y oo![2»|- + y]_(-l)-oo.s (»3) 

»n[(2»+I)J + 5]_(-I)-o»j ».[(2»+l)|.+,] = -(-l)-,to!, (84) 

and from these (85) and (90) may be directly tledncetl. 

53. We have seen that an angle being given, there is but one corresponding sine. 
On the other hand, a sine being given, there is an indefinite number of angles cor- 
responding ; for if (1 denote the given sine, and y any oorrespoiidiag angle, then a ia 
also the sine of all the angles 

T — y, 3 iJ- -I- y, 3 sr — y, &o. 

— w — ;^, — 2 ff + If, ~ 3 3- — J, &e. 
or in general 

„ = ,In,„™[,,+ (-l).j] (96) 
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e mauncr if h is a given cosine, and y nny corresponding angle, 

« = cos y = COS (3 « ^ zfc y) (06) 

; is .1 given tangent oovrespanding to tlie angle y, 

a = tan y = tan (;.»■+;,) (97) 

Sine and Tangent op a Small Asglb ob Akc. 

Kg-w. 54. When the angle AOB = x, Fig. 14, is 

very small, the sine and tangent are very nearly 
equal to the arc A B, which measurea the angle, 
[ the radius being unity ; and the cosine and secant 
are nearly equal to 0A= 1 (Art. 21), There- 
fore, to find the sine or tangent of a very small 
angle approximately, we have only to find the 
length of the arc by Art. 9 ; thus 

Bin 1" = are 1" == 0-000004848137 
log. sin 1" = 4-6855749 
and X being a small angle, or arc, expressed in seconds, 

sin a; = tan » = a; sin 1" (98) 

If X is expressed in minutes, 

sin ar = tan ^ = a: sin 1' (99) 

If X expresses the length of the arc, the radius being unity, 

sin X = tan x = x (l^'^) 

The employment of these approximate values must bo governed by 
the degree of accuracy required in a particular application. It is 
found, for example, that they are sufficiently accurate when the 
nearest second only is required in our results, provided tho angle 
does not much exceed 1". 

55. If X and y are any two small angles, it follows from the pre- 
ceding article that 

sin a; : 8in!/ = 3;sinl":ysin \" = x:y 
that is, the sines {or tangents) of small angles are proportional to the 
angles themselves. The application of this theorem, however, like 
that of the preceding, must depend upon the accuracy required in 
the problem in which it is employed.* 

* For ft fall diBoussion of the limits under whieli tliis theorem may be employed, 
see a paper, by Uie author of tMg work, in the Astronomical Journal, (Cftuibrldge, 
Mass.) VoL i. p. 84. 
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CHAPTER IV. 

GENERAL FORMULA. 



56. "We have already obtained four fundamental equations, (3i3), 
(37), (38), and (39), involving two angles, x and y. From these we 
shall now deduce a number of formulte, either required in the sub- 
sequent parts of this work, or of general utility in the applicationa 
of trigonometry. 

57. The sum and difference of the equations (36) and (37) are 

sin [x~>r y) + sin {a; — ^) = 2 sin x cos y (1*^^) 

sin {x -\- y) — sin (a; — i/) = 2 coa x sin y (1*^2) 
and the sum and difference of (38) and (39) are 

cos {x +y)-\- cos {x — y) = 2 cos x cosy (103) 

cos {x + y\ — coa (x — ^) = ~ 2 sin a: siny (l'^4) 

58. If we put 

x + y = a:' 
x-y = y' 
■whence 2 a: = a^ + ;/', x =■ ^ (a/ -'t y') 

2y = 3/-y\ y = llx'-y') 
equation (101) will become 

sin a/ + sin »/' = 2 sin ^ {x' + y") cos J {x' — y") 
and (102), (103), and (104) admit of a similar transformation. But 
since x' and y' admit of all varieties of value, we may omit the 
accents and apply the formulae to any two angles x and y; we have 
thus 

sin a: + sio ?/ = :i sin J (a; + y) cos ^{x — y) (^^5) 

sin a: — sin y = 2 cos ^ (a; + y) sin ^{x—y) (1061 

cos a; + cos ^ = 2 cos ^ (a; + y) cos l{x—y) (107) 

cosa:-cos;/ = -2sini(^ + y)sini(a.-2/) (108) 

Each of these equations may be enunciated as a theorem ; thus 
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82 PLANE TRIGONOJIETET. 

(105) expresses that "the sum of the sines of any two angles js 
equal to twice the sine of half the sum of the angles multiplied hy 
the cosine of half their difference." 

These formulae are of frequent wso (especially in computations 
performed by logarithms), in transforming a sum or difference into 
3. product. 

69. Dividing (105) by (106), we have by (14) and (15) 



r by (2) 



sin?/ ^ tan l{x+ y) 



sin X — sin J/ tan \(x — y 
and from (107) and (108) we find in the same manner 



(109) 



COS X + cos y 
We find also 



= — tan 1 (iB + y) tan \{x—y) (110) 



, = tan * (a: + !/) 


(111) 




(112) 


cosa; + coay -^ ^ "' 


=^^^^--c.tK=»-ri 


(113) 



■ ' -^ - - cot i (j + i) (114) 

coax — COS «/ i\ .ij \ J 

60. Divide the equations (36), (37), (38) and (39) by cos a: cos ^ ; 
then by (14) we have 

Bin (:« + ,) 



= tan X -f tan y (H^) 

= tan X ~ tan y (H^) 

= 1 — tan X tan y (H*^) 

cos {x-—v)^ 

^— ^-Z = 1 -i- tan ic tan y 118 

cosa^ cosy ^ ^ ' 



cos X COB % 

sin^-^ 
cos X COS y 
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61. Divide (36), (37), (38) and (39) by sin a: ainy; and by sin x 
!os ^ ; then 



= cota;cot>/zFl (120) 

= 1 it cot a: tan y (121) 

= cot a: :5= tan y (122) 

sin a: cos y t^ ^ \ / 

62. Divide (115) by (117), and (116) liy (118) ; then by (14) 

tana: + tan*/ ..„,, 

tan (a) + w) = = — - - (12^) 

^ "" 1 — tan a' tan ^ ^ ' 

, , tan X — tan « ,icn\ 

tan (z — y) = ^p- ^ (124) 

^ ■" 1 + tan* tan?/ ^ ' 

by which, when the tangents of two angles are given, ive may com- 
pute the tangent of their sum or diffcronce. To find the cotangent 
of the sum or difference when the cotangents of the angles arc given, 
divide (120) by (119), 

, , , cot W cot a; q:: 1 /-,nr\ 

cot (x ± y) = — ^ — ; — ^!^— (125) 

^ •^' cotydzcota: ■■ ' 

63. Dividing (11&) by (116), and (117) by (118), (or from the 
equations of Art. 61), we have 



sin(a; + ^) tana^ + tan^ cot^ + cota: 
sin (x — }/)~ tan x — tan y~ coty— cot x 

co&{x+y) 1 — tan a: tan 5' cota;coty— 1 
cos(a;— y) 1-|- tan a: tan y ~cot a; coti/ +1 



(126) 
(12T) 



64. Formulie for secants are obtained from those for ctiaicea !)y means of (2) ; 
tlras -wo find 

and mul^piying numerator and denominator by sec x seo y. 
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find by (107) and (108) 



(130) 



Dd (106) 



Tlieseformulie, although gcnerftlly omitted in treatises on trigonomgtrj-, will be 
found uBeftil in a subsequent part of this work. 

65. The product of (36) and (37), and of (38) and (39), are 

sin (a; + y)Bin {x — y) = sin^a: cos'j? — cos' a; sin' ^Z 
COB [x + y) cos {x — y) = cos^ x cos' »/ — sin^ x sin' ^ 

By (13) we have cos' x = \ — sin' x and cos^ ?/ = 1 — sin^ «/, 
which suhetituted in the preceding equations, give 

sin (x + y) sin (a; — ^) = sin' x — sai^y = cos' ji — cos' x (133) 
cos (a: + ?/) cos (ar — y) = cos^a: — sin*y = cos'y — siu^ a: (134) 

66. In (36), (38) and (123), let ^ = a^, we find 

sin 2 a: = 2 sin x cos x (135) 

cos 2 a; = cos' a: -sin' a: (136) 

tan2:. = -^''-^- (137) 

1 — tan^ X ^ ' 

by which the functions of the double angle may he found from those 
of the simple angle. 

67. To find the functions of the half angle from those of the 
whole angle, we have, from (13) and (136), 

C09^ X + sin? a: = 1 
cos' X — sin' X = COS 2 x 
the sum and difference of which are 

2 cos' 2' = 1 + cos 2 x 
2 sin= x = 1 - cos 2 a; 
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As these express the relations of an angle 2 2; and its half x, their 
meaning wilt not be changed by writing x and ^ x instead of 2 a; 
and X ; whence 

2cos^^a^ = l + cosa: (138) 

2 sin^ J a^ = 1 - cos x (139) 

the quotient of which is 

1 — COS® ,, ,,, 

tanU a; = ,— (140) 



The followiog may be proposed txa eieroises. 




2tatti». 2 


(141) 


i + tan» 41 cot i »: + tan J j; 


U«. ^^^^'^ ^ 


(142) 


1 ~ tan> J a cot i I — tan J a: 


tati» J I + 2 cot 1 tan J I — 1 = 


(14.1) 


tan'' J X— 3 coseo 1: tan ^ =^ + 1 = 


(144) 


1 _ tEin.* J I 
009 I - ^ +'tan' J I 


(146) 


tan J J = oosec j: — cot r = ■ ~"J^^ '' 


(148) 


cot J K = coseo I + oot a: = ^-t-°~ 


(147) 


»»s--;i:'::i;:: 


(US) 



69. Several useful formulpe result from the preceding, by intro- 
ducing 45" or 30°. U x = 45° in (36), (37), (38), and (39), we 
have, by (33), 

pos w -1- Rin V 

(149) 



(150) 

in which either the upper signs must be taken throughout, or the 
lower signs throughout. 

If we divide the numerator and denominator of (150) by cos j/ or 
sin »/, 

1 ± tan y cotw ± 1 
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From tLis, by (57), 

tan y — 1 

70. Agiiin, !ct ^ = 90° ± y in (1E8), (130) (140), and (146), 

.In (46. ± J ,) = .„ (46. =F ! I,) - J ( "^/" " ) (Ml) 

l.« (46. ± ! ,) = J ( i^4l| ) (154) 

i..(4S.±!,) = !-:|^ = j^f- (185) 

Prom tlio last we finti 

1.1 (45. + S ,) + ta (45. _ ! ,) =. ^-^ - 2 .M y (150) 

l.n (4J. + J s) _ to (46. - } y) - ^J^' _ 2 ta , (157) 

tlie quotient of whioli is 



(158) 



tan (j&° + j y) - tan ( 45° - j.y) __ ^,„ 
tan (4&- 4- J j^) + WjiQ" - i ;,) ' " -^ 

71. In (101), (102), (103) and (104), lot a; = 30° ; then by (27) 
and (28) 

Bin (30° +^) + sin (30° — g^) = coa ?/ (159) 

sin (30° + ?/) — sin (30° — ^) = sin i/ ^/ 3 (160) 

cos (30° + !/) + cos (30° — «/) = cos !/ n/ 3 (161) 

coa (30° -i-p)- cos (30° -?/) = - sin ^z (162) 

and in a similar manner we may introduce 60° ; but it is unneces- 
sary to extend these substitutions, as they involve no difficulty, and 
can be made as occasion demands. 

FoBJIULtE for MuLTIPLIi Angies. 



72. From (101) and (102) we Iia^e 




■m(j, + ,)„2,in,oo 


„_,!„(,_.) 


iim(j + .) = 2to,,,l 


n.+ ,ln(,-i) 


I which let s^ = (m — 1) I ; then 




»n.._2.in(,-l). 


.o.>-.ln(,_! 



(10») 

.In « = 2 ,„. (. - 1) . .In ■; + em (. - 2) , (U4) 

hioh are tlic gcneval formuliB for computing the sine of any multiple mx, from the 
iner jnultipleg (m — 1) x and (m — 2) x, and the simple angle i. 
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If we mate m saooessiYely 1, 2, 8, i, &.c,, tlicse formulaj give 



an 8 a; = 2 ain 2 I cos 3: — sin a: = 2 eos 2 a; sin x + amie 




Bin 4 K = 2 Bin 3 r COB z — sin 2 LC = 2 cos 3 a: sin E + sin 3 a: 




&e. &o. 




73. From (103) and (104) 




oos (y + i.) = 2 oos y ot>« I - cos (y - :r) 




oos (J/ + I) = - 2 sin 2/ sin z + eos (;/ - ^j 




Which, if we put y = (m — 1) i, Ijeoomo 




cos ma: = 2 COS {m _ 1) =: oos :. - eos (,« - 2) ^ 


(IfiS) 


COS ^x = -2 sin (,» - 1) a. sin ^ + COS (m - 2) ^ 


(108) 


If 17. is taien successively equal to 1, 2, 8, 4, &c. 




eos x= eoax == cos a: 




cos 2 a: = 2 cos I oos i — 1 = — 2 sin e sin i + 1 




cos 8 a; = 2 eos 2 I COS a; — cos E = — 2 sin 2 a; s!a a; + cos ^. 




cos 4 1 = 2 cos 3 E cos 1 — C03 2 r = — 2 sin S a: sin a: + cos 2 a; 





74. In (123) lot i/ = (™ — 1) 3 ; then 



75. If in the cspression for sin 8 e. Art. 72, t 



by which we find the sine of the mnltipk directly from the functions of the simple 
angle. If this be substituted in the expression for ain 4 x, the latter will also be 
expressed in terms of the simple angle. By these successive aubstitutione we easily 
obmjn, tio following tables : 
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. If in tliese equations we substitute for cos' i = I — sin' % tlie 

■i. 4 , _ (4 .in , _ 8 .in- .) ^ (1 _ .In- •) 

eo. «_v'(l->in'.) 

.0. 3 » _ (1 - 4 .in- .) ^ (1 - ■!«• .) 



From the precading tables it appears that the cosine of the multiple oaiglo may 
always ba esprensad raiioniUj in terms of the cosine of Ihe simple angle ; but that 
the sine of only the odd multiples and the cosine of only the even multiples oaa be 
eipressed ratJouaHy in terms of the sine of the simple angle. 

79. I 



BubslJtutions 


we 


1 find from the formu 


tan X. 


= 


tana 




imis 


= 


2 tii 


mar 


1 — 1 


fiS^ 




= 


3 tan 


I _ tan" % 


an 


1- 


- 3 tan' X 


t,n.ii 4 -r. 




4ti 


m a: — 4 tan' i 



80. The preoeding results are but particular applications of general fomialfe to 
he given hereafter, {Chapter XV.) They are introduced here for the oonYenience 
of reference in elementary applications. The powers of the sine or cosine of the 
simple angle may also be expressed in the multiples of the angle : but they arc most 
leadily obtained from the general formulce of Chapter XV. 



BeUITIONS OE TilKEE AnOLES. 

81. Let V, y, and a be any three angles ; we have, by (36) and (38), 
sin (^+ ^ + z) = sill (^ + !/) cos^+ cos (r + !/) sinj 



and in the same way we may develop tie wnes and cosines of i -j- y — i, i — y + s, 
&o, ; bat we may find these directly from (168) and (169) by changing the sign of a, 
y, &o., and observing (56). 
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KELATIONS OF THREE ANGLES. 

The quotient of (168) divided by (189) gives, after dividing the 
denominator bj cos a; cos y ooa z, 



82. Let X, y and ; be any three angles, and from the eqaationa 
let eo3 s be eliminated ; we find 

If sin z is eliminated, no find 

»,, .In (I -■)-... . .i. (J - .) - ». . «« (> - ,) 

These equations may he more elegantly expressed, as follows : 

sin X sin (v-^) + sin y sin (. ~ =:) + sin z sin (.: - y) = (171) 

003 X sin (J, - z) + cos y sin (z^:.) + cos ^ sin (^ - y) = (172) 

A number of similar relations may Iio deduced fi-um these by substituting 00" ± x, 
&c., for X, &o. 

83. Let 

. = J (>: + y + .) 
we have by (104) 

2sin(«-y)sin(«-^) = oos(y--^)-cos(2«_y_^) 

the product of which is 
4 ,1. . im (. -.).!■■(._ !/) .m (._.) = «... [™ &-■) + ,„(, + .)] 

Reducing tha seuonrt member l)j (103) and (134) ; 

-.o.'s-eo.'.+ l (178) 

In file same manner we find 

+ eo.-!, + .o.'i-l (IH) 

84. The following may be proposed as eieroises. 

sini + sln,+ .lns-sin(i+, + -)_4sln{(. + »)sl»!C + ")sioJ(sM-')("S) 

eo,.+ oo., + oo.i + oos(. + , + .)„4oo.S(. + »)oo,i(> + !)oosJ(j. + .)(176) 

sin (i -1- w -1- z) 
t.n.+ l.ny+l.ns-t.n.lan,t«i._j^j.^^5|-^ (177) 

cot I + cot y + cot 2 — cot X cot y cot J = — ^^^i)"^^ (178) 
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40 PLANE TSIGONOMETRY. 

4 {sin (^■]-l/+^}+2 dn I mn y sin i\- = i [sin (^y) oos j + cos (^^z) sin ^]- ' 

= Cl-oos(2^ + 2;/)]{l + oos2^)+[l + oos(2:t + 2rf](l-oog2z) 

+ 2(sin2j: + ain3y)Bin22 
= 2(l+aiii2:tsin2y+ain2iHin23+Biu2s(sin23— eo3 2ieo9 2;/cra23) 
85. Let the Eum of three aoglea x, y und z 'be v, or a multiple of a, that is, 
mallipla of — a coadition which is expressed by the equatioo 



•+V+- 



z2n. 



(ISO) 
ber of (170) being tlrna reduced tu 



tm. + ttiil/ + l.i>^-l.»>t..i;t.,,. (181) 

an equation, it must be reuiembered, that is true ouly under the condition (180). 
Since x, y and 2 may be selected in an infinite variety of luays so as to satisfy (180), 
it follows from (ISl) that there is an infinite uamber of solutions of the problem, 
" to find three numbers irhose sum is equal to their produot." 



Let the si 



1 of tlin 



angles X 






'd multiple of — ; that is, let 



then, tan {i: + 1/ +'i) = CC, and tlie denomraatov of (170) u 
tan 1 tan j; 4- tan I tun a + tan j tan e = 

which, divided by tan x tan y tan !, gives 

cot X -\- cot y -\- eot i ^= cot x cot y cot z 

a relation that holds only under the condition (182). 



8(j. Let 



x + 3! + ^ 



We have hj (B3) and (91) 

coH^ + y~^)=oos{n^-2=.) =(-l)''cos23 
cos(:.-S. + ^) = (!es(n:r-2j() ={-!)'■ cos2y 
cos (y + ^ - »^) = cos (« «. - 2 >.) = (^ I)- coa 2 I 
cos(z/ + ^+^) = coa«^ =(-])" 

the sums of the first two and of the second tno are by (108) 

2 cos X cos {y~.) = i- 1)" (cos 2 ^ + cos 2 j,) 
2cos^oos(^ + .) = (-l)~(cos2»:+l) 
anl the eum and difi^ercncc of these equations are 

4co,..o.!,.o.z_(-l)-(.o.2>+to.2,4-~2>+l) 
4co...m,.lni=,(-l)"(,o.2.+ oo.2,-.o>2.-l) 

tte upper sign being taken when !i in [184) is even, the lower when n is odd. 



(18S) 
(188) 
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q= i ain 3: ! 


Jin y sin J = sin 2 :c + sin 2 y + s 


in 3 2 


(1B7) 


=f:ismx<: 


!oa 7/ 00s z = — Bin 2 2 + ein 2 s- + f 


in 2 J 


(188) 


the signs tcing taken a; 


( above. 






Again, let 










x + ^ + z=(2.+ l)Z. 




(189) 


n-e sliall find by tlie aan 


.eproca. 






± 4 sin I s 


inysin^= cos 2 :. + cos 2 y + . 


:os 2 ; — 1 


(190) 


±4sInEe 


osycos^ = ^.oa2:.+ ooB2;, + c 


:os2j + 1 


(191) 


± 4 cosi c 


os;/cos.= sin2:. + sm2y+s 


in 2 2 


(192) 


± i 008 I S 


inyainj = — sin2i+alii2j- + a 


in3^ 


(193) 


4- or — acoording oa n 


in (189) ia oven or odd. 







Inverse Trigonometric Functions. 



ff is an explicit function of x, and, since x and t/ are mutually de- 
pendent, X 13 an implicit function of y ; but to express x in the 
form of an explicit function of y, we write* 



which is read, "» equal to the angle (or arc) whose sine is y" and 
X ia called the inverse function of y, or of sine x. 

In like manner tan""'?/ ia "the angle or arc whose tangent is 
y," &c. 

88, Many of the fonnnliB already given may be couvenientlj Espresaed ivith tlie 
aid of this notation. Tlius, by (16), 



* This notation was suggested by the use of the negative eiponenta in algebra. 
If we have 1/ = Jte, wa also have x ^ n~' y, where y is a funoijon of x, and a: is 
tlie corresponding inverse function of y. The latter equation might ba read "s is 
a quantity which multiplied by tj gives y." It may be necessary to caution the be- 
ginner against tlie error of supposing that sin~' y is equivalent to — ; . 

For a general viow of the nature of inverse functions, see Peirce'a Diff. Calo. 
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e way tlie formulas of Art. 28 glye 



Formulic (123) and (124) may be w 



Also the formula of Arts. B7 and 6: 



-J(i^)=-«.-J(^0-»-fe) 



2 tan ' y = 



-, sy 



-■(^1) 



89. Wb may also employ the notation sin~' (cos i) or "the arc wliose sim 
equal to the cosine of x," i. e. " the complement of x" ; and sin (eoa ~' y) or " 
Bine of the arc whose ooBine ia y," &o. We shall have accordingly 
Bin (sin -'y) = y tan (tan ~' y) = y &c. 

Bin - (sin I) = =t tan - (tan x)='^ &«. 

But it must be observed that since tlie sajQO sine or tangent cnrreaponda t( 
infinite number of angles, (Art. 53,) these last equations should be written 
Bin-'(sin^) = «!T + (-l)"^, tni.-'(tan^) = «^ + ^ 

which are equivalent to (95) and (97). 
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CHAPTER V. 



TRIGONOMETRIC TABLES. 



90, Before proceeding to the numerical computation of triangles 
and to other applications of the preceding formulEe, the student should 
make himself acquainted with the arrangement of, and the mode of 
consulting, the trigonometric tables. We shall here speak of those 
points only that are common to all tables, but it will be necessary 
to consult also the explanations that are always prefixed to a table 
in order to understand any peculiarity that may attach to it. We 
suppose also that ho is acquainted with the nature and use of the 
common tables of logarithms of numbers. 

There are two principal trigonometric tables;* the first, called the 
Table of Natural Sines, ^c, contains simply the numerical values 
of the sines, tangents, &e. for each given value of the angle ; the 

* The most oonTenient seven-figitre tables jet published in this country are Slaii- 
ley's, already mentiODed, p, 12. Attached to theae are also five-figure tables, and a 
table of anti-logarithms. 

Computers, engaged in extensive and varied calculations, generally provide them- 
selves not only with tables of seven figures, but also with tliose of sis, of five, and 
even of four figures — tie seleelJoa and use of a particular taMe in any case being 
determined by Ihe degree of precision sought for in the results. We might, indeed, 
employ seven-figura, or even ten-figure tables in all oases, and reject the final figures 
of our tesulta, when a lower degree of approiimation is thongLt sufficient ; but it ia 
olearly a loss of time and labor to employ other figures besides those which are ne- 
cessary in arriving at the proposed degree of precision. 

The best Mx-figure tables are to be found in Bremiker's Nova Tah-ula Berolbiensis, 
(Berlin, 1852,) which are diatingnished for simplicity of arrangement, as well as ae- 

Bowditch'a five-figure tables, in his Epitome of Navigation, are valuable on account 
of their undoubted accuracy. 

f cnr-fignre tables are be found in various collections, as for instance, in Schuma- 
cher's IMfsta/dn, (edited by Warmtorf.) 

Of the foreign seven-figure tables we may cite, Taylor's, Hutton's, Babbage'a, 
Shortrede's, in England ; Callet'a, Bagay's, Borda'a, in Franco. Tayloc'a, Shortrede's, 
and Bagay's ^ve the log. functions to every second of the quadrant ; Borda's givo 
the functiona corresponding to the centesimal division of angles, (Art. 6.j 

For conipntationa requiring more than seven figures recoutae must bo had to the 
ten-figure tables of Vlac<i, T/iisaunia Logarithmorum Gompleius, edited by Vega, 
(Leipsig, 1794). 
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Becond, called the TahU of Logarithmic Sines, ^c, contains the lo- 
garithms of the numbers in tlie iirat table. As the greater part of 
the computations of trigonometry aro carried on bj logarithms, the 
latter table is by far the most useful. 

Table op Natural Sises, &c. 

91. The arrangement of this table will bo understood from a sim- 
ple inspection. It contains tho sines, kc. of angles between zero 
and 90°, generally for every minute, and the functions of angles 
consisting of a number of degrees, minutes, and seconds, have to be 
found by interpolatioas similar in their nature to those that are re- 
quired in using tables of logarithms of numbers. This interpolation 
is based upon the supposition that the differences of the sines, kc, 
are proportional to the differences of the angles; and this propor- 
tion, though theoretically inexact, gives, in general, a sufficient ap- 
proximation, provided the differences of the angles of the table are 
sufficiently small. When the greatest accuracy is desired, the tables 
should give the angles to every second, or at least to every 10", and 
the sines, kc, should be given to at least seven decimal places. 

92. As every angle between 45° and 90" is the complement of 
another between 45° and 0°, every sine of an angle less than 45" 
is the cosine of another greater than 45° ; every tangent is a cotan- 
gent, kc. ; hence the angles at the top of the tables generally extend 
only to 45°, and the same functions answer for the remaining 45°, 
by giving them at the bottom of tho table the names of the complo- 
mental functions. 

93. As the sines, &.c., pass through all their possible numerical 
■values, while the angle varies from 0° to 90°, the tables are not ex- 
tended beyond 90° ; but we easily deduce the functions of all other 
angles by the principles of Chap. III. 

.For the functions of an angle between 90° and 180°, we may tafee 
tlie mme functions of its supplement, observing to prefis the proper 
algebraic sign. Art. 39. Thus, from Hutton's Tables we find 

sin 140° 16' = Bin 39° 44' = 0-6392153 
cos 140° 16' = - cos 39° 44' = - 0-7690278 

tan 140° 16' tan 39° 44' = — 0-8311992 

cot 140° 16' = — cot 39° 44' = — 1-2030810 

sec 140° 16' = — sec 39° 44' = - 1-3003431 

cosec 140° 16' =■ cosee 39° 44' = 1-5644181 
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remembering that in the 2d quadrant all the functions are negative 
except the sine, and its reciprocal, the cosecant. 

Or, we may (Art. 38) deduct 90° from the given angle and take 
from the table the cotnpl&mental functions of the remainder, prefix- 
ing the signs as before ; thus 

ain 140° 16' = cos 50° 16' = &c. 
COS 140° 16' = - sin 50° 16' = &c. 

which is the better practical method, as the subtraction of 90° may 
be performed mentally. 

94. For angles between 180° and 270°, we deduct 180° and take 
the same functions of the remainder, prefixing the signs that belong^ 
to the 3d quadrant, Art. 41 ; thus 

sin 220° 26' = — sin 40° 26' 
cos 220° 26' = — cos 40° 26' 
tan 220° 26' = + tan 40° 26' &c. 

95. For angles between 270° and 360°, we may deduct 270° and 
take the complemental functions of the remainder, prefixing the signs 
that belong to the 4th quadrant. Art. 43; thus 

sin 331° 27'= -003 61° 27' 
cos 331° 27' = + sin 61° 27' 
tan 331° 27' = — cot 61° 27' &c. 

Or we may take tlie same functions of the difference between the 
angle and 360°, Art. 44, observing the signs. 

96. Above 360° we deduct 360°, and take the same functions 
with their signs. Art. 45 ; and if the angle exceeds 720°, 1080°, &c., 
we deduct 720°, 1080°, &c. ; thus 

COS 840° 45' = cos 120° 45° = - sin 30° 45' 
tan 1372° 13' = tan 202° 13' = ~ cot 22° 13' 

Table of Logarithmio SraES, &c. 

97. In this table we find the logarithms of the numbers ia the 
Table of Natural Sines arranged in precisely the same manner ; it 
will therefore require but little additional explanation. 

As the sines and cosines are all less than unity (being by their 
definitions proper fractions), their logarithms properly have negative 
indices; bul these aroavoided in the usual manner by increasing the 
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index by 10, so ttat we find the index 9 instead of — 1, 8 instead 
of — 2, &e. The tangents under 45° being also less than unity, 
the indices of their logs, are also increased by 10. 

In some tables, to preserve uniformity, the indices of the logs, of 
all the functions are increased by 10, so that the log, secants and 
cosecants are always greater than 10. In using these tables, we have 
the general rule that for each log. function added in forming a sum 
ive must deduct 10 from that sum. 

98. Since 

sec A = r 

cos A 

we have log aoc A. = — log cos A. 

or since the tabular log, cos. is increased hy 10, 

log sec ^ = 10 — log cos A 

that is, the log. secant is the arithmetical complement of the tahular 
log. cosine. For a like reason log. cosec. is the ar, co. of the log. 
ein, ; and log. cot. is the ar. co. of the log. taa. 
Also since 

sin J. 
tan A = — — -7 

log tan A = log sin A — log cos A 

by which property, together with the preceding, we may obtain by 
subtraction only, the log. tan. cot. sec. and cosec. from a table con- 
taining only the log, sin. and cos. 

99. When the natural sines, &c. are negative, we shall in this 
work indicate it by prefixing the negative sign also to their logar- 
ithms ;* thus we shall write 

cos 140° 16' = - 0.7690278 

and log cos 140° 16' = - 9-8859420 

* Sti'iotly speaking, negatins numbers haye no logarithms, but in pvaotiee, the 
mnltipliontion, division, &c. of numbers is performed without reference to tlieir signs, 
i. e. ns if fliey were all positive, and the sign of the result is then iJeduoedfrom the 
signs of the factors according io the rules of algebra. We employ logarithms sim- 
ply to effeot tiie first of these operations, i. e. tiie multiplication, division, &o. of 
the numbers considered as positive ; nnd to fncilitate the second operation, or the 
dot«rniination of the sign, we prefix to the logs, the signs wliich are pieBiod tn the 
numbers to ivhieh they belong. 
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As the logs, of all the trig, functions are positive (being rendered 
so by the addition of 10 whore necessary), it will easily be remem- 
bered that the sign in the latter case is not that of the logarithm, 
but of the number to which it belongs. 

Elementaky Method of CoNSTauciiNS the Tkigonometric 
Tablg. 

aOO. By dividing jr = 3.1415926 by the number of seconds in 
180°, we found (Art. 9) the length of the arc 1", and (Art. 54), the 
sine of 1", which is sensibly equal to the arc. In the same manner 
we find, by dividing by 10800, 

sin 1' = 0-0002908882 
and by (7) 

cos 1' = s/ (1 - sin^ 10 = V [(1 + sin l^ (1 - sin l^] 

= -/ (1-0002908882 x -9997091118) 
or performing the arithmetical operations 

cos 1' = 0.9999999577 
Then by (101) and (103) 

sin (x + y) = 2 sin a: cos y — sin {x — y) 
cos (a; + ^) ■- 2 cos a: ooa !/ — - cos (* — y) 

jn which we can suppose y to be constantly equal to 1' and x to be- 
come successively 1', 2', 3', &c. Thus, first substituting y = 1', 

sin {x + V) = ^ sin x cos 1' — sin [x — 1') 
cos (a; + 1") = 2 cos x cos V — cos {x —■ 1') 
then if a; = 1', 2', §', &c., wo find for the sines 



Bin 2' = 2 cos 1' sin 1' 


- sin 0' - 0.0006817T64 


sill 3' = 2 cos V sin 2' 


- sin 1' - 0.0008726646 


sin 4' = 2 cos 1' sin 8' 


- sin 2' - 0.0011635526 


sin 5' - 2 cos r sin 4' 


- sin 3' - 0.0014644407 


ko. 


fa. 


for the cosines 




COB 2' - 2 cos V cos 1' 


- cos 0' - 0.9999998308 


cos 3' = 2 cos r cos 2' 


- cos V = 0.9999996193 


cos 4' = 2 cos 1' cos 3' 


- cos 2' = 0-9999993232 


cos 5' = 2 cos r cos 4' 


- COB 3' - 0.9999989426 


to. 


&0. 
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The whole difficulty in thia operation consists ia the multiplication 
of each successive sine or cosine by 2 cos 1' = 1-9999999154 ; but 
thia niultipHcation ia much shortened by observing that 

2 coa r = 1-9999999154 = 2 - -0000000846 
so that if we pat 

m = -0000000846 
■we have 2 cos 1' = 2 — wi and therefore 

= 2 sin V — sin 0' — m sin 1' 

= 2 sin 2' — sin V — m sin 2' 

= 2 sin 3' — mi 2' — m sin 3' 

&c. 

cos 2' = 2 cos 1' — coa 0' — m cos 1' 

cos 8' = 2 cos 2' — cos 1' - ra cos 2' 

cos 4' = 2 cos 3' — coa 2' — ™ cos 3' 

&c. 

which are computed with great facility. 

101. It is not necessary, however, to continue this process beyond 

30° ; for by (159) and (162) we have 

sin (30° + 2/) = cos ^- sin (30°-^) 
cos (30° + 2/) = cos (30° ~^)~ sin ^ 

so that the table ia continued above 30° by the simple subtraction 
of the sines and cosines under 30° previously found. Thus, making 
1/ successively 1', 2', 3', &c. 

sin 30° 1' = cos V ~ sin 29° 69' 

sin 30° 2' = cos 2' — sin 29° 58' 

sin 30° 3' = cos 3' - sin 29° 57' 
&o. 

coa 30° 1' = cos 29° 59' — sin V 

cos 30° 2' = coa 29° 58' - sin 2' 

cos 30° 8' = cos 29° 67' — sin 3' 
&c. 

This last process requires to be continued only to 45° since the 
sines and cosines of the angles above 45° will be respectively the 
cosines and sines of their complements hclow 45°. 
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102. The tangents and cotangents may be found from the sinea 
and cosines by the formulte 



cos X 8in X 

i the secants and cosecants by the formulas 



103. In so extended a computation as the construction of the en- 
tire ta,ble, it is necessary to verify the accuracy of the work from 
time to time, by separate and independent calculations. By means 
of (138) and (139) we can find from tho cosine of an angle the sine 
and cosine df its half; hence from the cos. 45° = \/ J we can find 
sin. and cos. of 22° 30', and from these the sin. and cos. of 11° 15' 
by the same formulie ; and from cos. 30° = ^ v* 3 we can find sin. 
and COS. of 15°, 7° 30', and 3° 45'. If these agree with those found 
by the first process, the whole work may be considered as correct. 

104. There are yarious other angles whose fimotionB can be eipceaaed under finite 
,nil may therefore he emplojed foe tie purpose of verifi- 






18° ; thea 3 i + 2 



n 2 J, whence, bj Art. 76, 



ioos-i — 3 =2Binj; 

4{l_mn'i)-3 = 2sin.: 
Ein'^+Jsm^ = J 
which equation of the 2d degree heiag resolveiJ, givca 



whence 



From Iheae by (138) and (139), i 
by (87) and (39) those of 36° — 
will be eas; to form a, table of the 



! find the sine and cosine of 9° and SG"; thea 

0° ^ 6°, whence thoae of 8° ; after which it 

sact values of the sines and cosines for every 

1° of the quadrant.* These eipreasions, howeyer, are not of much use, directly, 

tables, a>B we have much better methods ; but they lead to a 

importance. We find 



foTtiiala of verificalioii which is 



* A table of this kind is given by Cagnoli in his Trigommeii 
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And by (102) 

Bin (72" + y) - sm (72" ~y) = 1 coa 72" sin y = -^^^^ sin , 

sin (36° + y) - ain (M" - y) = 2 cos 36= sin y = -^^^ sin ; 
the difference of theae equations gives 

»■> (M" + ») - .In (36» - s) = .In (I2» + s) - .in (72» - y) + .1 
mhioli 13 Ealer' 1 fOTmula of venficalion. By giving y any value at pleaauve, 



.in(»0--j) + ,i.(18' + »)+"i>(I8*-»)-™(5*»+»)+.to(5r-!/) 
whioh ia known aa Legendra'a formula, Uiougli not esaenlJally diffei'ent from Euler'a. 
105. Tlia method that hae here been given for computing the trigonometrio table, 
thongh simple in principle ia novurthcleBS snfEoieiitly operoae. Tiie mefiod by in- 
finite series, to lie given hereafter, will be found to be mnch more rapid and simple 
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CHAPTER VI. 
SOLUTION OF PLANE EIGHT TllIANGLES. 

106. In order to solve a plane right triangle, two parts in addition 
to the right angle must be given, one of which muat be a siile. 
The solution is effected directly by means of our Kg. ic. 
definitions of sine, kc, which are expressed by ^^^ 
the ecjuations (1). As three of the six functions i,--^ L 
are only the reciprocals of the other three, we ^^ 

shall base the solutions upon the following three ; ■^'^ i '^ 

(Fig. 15): 

sin j1 = — cos -4. = — tan j1 = -7- 

Since each of these equations expresses a relation between three 
parts — an angle and two sides — it follows that in order to apply them, 
or in order to solve the triangle trigonoTnetrieally, there must be 
given two of these parts ; and that of the three parts considered, 
one must be an angle while the other two are sides. Thus, if an 
angle and side are given, the third part sought must be a side; but 
if two sides arc given, the third part sought must be an angle. 

In every instance the choice of the proper equation will be deter- 
mined by the precept, — employ that trigonometric function of the 
angle which is equal to the ratio of the two aides considered. 

107. Case. I. Q-iven the hypotenuse and one angle, or e and.yJ.. 
To find a. We consider a, and A; and since the ratio of a and 

c is given by the sine, we have 

sin ^ = — whence a = a sin A (^^^) 

To find b. Considering 6, c and A, wo have the ratio of 6 and a 
expressed by the cosine, or 

, A (196) 

To find B. We have i? = 90° — A. 
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The required quantities a and £ being equal to tile product of two 
factors, the computation is conveniently performed by the addition 
of the logarithms of these factors. 

Examples. 

1. Given e = 6T2.3412, jl = 35° 16' 25" ; to find the other parts. 

By (195) By (196) 

«- 672-3412 log 2.8275897 log 2.8276897 

A = 35° 16' 25" log sin 9-7615382 log cos 9.9119049 

o - 388-2647 log* 2-6891279 6 - 648-9018 log* 2-7394946 
Am. a - 388-2647 
i = 548-9018 
S — 64° 13' 35" 

2. Given c = 42667-2, Jl = 87° 49' 10"; find the other parts. 

Am. a - 1619-626 
S = 42536-37 
A= 2° 10' 60" 
108. Case II- Given the hypotenuse and one side, or c and 5. 
To solve this case trigonoraetrieally, we must first find an angle. 
To jind A. Wc havo 

cos ^ - -J (197) 

To find a. We have, by the preceding case, 

sin A = ~ « - c sin ^ (198) 

But a may be found by geometry from the equation 
a^ +6^ = e^ whence a^ = e^ — h^ 
„_^(„.-S.) = ^[(, + J)(„-i)] (199) 

Examples. 
1. Given c - 672.3412, S = 648-9018; find A and ii. 
By (197) By (198) 

b = 548-9018 log 2.7394946 

e - 672.3412 log 2-8276897 log 2-8275897 

A ■= 36° 16'25" log cos 9-9119049 log sin 9.7616382 

o - 388-2647 log"2-6891279 

3 because the logarithms of the sine 
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By (199) 
c= 672-3412 
b= 548-9018 
c-\-b = 1221-2430 log 3-0868021 
c ~b= 123-4394 log 2-0914538 
2)5-1782559 
a = 388-2647 log 2^5891279 

Am. A = 35°16'25" 
B = 54''43'35" 
a = 388-2647 
2. Given e = -092357, b = -058018; find a. 

Ana. a = -071859 
109. Case III. CHven an angle and its adjacent side, or A and 6. 
To find a. We have 



1 = 6 tan A. (200) 



cos ^ = — whence, hj (2), c = - — -j = b sec A (201) 



To find c. We have 
cos -d = — w 
or directly from the secant 



Examples. 

1. Given A = 88° 59', b = 2-234875 ; find the other parts. 

^513. a = 125-9365 
c = 125-9663 

2. Given B = 60°, « = 10 ; find e. (See Art. 29). 

Am. c = 20. 
110. Case IV. Given an angle and its oj>posite side, or A and a. 
To find c. We have 

sin j1 = — 
c 

To find 6. Wo have 

tan A = -Y 
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Examples. 

1. Given A = 25° 18' 48", a = -085623; find S. 

Ans. b = -1810278 

2. Given B = 39° 17' 5", 6 == -01 ; find c. 

Ans. c = -0157934 
111. Case V. G-iven the two sides, or a and b. 
To find A and B. We have 

tan A^ coiB = ~ (204) 

To find c. We have 

sin ^l = - c = -A-r = a cosec A (205) 

c sin A ^ ' 

We may also find e directly by geometry, from 

c^ = £■ + J2 whence e = -v/ (m^ + 5^) 

hut this is not readily compated by logarithms. 

Examples. 

1. Given ■* = 30, fi = 40 ; find c. Ans. c == 50 

2. Given a = 8-678912, h = 2-463878; find A and c. ■■ 

Ans. ^=74°9'4".l 
c = fl-0218T5 

AtPDinoBAL Fobmflje fob Right Tkianglbb. 

112. Dy inspecting tlie tables it will be seen tliat when the angles are rerj smal], 
the cosines differ very little from each oiher ; consequently a small nngle cannot be 
found with very great acotiriicy from its cosine. For a similar reason an angle that 
is nearly 90° cnncot be acovicately computed from ita sine. It is therefore desirable, 
when a required angle is small, to find it by its sine, and when near 90° by its co- 
sine, or in either ease by its tangent or cotimgent \ aud for tliia purpose special for- 
mula are sometimes necessary. We shall deduce several such formula, from wJiioh 
one adapted to a particnlar case may be selected. 

113. From (1B7) we find, by (139) 



l-.«.^_2.in'!^ = l-^= ^^- 




-i-JCi?) 


(200) 


which may be used instead of (197), when ^ is small, that ^s when J is 


nearly equal 


to e. It gives also 




c ~ S = 2 = sin" 5 ^ 


(!07) 



,tely found when A is small. 
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Also from (197), by (UO) 

.•.M=j(;-f^j)=j(:^.)='^' " 

114. From the equation 

ain 4 = — 
we dednee hy (153) and (154) 

cos(45=±JJ) = J(^") (210) 

tan(45"±i^) = J(|||) (211) 

and from tan ^ = "I" we find ly (151), 

tan (ie- dzA) = ^-^^ (312) 



115. By (136) wo liave 




C03 2 ^ = ooa' A — sin' A = ^^-Z^' 




wliicli, since 2A = A + 'M''--S = i)0=~{S — A), gives 




.in(B ^) (* + «H^-.) 


(213) 


By (135) 




coa (B-A) = sin2A = 2 sin AeosA = ^ 


(214) 


and from (213) and (214) 


(215) 



by ■which B — ^ is found with great accuracy when b and a are nearly equal. 
Example. Cliren c = 4603-835, 6 = 4602-21059 to find A. 
By (206). 
c~-h = 0-62541 log 9'7B61648 

2 c == 9205-672 log 3-6640565 

2) 6-8821098 
J vl = 28' 20"-19 log sm 1 J = 7-9160547 
A = 56' 40"-33 

The ordinary pcooesa ^vea log coa A = S-9999410, whoneo A = 66' 40". These 
reaults ore obtained by Stanley's TaMea, in -irhioh ihe log. sines, &c., are given for 
every 10" for the first 15°. A greater discrepancy between the two resnlts would be 
found by tables in which the funotiona ware giKen only for each minute. 

A Blight error remains in tlie value of J .<4 = 28' 20"-18, on aooomit of the large 
difl'crenccB of the log. sines in thia part of tlio table, or rather on account of the 
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rapid ohiinije of these difforetioes. We SToid the nae of tiieae large differences, and 
gnin aomewliat in accuracy, by employing the approximate value of sin. J A given 
by (98), whence 

siniA = iA sin 1", iA = "° ^^ 

Thus we ha-ve found abore log sin J J = 7-9160547 

Art. 54, log sin 1" = 4-6865749 

!lA = 1700"42 = 28' 20"-12 log J ^ = T-231M798 

But to obtain J A with the utmost precision, reoourae must be had to tbe follow- 
ing process, which is constantly employed in observatories, and wherever small angles 
are to be computed with eitrame accuracy. Special tables are prepared containing 
for every minute from 0° to 2° the logarithrag of 



A table of this kind will be found on paga 155 of Stanley's Tables, where the 

g = log sin I, n = log x 

and therefore in tlie eolunm marked j— ji we find the log . Thus in the above 

example vre have found log sin ^ A = ^ = 7-!Hfi0547 

and ftom the tablo S— n = 4'e855700 

J ^ = 1700"44 = 28' 20"44 log ^ A = n = Z-'koiUT 

wMch is the true yalue of ^ A within 0"'01. 
Stanley's Table contains also the valnes of 

log -— = s — B (! = log tan x, n = log i) 

logjT^=! + n {3 == log ooBflc ic, n = logi) 

log tani = 5 + " (? = log cot 3-., n = log x) 
the use of which may easily be inferred from (he cinmplc just given. 
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FOEMULJE FOR THE SOLUTIOH OF PLANE OBLIQUE TEIANSLES. 

116. As every oblique triangle may be resolved into two right 
triangles by % perpendicular from one of the angles upon the 
opposite side, we are enabled to deduce all the formulte for their so- 
lution from those of the preceding chapter. 

117. The sides of a plane triangle are proportional to the sines 
of their opposite angles. 

Denote the angles of the triangle ABO, ^*' ^^^ (, 

Kg. 16, by A,B and G, and the sides oppo- 
site these angles respectively by a, b and c. 
From draw OP perp. to A£ and put ^ 
OP = p. Then in the right triangles A OF, B OP, we have, 
by (195) 

jo = i sin ^, p = asm B 

whence S sin ^1 = a sin B 

which, converted into a proportion, gives 

a : 5 = sin ^ : sin B (216) 

and in the same way we may prove that 



« : e = sin ^ : sin C 




5 : e = sin _B : sin 




and these three proportions may be written as one, thus : 




a\h:c = smA:smB:BmO 


(217) 


a b e 
or thus, ^— J = -j— ^ = -7-— V 


(218) 



When the perpendicular falls without the 
triangle. Fig. 17, the angle OBP is the sup- 
plement of B, but by Art. 39, it has the same 
sine, so that the triangle OBP gives a 

p = asm OBP = « sin £ 
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the same as was found from Pig. 16. The proposition is therefore 
general in its application.* 

118. The sum of any two Bides of a plane triangle is to their dif- 
ference ae the tangent of half the sum of the opposite angles is to 
the tangent of half their difference. 

For, by tlie preceding article, 

a : 6 = sin _4. : sin 5 
■whence, hj composition and division, 

a + b : a — 6 = ain ^ + sin if ; sin J. — sin J5 
But from (109) \i x = A, y = B vg obtain the proportion 
sin A + sin jB : Bin J. — sin fi = tan ^ (J. + B) ,: tan 1{A — B) 
which, compared with the above, gives 

« 4- 6 : <t — 5 = tan ^ (J. + _B) : tan J (J. - 5) (219) 
This may also he written 

a + & _ tan ^ { A -{■ B ) 



' tan \ [A — B) 



(220) 



and we may infer the same relation between h, c, B, and a, c, 
A, O. 

119. The square of any side of a triangle is equal to the sum of 
the squares of the other two sides diminished by twice the rectangle 
of these sides multiplied by the cosine of their included angle. 

Eis.i6. In the triangle AB 0, Figs. 16 and 17,* 

we have either 

BP = o-AP or BB = A2'-o 
1 both cases 
BB^ = AP' + e-'-2oxAP 
Adding CP^ to both members, we find 
a^ = b^-i- c'-2cxAP 
But the triangle A OP gives by (196) 
AP =^hcoaA 



* The oOBsitleration of Fig. 17 wiis not strictly necessary a«cori3mg to the prin- 
cipla stated in Art. 49. It may, Lonever, be useful for the Btudent to verify that 
principle wlien convenient. 
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which substituted in the preceding equation gives 

a^^b^ + e^~2bo cos A (221) 
as was to ho proved. Wo have in the same way 

P = a^-i- c^-2ae cos B (222) 

c^ = a^ + b'-2ab cos a (223) 

120. The same result js obtained from the following equations (wliioli are evident 
from Fig. 16, wiiere o = AP-{- PS) 

a = 5 COS C + c cos S 

e = u Gos S + i cos .4 
From tlie first of tliese 

Tclience o' oos^ B = ra^ — 2 ui cos C + i' cos' C 

raid from (218), e' sin' B = h" sin'* C 

tlie sum of wliicli two equations is, \>y (13), 

121. From (2-21) we find 

^A^'^^f^ (225, 

by which an angle is found when the three sides are given ; hut to 
adapt it for convenient computation by logarithms, the following 
transformations are necessary : 

Subtract both members from unity ; then 

25c-S"-c^+a° a'-ih-cf 
1 - cos J. - 2 Se - 2 6e 

But, by (139), making « = yl, we havo 

1 - cos ^ = 2 sin^ I A 

Also, the numerator of the second member being the diiference of 
two squares may be resolved into two factors, viz. : the sum and the 
difference of a and b — c; thus, 

„._(S-,). = [„_(6-„)]x[<,+ (S-<,)] = (»-S + <..)(« + S-«) 

Substituting these values in the above equation and dividing by 2 

■in- 1 4 - (» -i + «)(» + t-^) ,„„„ 

Bin i 4 - Tf (221,; 
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This may be simplified by representiag the half sum of the three 
sidea by s, or by putting 

<r + 5 + c = 2s 
whence 

which substituted in (226) give 

.i„.l^„(£:zife^ (227) 

In the same manner wo should find from (222) and (223) 

,„.i^_(i^4ii^, ,„..<,= (izL^ii^) ,,,8) 

122. Add both members of (225) to unity ; then 

2 te + y + <;• - »■ _ ({+<!)■-» ' 
1 + cos ^ 2S5 2 Se 

But bj (138) 

1+C05^ = 2cos^|^ 

Also, (S + o)" - a' - (S + « + «) (S + c - o) 



He 
Substituting s in the numerator as in the preceding article 

cos'M = i^^ (229) 

and therefore also 

co,'iJB-'-ii^, eos>iC-l^^' (230) 

123. Dividing (227) by (229), tve have, by (14) 

tan'ljl-fc^^i^ (231) 

and in the same manner 

('-<■)('-') 



,(.-«) 
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124. The preceding formultc are sufBoient for fie resolution of all ike usual easea 
of plane triangles ; but there are others (iat are occasionally useEul. From (218) 
we find, by (105), (106) and (135), 



■1, 


,0 




.ini6'co.iff 




a — i em^- 


-.In-S 


CO. 


!(1 + B).inj(^- 


-B) 


c su 






Ein J C cos i 




A + s = im° — G, 
.in HA + B)^ ... i e, 




00. J (^ + -») - • 


-io 

in JO 


of which we find 










a + i . 


... } [A _ 


B) 


,..i(A-l>) 
- 00, KA + JS) 




' 


.in id 






a — b 


,i. J [A - 


3- 


.In !('»--!'> 





,a J (? ~ ^iui (A + j;) 



(233) 
(23i) 



The qnofient of (288) divided by (234) givaB (320). 

125. Adding unity to botlt members of (283), or subtracting it, ne hafo, by 
(103) and (104) 

a + b+c _ cos i{A + B) + c os ^ (^ — -g) _ 2 cos M °oa j B 
- cos H^ + -B) «i" ^ tf 

« + f — .^ _ CM ^ (^ - J) — COS ^ (^ + g) _ 2 sin ^ ^ sm ^ -g 
. - oosi(^ + -B) sm,^C 

Similarly from (284) we find 

c + a - 6 sin ^ (^ + B) + Bin } (A - 5) _ 2 .in ^ ^ cos j B 
c - Bini(^ + 5) - oosJC 

c — a+6 _ B in ^ (^ + -B) - sin ^ [A — B) _ 2 cos j- ^ mn j B 
■ ^~~- sinUA + J!) - ^OB^a- 

Substitnting s ^ J (a + i + e), these equations become 

c sin J G ^ ' 



.in JO 

.in } ^ C O, t J 
.o.iO 

CO. }^ .inJB 
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62 PL4HB TRIGONOMETRY. 

From tlieae eqiiatioiis we ca.a deduce immediately (227) &o. ; for e 
changing c for 6 in (236), we have 



nhioh, nraltipliacl by (236) giTea (227). 

126. Pour times the prodnet of (227) and (220) is by (135) 



Bin ^ = ^ ^[. (. - «) {. - J) (, - .)] 
Eiehonging _4 for B and (7 suoeessiTelj, this giyes also 





•^""^ -^^I'l— •) If -')<■• ~'n 


(2M) 




"" " - 4" ^^ [' <' ~ ""' ~ '"■ ~ ''J 


(241) 


ties 


le equations put* 






ir_v/[.(."«)(.-i)(.-.)] 


(242) 




Bin ^ - ^ sm i? - — sin C - ?L!? 


(»'«) 



The quotient of tlio first of tlicse divided by tlie second if 



ivhich bfiaga us back to the theorem of Ait. 117. 

127. The sum of A, B and C being 160°, and the sum of § ^, J .5 and J (7 being 
90°, we have, by Arts. 85 and 86, the following relations among the angles of a plane 
triangle. 

toji ^ + tan .B + tan C = ton J tan B tan (7 
cot J .i + cot } B + oot ^ (7 = cot J .4 cot ^ £ cot j C 
Bin^+ Bin£+ sin (7 = 4 bos J .A cob J -B eoa ^ C 
BinJ+ wnS— ainC=4BinJ^sinJBcosJ(7 
coe^ + coaB+coaf— l^isinMEinJBsinJC' 
CO3J + 0OH.B — C0B17+1 = 4cos J^oosJiJsinJ 

in the last of which we may interchange A, B and C. These relations may bo sub- 
stituted in the equalionB of Art. 125. 
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FOKMULJE FOR OBLIQUE TRIANGLES. 
128. TtB following equatinna are added as eseroisca. 





= B 


h 


tan ^ ^ ti 


..JiJ 


si 






' — 5) 


ta 


■ i^t 


.njj; 


cot ^ C = 


if 


Jt J ^ + cot 


^B + ooiltC = 




.1 


nJJ. 


m}2>. 


to J C _ 


ri^ 


cc 


.!j^ = 


„iB< 


miC- 





taiiMtmJJftani0 = -^ 
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PLANE TEIGONOMETRY. 



CHAPTER VIII. 



SOLUTION OP PLANE OBLIQUE TRIANGLES. 

'■^- (, 129. Case I. G-iven two angles and one 

side, or A, B and a. Fig. 18. 
To find the third angle. Wo have 

To find h and c. We applj the theorem of Art. IIT, and state 
the proportions thus ; the sine of the angle opposite the given side ia 
to the sine of the angle opposite the required side, as the given side 
ia to the rei^uired side. Thus we havo 

sin j1 : sin B = a : 5 



whence 


I = — — -r- =asmB cose( 


•.A (244) 


and 


Binjl:sinO=«:c 




whence 


« = ^|i^ = osinOco8ecA (245) 




Examples. 




1. Given A = 5 


iO" 38' 52", B = 60° 7' 25" 


and « - 412-6708, 


to find 0, b and c. 


A + B = 110° 46' 17" 
C= 69° 13' 43" 






By (244). 


By (245). 


A = 50° 38' 52" 


log coscc 0-1116730 


log cosec 0-1116730 


S - 60° 7' 25" 


log sin 9-9380702 




C - 69» IS' 43" 




log sin 9-9708129 


a = 412-6708 


log 2-6156037 


log 2-6156037 




log h 2-6653469 


log e 2-6980896 




6-462-7505 


= 498-9875 
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2. aiven A = 100° ] 
find a and o. 



130. Case L Given A, S and a. 
then, by (233) und (234) 



nhicli give the sum and difference of the required sidea ; adding Lalf the differenco 
to kalf the sum, we find tbe greater side, and aubtcaoting half the difference from 
half the sum, ve find the less side. 

181. C*ai! I. QivEn-4, Band a. Third Sahilion. When j1 and 5 aro nearly equal, 
and great accuracy is desired, we may compute the differonce between a and 6 ; for 
we have, from (244), 



5", £ - 2S 


16' 13", a 


ail 


= 29.167 




Am. a 


^ 


67-22857 






= 


55-59178 


Sicond ealutian. 


We find C = 


180 


•-(A + B) 


HB-O) 


sm J A 


3 


(246 


i ('- 0) 


™li£= 


M 


(247 


S(-»+0 


■ ,„iA 









m^-"- ain^ 




2 a 00 


i(^ + B)sinH^--B) 




Example. Given A = 33= 40' 13" 


ain^ 
S,£ = 35" 37' 48'-'-6, and a 


= 26248-9 


^ = 85° 4(y 12"-3 


log ooseo 0-2342442 


0-23424 


H = 35° ST 48"-6 


log 2 0-3010300 


0-30103 


i(A + B} = 35° 39- 0"-5 


log C08 S-9098720 


S-90987 


i{A-'iij= 0" rir'-9 


log Bin 6-6423038 


6-54230 


a = 26246-948 


log 4-4190788 


4-41908 


a — b= 25'499 


log 1-4065283 


1-406f>2 


6 = 26221-449 







Oae of the ndiantages of tliis process is, that a — b may be found with snfBcieat 
accuracy with five-figure tablea, as in the second column of logarithms above. If a 
had been given to ten figures instead of eight, we should still have been able with 
the seven-figure logs, to find a — J to seven figures, and therefore b to ten figurea, 
which could not be done by the ordinary metioda without ten-figure tables. 

132. Case II, Given two aides and an angle opposite one of 
them, or a, b and A. 

To find B. To find the angle opposite the other given side, we 
apply Art. 117, and state the proportion thus ; the side opposite the 
given angle is to the side opposite the required angle as the sine of 
the given angle is to the sine of the required angle. Thus, with tho 
present data, we have 



: J = sin J. : sin £ whence sin B = 



A 



(243) 
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66 PLANE TRIGONOMETRY. 

To find a. We have C= 180° ~{A-\-B) 

To find e. Having found C, we now have tliG data of Case I. : 
therefore, hj (245) 

c = asmC eoaec A (250) 

133. It is shown in geometry that when two Fi^.m 
sides and an angle opposite one of them ore 
given, there may be constructed two triangles, 
as in Fig. 19, whenever the given angle is 
acute and the given side opposite to it is less 
than the other given side. In one of them, the required angle B ia 
acute, and in the other it is obtuse, and the two values are supple- 
ments of each other ; for 

B=^BB'Q=im°-AB'Q 

These two values of B aro given in the trigonometric solution by 
the consideration that sin B found by (249) ia at once the sine of an 
acute angle, and the sine of its supplement. Art. 39. 

In general, when an angle is determined Rg. so. 

only, by its sine, it admits of two values, supple- \ 
ments of each other, unless the conditions of 
the problem are such as to exclude one of these 
values. In the present case, the obtuse value 
of B is excluded when a is greater than b, and 
there is but one triangle whether^ is acute or 
obtuse, as in Fig. 20. 

134. If the given parts were such that 



a would be equal to the perpendicular from upon the side c, and wo 
should have but one solution, namely, a right triangle, B and its 
supplement both being 90°. 

135. If the given parts were such that 

a < S sin -4, 
a would be less than the perpendicular from and the problem 
would be impossible. It would also bo impossible if (Z<6 while 
A>m°. 

136. When there are two solutions, represent the two values of B 
by B' and B", then the two values of will be 

C = 180° - [A + B') = 180° -B' -A = B"-A (251) 
C" = 180° -{A + ii") = 180° -B"-A = B' ~A (252) 
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SOLUTION OF OBLIQUE TBIAKGLES. 
and the two values of e will lie 



e' = (i sin (/' Gosec ^ u" = a ain C 


" coscc . 


A (253) 


Examples. 






1. Given a - 31.28879, 1 = 49-00117 and A = 


:32°18' 


; find S, C 


and 0. 






a - 31.23879 ar. co. log 8.5053068 






J _ 49.00117 log 1.C902064 






A- 32° 18' log sin 9-7278277 






£'- 56°66'66".3 log sin 9-9233399 






B"-123° 3' 3"-7 




C- SO" 45' 3"-7 log sin 9-9999627 






0"- 24»38'56".3 


log sin 


9.6201962 


log coseo A 0-2721723 




0.2721723 


log « 1-4946942 


log c" 


1-4946942 


log e' 1-7668292 


■ 1-3870627 


o' - 58-45601 


o" = 


= 24-38163 


Jliis. S = ,56°66'56"-3 1 ( B 


-123" 


3' 8"-7 



O-90°45' 3"-7 j-or-j 0= 24°38'66"-3 

. 58-45601 J I. = 24-38163 

2- Given a - .051234, S = -042356, .4 - 55° ; find B, mi c. 

Am. B = 42° 37' 32".7 

e_82°22'27"-S 

«= -06199202 

3-Given<i--042356, S=-051234, ^-55°;findB, Oandc. 
yliii. B = S2°14'35"-7 "I r 5 = 97°45'24"-3 
C = 42°45'24"-3 lor-^ C = 27° 14' 35"-7 
o - -03510331 J [ - -02866993 

4. Given o = 40, 6 - 50, ^ = 53° 7' 48"-4 ; find 5. 

Am.S-W. 

5. Given « = 40, 5 = 50, ^ = 60° ; solve the triangle. 

jIms. Impossible, 
6- Given 5 = 40, c = 50, .B = 100° ; solve the triangle- 

Ans. Impossible. 
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PLANE TRIGONOMETRY. 

137. Case II. Gwen a, 6 and ^. Second Solution. We 

may aolye, separately, the two light triaagles AFC, BPO, 

iTig. 21, nhich is a conTenient method trheD tliere are 

two solutions. We first End B by (249) ; then we have 

■f " AP = hcaiA, £P=aaosB 

and c=AP+BP 

The cosine of the obtuse value of £13 negative, (Art. 39), so that SPia then nega- 
tive, anil we have the two values of c from the formula 
c=AP±BP 
There will be but one solution, if BP>A2', for c cannot be negative. 
138. CaseIII, diven two sides and the included angle, ov a, bain&O. 
To find A and B. We have first 

A + B = 180° - a 

from -wiiieh we next find the half difi'erence of A and B by the 
theorem of Art. 118, whioli gives 

a + b:a-h = timl{A + B):'i.A-al{A — B) 

taai(-i-£)=^jtanU^, + -B} = ^cotiC (254) 

The half difference added to the half sum givea the greats 
angle, {opposite to the greater given side), and the half difference 
subtracted from the half sum gives the less angle. 

To find c. We have the data of Case I., and therefore 

u = a sin C cosec A — hmxO coacc B (255) 

Examples. 
1. Given a = -062387, h = -023475, and = 110''32'; find A, B 
and c. 

^ + J5 = 180°-C=69°28' 



a + i-- 


.086862 


«r. 00. log 1.0661990 






a-b- 


.038912 


log 8.5900836 






(A-^B)- 


WW 


log tan 9.8409174 






(A-B)- 


W=26'33" 


log tan 9.4972000 






A~ 


62° 10' 33" 








B = 


17° 17' 27" 


log cosec 0.6269189 






= 


110° 32' 


log sin 9.9714931 






b- 


.023476 


log 8.3706056 






e = 


.0739635 


log 8.8690176 










Am. A . 


= 52= 


' 10' 33" 






B. 


-17' 


' 17' 27' 
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2. Given o - 31-0005, } - 15-1101, - 10° 15' ; find A «nd B. 

Atii.A = 160°17'13"-7 
B- 9°27'46"-3 

3. Given « - 2-463878, b - 9-021875 and 0- 74° 9'4"-2; find 
A and S. 

Am. A - 15° W SS'S 
B = 90° 0' 0" 

4. Oiven S - 15-1101, c = 31-0005, ^ = 10° 15'; find .B and 0. 

Ana. 3=- 9»27'46"-3 
C— 160°17'13"-7 
139. Haying foaod A and B as above, the moat eonTenieot moiJo of finding o is loj 
(288) or (234), wliioii give 

"^(^ + ^' m^) 



= (a+i) 



n i {A +_B) 



f„-^i.\ -"E^'^nij") ,9-7, 



for we taye, from the process of finding A and B, tlie log. of a -(- S, or of a — i, 
and the valuaa o!^{A -\- B) and ^ {A — B), so that we liare only two new logs, to 
find, wMcIi are taken out at the same opening of the tables with the tangents of 
J {A-irB) andj(4— 5). 

140. Case III. Given a, h and 0. Second Solution. When a 
and h are given by their logaritlims, which occurs when they are 
deduced by a logarithmic process from other data (as, for example, 
in the computation of a series of tiiangies in a survey), we proceed 
aa follows. Let x be an auxiliary angle, such that- 



(258) 



an assumption always admissible, since a tangent may have any 
value from to co . 
We deduce 

tan X — 1 a — h 
tan x + l~ a + b 

or by (152) 4an («: - 45°) - ^' 

which substituted in (254) gives 

iMil(A — B) = tan {x ~ 45°) tan |(^ + £) (259) 
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70 PLANE TRIGOKOMETRY. 

We find X from (258) and employ its value in (259). As tiia 
metlioil docs not require the preparation of « + 6 and d — 6, it is 
quite as short in practice as (254). 

Example, 
Given log a = 8-T950941, log b = 8-3T06056, and C= 110° 82'. 
(Same as Ex. 1. Art. 138.) 

log a = 8-7950941 

log h = 8-3706056 

X = 69° 22' 46"-8 log tan 0-4 244885 

3; _ 45° = 24° 22' 46"-8 log tan 9-6'562825 

^{A + S)=- 34° 44' log tan 9-8409174 

i{A- B) = 17° 26' 32"-9 log tan 9-4971999 

141. Case III. Given a, 6, anil C. TMrd Solution. To espresa Aor B directly 
in tei-ms of the data, we hsTe, from (218) and (224) 



tan B = ^"^^c *^^'^ 

142. Case in. Given a, b and C. Fourili Solution. To find c dlreotlj from tlio 
data, we have, bj (228) 

4» =3 a' + J* — 2 ai cos (7 
which, however, is uot ndftpted for J<«aritlimio computation. It may be adapted aa 
foUowi. Sttbslatate by (139) 

008 <7 = 1 — 2 slB- h O 

— (a — bf + i ab sill' i O 



, I /, , iab sin' 1 C\ 



luKiliary angle, each that 

4 ab sin- 
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ttien the radical iu the above equation becomes v'{l + tan' x) = sec i ; tlxerefovo, 

. = (.-»)..= » (804) 

143. Wo may also adapt (223) foe logavjthmio computation hy means of (1.38), 
wliiuli gives 



;' =: n' -f- i' + 2 a* — 4 o6 ooa'' i C 



iif.. 



then the radical becomes ^ (I — sin' x) = cob x ; therefere, 

.-(.+ 1)0... (!»7) 

Ijj. It is to be observed, that tlie supposition (268) is always pos^ble, since a 
tangent may have any value between and oo , and tlierefore an angle x may al- 
ways be fcund Laving any given number ae its tangent. As the greatest value of a 
sine is unity, it is not so obvious that the supposition (266) ie alwajE possible ; hut 
whaUver the values of a and b 

{«-S)'>0 
therefore (a + *)' > 4 i^* 

therefore tie second member of (2C6) is always < 1. 

EXAMPtE. 

Given a = -062387, i = ■033475, = 110" 82'; (same as Ex. 1, Art. 138) 





By (266) and (267). 






a = -062387 


log 8'7950941 






b = ■023175 


log 8-3T060S6 

2)7-1666097 

log v/a* = e-&82S499 






: + i = -085862 


ar. CO. logl'0661900 


!og( 


i-9338010 


J = 65= 10' 


1. cos 9-7556902 
log 2 0-8010300 








1. sin z 9-705!691 
e = -03396344 


logl 


)-9852161 




)-8690171 
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345. Case IV. G-iven the three Bides, or a, b and c 
To find A, B and O. We have from (227) and {2i 

si„}ii-J( <'-''»'-°) ) 



;=J((. 



-a)(.-S) 



or by (229) and (230) 



-M-J(^;-^) 



^^-J)s 






or bj (231) and (232) 



. (209) 



■ (270) 






In these formulae a = J (a + J + c). Either of these three 
methods may, in general, be employed, but (268) ia to be preferred 
when the half angle is less than 45°, and (269) when the half angle 
is more than 45°.* When all the angles are recjuired, (270) will be 
the simplest, as it requires but four different logs, to be taken from 
the tables. It is accurate for all values of the angle. 
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1. Given a = 10, b = 12, c = 14; find the angles. 



6 = 12 ar go! 8-9208188 
e-14 ar CO 18-8538720 ar CO 1 8-8538720 
2s=36 



arcol 9-0000000 ar col 9-0000000 
ar CO I 8-9208188 



log 0-9030900 
log 0-7781513 
log 0-6020000 log 0-6020000 



log 0-9030900 
log 0-7781513 



2)9-1.549021 2)9-3590220 



2)9-6020001 

logsincB J A 9-5774510 JS 9-6795110 J (7 9-8010300 

i A - 22° 12' 27"-6 i-B = 28'>38'39"-0 J (7=-39°13'63"-5 
A = i4,''M'66"-2 5-57° 7'18"-0 C- 78° 27'47"-0 
Verijimtm. A + B + O-im' 

2. Given a - -8706, b - -0916, e = -7902; Snd tie angles. 

Ann. A = 149° 49' 0".4 
_B_ 3° 1'56".2 
C— 27° 9' 3".4 

3. Given a •= .5123864, b - -3538971, « - -3090507 ; find 0. 

Am. C-36°18'10".2 

146. TtB computation by (270), itlien all tlie angles are required, will be muolt 
facilitated tiy tiie introduction of an auxiliary quantity* 



' = J('^ 



from uliich we Snd hy (270) 

tan J /{ = — ^, tan J -B = 



* This quantity t is therailius of tha ineoribed circle. Seo (289). 
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74 PLANE TRIGONOMETET. 

Example. Given a = S053, b = 1082, c = TOGS. We find 

8 = 8601'5 ar. 00. log 6 -0654258 

J — a = 2548'5 log 34062846 

t — b = 4619'6 log 3'65509(M 

s~e = 15S3-5 log 31856888 

2)6-3124846 

logr == 3.1562423 

J ^ = 29° 20' 64"47 log tan J ^ = log —^ = 0-7490677 

J i( = 17° 35' 31"-70 log tan 5 if = log ^-^ = 8-5011519 

J C =z 43° 3' 33"-83 log tan 5 C = log -L— ^ 9-9705585 

VerlficaUon. 90" V 0"-00 

I'ig. 23. _ 147. Tlic ouso where the three aides are given is aomo- 

timcs solved as folloita. From C, Pig. 22, dra-w OF 
porp. to c. Then 

B AC^ = AP<'+ CF', BC^ = BF^-\. CF' 
the difference of which ig 

AC'' — BC^ = AF'' — SF^ 
or {AG+ BO){AC — BC) = {AP+ BF) (AF — BF) 

and if .dP — .WP = (f, this equation gives 

Then, since 4P + j5P= c, and ^i' — SP= rf, "we liave 

AF=i(c-\-d}. BF=^^(a--dj (274) 

and in the right triajiglea ACF, BCP 



BO that (273), (274) and (275) solve the problem. When d>r, BF is negative, 
cos B is negative, and £ is an obtuse angle, (Art. 39). 

AbEA of a PlASB TniANOlE. 

148. Eepreaonting the area by K, and tlie perpendicular CF, Pig. 22, liy p, we 
have, by geometry, 

K=lep (276) 

In the triangle AGP, we havey = 6sinj4, whence 

^=JScsin.d (277) 

by which the area is computed from two sides and tiie included angle. 
Substituting in (277) the value of sin A from (239), 

ir=^[>{.-«) (J- i) (»-=)] (278) 

by which the area is computed from the tJiree sides. 
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CHAPTER IX. 

MISCELLANEOUS PROBLEMS RELATING TO PLANE TRIANGLES. 

149. In a given plime triangle, to find the perpendicular from one of the anglei upon 
Ike opposite side. 
I,etji be the perpendicular from Cnpon o. We haye 

p^b^inA (270) 

or by (239) and (278), 

y==l^[,(._«)(,-i)(,-c)]='-f (280) 

tlieeipressioofor/im termsof the three sides, where j = J (o -j- i + c) and^ia 
tie area of the triangle. 

If we substitute in (379) &mA = — eio C, it beoomea 



r, if we substitute the ralne of 6 = c 



^ = '^^-0 sin(^ + fi) 

Whan tie triangle is right-angled at C, (282) becomes 

y = .Bin^ooa^ = -| ^in2A 

the expression for the perpendicular upon tbe hypotenuse. 

150. If p', p", p'", denote the perpendienlacs upon the sides a, b, c respectively, 
we have from (280) 
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re PLANE TRIGONOMBTRr. 

151. To find the radius of Che drde circumscribed abimt a plane triangle. 

I'lg, S3. T!io center of tlve circle, Fig. 28, lies in tie perpen- 

dicular erected from tiie miiidle point of one of tlio sides, 
as A'B. let the radiua = S. We hare, by geometry, 

AOD = iAOB= a 
and in the triangle AO D, 




Ttlieaco R = ^-^ — ^ 

Sulistituting the value of ain Cfrom (241), 



Prom (229) and (230), we easily find 
COS 4 A cos I B 



')('- 



Which combined with (285) givi 



-4oo8i^cosi 
152. To find Ow radios of the cirde inscribed 



'M G 



inscribed in a plane triangle. 
The required center O, Fig. 24, in in the in- 
tersection of the three linea hiseoting the angles, 
and each of the perpendioulara Oi7, O E, OF,ia 
equal to the required radius = r. The value of 
O^in terms ot AB = c, OAB :=IA, and 
jj OBA = JBisby(282) 



sinM_sin^£_ 
- ■ sin J (^ -i- BJ 

Thia is reduced by moans of (230) to 
Substituting the value of tan J C, 



^ ^ Bin ^ .g 



r = J/- ('-°)('-6)('-0 \ ^ £ 



This is reduced by m 



IS of (231) and (232 
r = s tan J A tan 
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158. Beeidea the ingoribed circle, strictly bo oalled, there are throe other oiroleB 
that toaoh the three aides, (or aides produced), und are esterior to the trinngle, ca 
iu Pig. 26. These hiTe been named eacrilied circles. Their centers are found 




and 0'", and their radii by r', r' 
upon B C, &o by (282) to be 



BC'C, CBB',&c. Designate the 
, B, and C roapectively, by 0', 0", 
We find the perpendiculars from 0', &o., 





■,.,iA 




„iA,„ia 




c. 5 X .0. J B 



By means of (235) we reduce those values to 
Substituting (he Taloes of tan J A, &o. 
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Also, by mean 
to tllB foUoiting : 



PLANE TRIGONOMETRY, 
i of (236) applied suocessivelj to a, i and n, va may reduce (291) 



■HO 



(294) 



^' = (s „ 6) eoiiAtan^S cot ^ G 

t"' = (s — c) oot J -1 oot J 5 tan J (7 

154. aelafibna beiuieen the TadU of the circwmaibed, ineeribed, and three escribed cirelee 

of the pTSeedtng artiele, and ike three p^endieaiara from tlie avfflei upon the opprmie 

The four equations of (289) and (292) give 

, V r" t"' - . ^' = —==£' (285) 

Dividing tills successively by r', r'^, &c. 



Again, we liave, (Art. 127), 

tan M, t»" S S + tan M t^° i (? + t*" J -B tau i C = 1 
and aubstitating in this the value of the tangents from (292) 

^ + ;^ + i=l 



tanJB- 



nJ5 



from whieli it followa that in Fig. 25, the distances 4 D and BB', are eqijal {B, D' 
being the points of contact of the oircles O', 0" with A B ppodiicad), and therefore 
BB=^AD', Other curious geometrical properties may be traeed with the aid of 

From (284), 

b c 

■^ == iem^A cos i ^ =^ 4 sin i j; cos ^ B — Tsin J C cos J C 

which combined with (287) and (291) give, by Art. 127, 

~- = 4 sin J ^ sin J .B sin 5 O = cos ^ + cos JJ + cos C - 1 
^ = 4 sin J .J cos J J! cos J (7 = — cos -i + cos £ + cos C + 1 
'^ = 4 cos J ^ sin J Boos 1(7= cos vl ~ cos B+ cos 17+1 
'^ = 4 cos J 4 coa i B sin J (7 = cos 4 + cos C - cos C + 1 
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Cliaiiging the signs of the first of these equations, tlie sura of the four is 

'-'+'-"+ .1:::^: ^4, Jl = i(r- + ^- + T- - r) (299) 

Finally, if p', y, p'" denote the three perpendicnlfura from the angles upon the 
Bides u, b, c respectively, wo havo by (283), (289) and (297) the following relfttiou : 



15S. To find the distance between the centers of the drcumscrited and inserted ci 
Let F, Fig. 26, be the center of the circumscribod, ^^S- ^O^ 

and 0, that of the inscribed circle. Put T =^ D, , 

By Arts. 151 and]S2, / 

P4B = 90=— C, OAn=\A 

FAO = 90" — C— J ^ = J ( Ji — C) 
and hy (221) 




Fa' = PA''+ OA 



2. PA. OAi^osPAO 



A 


iajA 


4 Ry sin 


1 J .1. ! 




n}^ 


Effirooj 


,i(B+0) 



niA 

or IP = R'~-2ICr (300) 

1C6. Let PO' = D', Fig. 26, (7 being the oonler of tlio escribed circle lying 
within tlie angle A. If / = radms of this circle, ive liu,ve, as in the preceding 



' ein'M ^' 


n^A 


4 Er' cos f J5 CO 


8j(7 


I A sin i ^ 




JT" T=^ + 2Er' 




D"^ =R'.\-2 Rr" 




S"" = 5" + 2 Er"' 





' -llyuiers' Trig. AppendiSj Art. 58. 
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80 PLANE TEIGONOMBTRY. 

the expressions for the distances of the centera of th« three csuribad rlrcles from 
thnt of the circumacribed circle. 

The sum of (800) and (301) gives by (299) 

ly ^ D" ^ IT" + jy^ = 12 R'- (302) 

157. Oiveti iiDO sides of a plane iriangU aiidihe difference of their opposite angles, (or 
a, i, and A — B), to solve the triangle. 

We hftva l{A-\- B) directly from (220), which also aolvcs tlie cubb where two 
angles and tlie sum or difference of two sides are given. 

158. Given the angles and the aum of the sides, (or .4, 5, C, and o + i + o = 2 s), 
Ey (235) 

,_, ^K 

■ooai^coaj5 

and a and h are found bj similar formulse. 

159. Given one angle, the opposite side, and the sum of the squares of the other iwa 
sides, (op C, 0, and a' + b' = «'). 

In the identical equations 

(a + ij' = .' + 2 ab, (a _ J)' = c' - 2 ab 

substitute the value of 2 ai giwea hy (223), namely. 



which determine o + 5, and n — i, and therefore a and b. 
To eompate tliese equations by logarithms, let 

then (a + i)' = (i- + sS (a-by=.e'-3^ 

that ia a + J is the hypotenuse of a right triangle -whose sides are e and ? | 
a — i is one side of a right triangle nhose other side is jr, and whose hypotenuse 
Let the angle opposite g be denoted by x in the first triangle and by i' in the sec 
then by the formula of right triangles 

so that the problem is solved by logarithms by finding log g from (303) and em- 
ploying its value in (S04). 

The above may serve as an eiamplc of a geomelrical method of introdneing the 
auxiliary quantities, which is occasionally useful. The analytical process in Hie 
present instance is similar to that of Art. liB ; thus 
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PROBLEMS RELATING TO PLANE TRIANGLES. 81 

thereforeif ta(ii=^ we hiTe J (l + ^\ = sccx 



and if 



■J(-?) = 



wienca the same formula as before. 

160. Qisen an anfflc, its opposUi side, and the diference of the squares of the other Iji 
sides, (ar C, c, and a' — 5' = /"). 

We haTe by multiplying (233) by (234) 

sin (A - B ) _ a'-i" _r 



sin (^-5) = ^ sin (7 

whencB A — S, and since A -[^ B := 180° — 0, the angles lire determined. Tliere 
will be two solutions giren by sin, (j1 — 3) eicept wiiere the obtuse value of A — B 
ia grentec than A -^- B. 

IGl. Given the three perpenilieulars from the three anglts upon the opposite sides. 

Denote the pcrpa. upon a, b and e reapcotively by a', b' and c', and let 



If ft = 2 area of Uie triangle 

aa' = JA' = «• = * 
and therefore 

H = o"S, i = h"k, c = d'k 
Snbatituting ttese yaluea of a, b and o in (225), (227,) &o. 



2 4"c' 



.i„-s^_^-i=^,!^^i-Uo. 



in which 2 s" = a" + S" + c". 

162. (?iw«i (Ae radS of the cireunncribtd and tnscrihed circle!, and llie perpendicular 
from one of the angles upon the opposite side, to soUe the triangle. 

Let e be tlie aide to wLicli the perpendionlar (p) ia drawn. Weliava found for fl,r 



n - 2 .in (^ + Jl) - « .in J (^ + i) '" ! (-1 + ■") 
.in } /I .11. i J 

.ill A sin B 
'-'■trnfA + m 
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PLANE TRIGONOMETRY. 



llimmating c, we have 



to be found. Devdopiug cos J [^ -|- B), 



from wliich two eqiiatioiia A and 
{n) becomes 

-^ = 4 ain 5 ^ cos I 4 Sin J B cos 1 

= sin ^ sin 5 — 4 sin" ^ ^ ain' 3 

wliioli siJl!tra,cted from (m) gives 

Dividing the square of (™) by (o), we find 



.M...!i.=jFii': 



= 2^[2i(r-2,)] 



The difference and sum of these twt 

«. i (^ + ii) = 



2»/[2S(,_2,-)] 
> cquiitiona give 



which determine ^{A-\- B) and J (^ — 5) and therefore A and B. The sides 
arc then found by tiie formuln 

c = 2RsiaC 
Fig- 2T. 163. In a given plane triangle ABC, Fig. 27, (o Jmd a 

point P such thai the thtee lines dravin from this point to the 
angles A, B and shall make given angles with each other. 

let the given anglaa be S i" C = z and/lPC = fl 

and the required angles PAC=x PBC^=.y 

Tbo sum of the angles of tJie quadrilateral A OBP\a 

J(r + !/) = I80°-i(^+/;+Cj (306) 
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PEOBI-EMS RELATING TO PLAHE TRtANGLES. 
In the triangles APC,BPC,ve have 



^i" ^ + ain y ^ tan_^ (H^j-j ^ " + t 
Bm>;-^ BiEy tanj(i — i') m — 1 

tanH^-y) = ^^ tanH^ + s) 

To compute this equation by logarithma, let 

tauj. = ™ = "j^- 

then by (152), tan J (^ - y) = tan (,. - 45^) tan J [^ + y) 
BQ that the angles x and ji are found by (306). and (307), 

164. The following problems are propoaed as < 

In a plane iiiangU ABC —^ 

1. GiTen c, tie perp. upou e =; p and a + i = 



(» + ")(--■) 



2. Given c, tlie perp. upon i! =i ;>, o 



!. Given C, c, and ah = q". 



a C, tlie perp. from (7 = p, and a + i 



(>. Given O, the perp. from C = ;i, and a — 



B. Given t, C, and a + & = a 
CO. H^ --») = '"- ^i" 
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34 FLAKE TEIGONOMETEY. 

7. GiTcn c. A, ami a -f- J = m. 

tan J fi = -^-^ cot i A 

8. Given a -j- i = m, the pcrp. tipon c = p, and the differeni 
of c = rf. 

■ = »J('-.^) 

... s (^ + J!) _ J [ (.,_,.) ;.f^',.-iy-) ] 

or nith an ausillary ougla 



tan i (^ + 5) = ^ sin ^ tan =. ta« H^ - S) = ^ «i"^ ^ 

9. Given the perimeter = 2 s, C, aiid tbe perp. from C = p. 

tan' j: = n^ eot J C c = s cos" ^ 

10. Given e, n -f i = Mi and the radius of the inscribed circle = T. 

11. Given c, a — b =^ n, and the radius of the insoribeci circle =. r. 

tan ^ = (' + "H^-'') „ + J ^ ^ ,<,t (»; ^ 45=) 

13. Ohen the radii /, t", i"\ of {he three escribed circles. (Arts. 153, 154). 

tim' \ A =^ , ; r-: — T —,.r, ■ ; 7~T, 
2 r' /' + r' r"' + /' /" 

165. CHven the sides of a guadrilaierel inscribed in a drcU, to find its angUs and area. 
Kg. 28. In Fig. 2'&,\eiAB = a, BC =b, C l) = e,, Z> A = d. 

Let 2 ! = a + fi + c + d and i: =1 area afABCD; then 
from the triangle ABC, ADC, observing that B = 180"— i> 

_ (s-.)(s-b) _ _.;^. _ ('-') (--'') 
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SOLUTION OF TRIGONOMETRIC EQUATIONS. 



CHAPTER X. 

SOLUTION OP CERTAIN TRIGONOMETRIC EQUATIONS AND OF HD^- 
MERICAL EQUATIONS OF THE SECOKD AND THIRD DEGSEES. 

166. The solution of a problem in which the unknown quantity 
is an angle, often depends upon that of one or more ei^uations, in- 
volving different functions of the angle, which cannot be reduced by 
merely algebraic transformations. We shall select a few simple ex- 
amples of such equations from among those that most frequently 
occur in astronomy. 

167. To find zfrom the equation 

sin (» -I- a) = m sin « (309) 

in which * and m are given. We have, by (119), 

sin ( « -I- a) = sin « sin z (cot z + cot a.) 
which becomes identical with (309) by taking 
sin a. (cot 3 + cot a) = wi 
whence the required solution 

cot 3 = -: cot as (310) 

sill ii ■ ' 

If the proposed equation were 

sin(.~.) = «.sin. (311) 



cot3 = ^^ + eot« (312) 

sin OS ^ ' 

Unless s is limited by the nature of the problem in which these 
equations are employed, there will be an indefinite number of solu- 
tions ; for all the angles z, z-\- 180°, s -\- 360°, s + 540°, &e., in 
general all the angles s -f- w jr have the same cotangent. [See 
(68), (79).] In most cases, however, we consider only the first two 
of these solutions, taking the values of z always less than 360°. 
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S6 PLANE TRIGONOMETRY. 

Similar remarks apply in all cases where an angle is determined 
by a dngle trigonometric function ; but if the problem is such as to 
give the values of two functions of the required angle, as the sine and 
cosine, the solution is entirely determinate under 360°, since there 
cannot be two different angles less than 360° that have the same 
sine and cosine. 

168. The solution of the preceding article requires the use of a 
table of natural cotangents ; to obtain a formula adapted for logar- 
ithmic computation entirely, we deduce from (309) the following 





m 


i(» + 2) 


+ 


sinz _ m + 1 




sii 


«(» + z) 


- 


sin 3 m— i 


But by (109), 


,itx 


= » + 2^ 


>y 


= z, we have 




sin (« + s) + 


Bin 


2_tan(z + }.) 




Bia (« + z) - 


sin 


z tan 1 1» 


fhicli sutetitTited above, gives 








tan 


{2 + l«) 


= 


:+i.»j. 



nhich determines 2 4- 1 «, whence z is found by deducting \ a. 
The computation of this equation is facilitated in most ca 
introducing an auxiliary angle, such that 



ption always admissible, since while the angle varies from 
to 90° the tangent varies from to oo , so that an angle $ may 
always be found having any given number as its tangent, 
ffe have then by (152), 

m + 1 t&TKp + l 

i^-tSr?trT = "'(»-«°) 

and the preceding solution becomes 

tan (p = m, tan {z-\-l») = cot (<p - 45°) tan I « (313) 

The logarithmio solution of (311) is found in the same manner 
to be 

tan $ = m, tan (3 — J ») = cot (tj) + 45°) tan ^ « (314) 
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169. To find z from the equation 

tan {a, + a) = m tan z (315) 

AYe deduce 

ta.n (as + g ) + tan z __ m +1 
tan (« + a) — tan s m — 1 

SO that by (126) and (152) the solution is 

tan $ = Hi, sin (* + 2 s) = cot {(p - 45°) sin « (316) 

170- To find zfrom the equation 

tan(« + 3)tans = m (31T) 

We deduce 

1 + tan (o( + z) tan z _ 1 + m 
1 — tan (» + z) tan z 1 — ws 

so that hy (127) and (151) the solution is 

tan <p =m, cos (* + 2 s) = tan (45° — ip) cos « (^18) 

171. To find z from the equation 

«m(«±.)sm. = «, (319) 

By (lOS) we find 

whence eos(«dz2i) = oos«^2m (319!^) 

which determines « dz 2 1, and hence 2 z. 

From (319*) we haTe four values of b ± 2 j between 0° and 720° ; therefore, four 
values of 2 a between llie same limits, and four values of a between 0° and 360°. 

In general, we shall have four solutions under 360° in all cases where the doubk 
angle is determined by a single funUion. 

The logarithmic solution of (319) varies wifli the signs of m and z. Thus, if the 

m being essentially positive, we have by (183) 

and by (133) again tliia is solved by 

and t!ie other cases are solved by similar methods. 
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88 PLANE TRIGONOMETRY. 

172. The preceding examples will Eufliee to indicate the method to lie followed 
with all the equations of the following table. The solntions of the equations iiiTolv- 
ing coainea may be obtained from those inyolTing sines, bj eiohangiiig s for 90° it: z, 
or a for 90° ± a. 

Logarithmic Bolntions of the first four will be obtained by in 
Art. 171. 



Equawons. 


SoinrioNS. 


I. .m(.±i).m. = . 


c«(.=t2.)_,«.^2« 


2. .o,(.=b .)«,„_« 




S. Bn(.=t,)o<«. = « 


■to(.±2,)=2«— to. 


4. cos [«ifcj) sins = !« 


.In(.=t2,)_,to.=t2. 


6. A^l.^.)-m^. 


Un^=m, Ur,(;d::i«) = cot(*qz4S°)tanJ« 


6. m,(.=t,) = .oo,. 


.t.n# = ., t,n(J«±>) = f»(45»-ri .ol J . 


7. ■m(.±.)_.c... 


tan ^ = IB, 




tan(46°-Ja;p^) = tan(45=-'i.)tan(45= + J.) 








tan (45= - J « ^ ^) = tan (45° zp ^) tan (J a - 45°) 




tan^ = !«, co9(a±2 2) =tan(45°zp*)cos« 


10. tan[«±!) = mtanj 


lan» = ., »n(2,±.)_o.t(*^46«)«n. 



In the iramerical solutions the signs of th 
carefully observed. The Eigne of the funct 
ithms, Bocording to Art. 99. 

The auxiliary angle » may be taken numerically less than 90° in all cases, but 
positive or negative according to tho sign of its tangent. It can easily be shown 
that we shall thus obtain the same values of a as by taking ^ in the 2d quadrant 
when its tangent is negative, or in the 3d quadrant when its tangent is positive. 



Knd z from (317) nhon a = 65° and m = 1'5196154. By (SIS) 

log tan * = log m* +0-1817387 
^ 66° 39' 9" 









45°- 


-* 


— 11° 89' 9" 






logta 


n {45° - 


*) 


~ 9-8143426 








log 00 


ss 


+ 9-6259483 


t45° 


_^)oos. 


= logc 


os(. + 2a) 


— 8-9402909 




^-\.2z 


95° 


or 265° 


or 


455° ,or 625° 




Sj 


80° 
1-5° 


or 200° 
or 100° 


I 


195° or 280° 



* It must bo remembered that in this employment of the signs -|- and — , these 
signs belong to the natural numbers ; and when the logs, are added or snbiracted, the 
sign of the result is (0 be determined accoTding to the rules of maU^Hcatian and 
division, in algebra. 



.Google 



SOLUTION OF TRIGONOMETRIC EQUATIOKS. 

173. To fijid i from iU equation 

Put a' =: .8 + J, «' =: a, — fi, tlien thiB oquafion bBoomes 
.in (.' + .') = m sin .' 
which ia of the form (800) and may be solved by (309») or (all); t 

In lie same manner equations of this form, involving cosines or ta 
redaced to tliose of the preceding table. 

174. To find k and zfrom the equations 

lz:z: > (^^») 

We have, by division, 



■wiiicii gives two values of 2, one less, the other greater than 180° ; 
whence, also, two values of k from either of the equations 



The solution becomes entirely determinate [z not exceeding §60°) 
as follows : 

1st. When the sign of k w given. For if k is positive, sin a has 
the sign of m, and cos z the sign of n, and s must be taken in the 
quadrant denoted by these signs. If k is negative, the signs of sin z 
and cos z are the opposite to those of m and n, and z must be taken 
accordingly. 

2d. When z is restricted hy either the condition 2<180°, or 
2>180'', For under either of these conditions the tangent gives 
but one solution. If a < 180°, k has the sign of m ; and if z > 180° 
k has the opposite sign to that of m. 

3d. WJien z is restricted to acute values, positive or negative. For 
under this condition a positive tangent will give z between 0° and 
+ 90° ; and a negative tangent, between 0° and — 90° ; and k will 
always have the sign of n. 

It follows that m and n being any given numbers whatever, we 
may always satisfy the conditions expressed by (320), 1st, by a posi- 
tive number k and an angle z between 0° and 360° ; 2d, by a num- 
ber k (unrestricted as to sign) and an angle z < 180° ; 3d, by a 
number k (unrestricted as to sign) and an angle z > 180° ; and 4th, 
by a number k, and an angle z in the 1st or 4th quadrant. 
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isinz 


- 0.307e258 


A cos z 


+ 0-4278735 


log h sin 2 


- 94880228 


log i cos z 


+ 9.6313147 


log tan 2 


- 9-8567081 


z 


324=17' 6"-6 


log sin z 


- 9-7662280 


log I 


+ 9-7217948 


i 


-f 0-5269808 



PLANE TSIGONOMETEY. 



To find h and z from (320), {k being a positive niiniber), when 
1, _ _ 0-3076258, » - + 0-4278735. 



(») 

w 



Upon this problem and the deductions we have made from it, rests 
the method of introducing the auxiliary angles required in solving 
many of the formulEe of spherical trigonometry. It is applicable 
to any equation that can be reduced to the form of that solved iu 
the following article. 

175. To Bolve the equation 

»,c08z + ««nz-5 (321) 

m, n and q being given. 

The first member will be reduced to the form k sia (ip + z) by as- 
suming k and (p such that 

kB,mip = m, ^ cos (p = ji (322) 

whenco 

k sin cos s + ^ cos ip sin s = 2 

sin (* + z) - ^ (328) 

Therefore, if k and <p be found from (322) by the preceding ar- 
ticle, iJc being limited to positive values), we can then find by (323) 
the value $ -|- z and therefore of 2. There iviU be two solutions 
from the two values of 41 -|- s given by (323). 
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If we restrict (p to valaea less than 180°, (as we mnj do accord- 
ing to the last article), we may find it by the equation 



(324) 



i{<p+z 



and in this form it will be unnecessary to find k.* 



To find s from (321) when m = ■ 
and y = - 04316893. 

By (322) and (323). 

log m = log ;fc sin 4. —0-0211203 

log M = logfteos(ti +9-8731402 

log tan (p —0-1479801 

<f> 305° 26' 20" 

logsincp —9-9111059 

log^ +0-1100144 

log 5 -9-6351713 

log sin {$ +e) ~ 9-5251569 

" 199° 34' 40" 

ir 340° 25'20" 

-105° 50' 40" 

ir 35° 0' 0' 



^ + 2 



'I 



- 1-0498332, » = + 0-7466898, 

Bj (324). 

log m - 0-0211203 

log>i +9-8731402 

log tun <p -0-1479801 

ip 125° 25' 20" 

log sin .p +9-9111059 

log } - 9-6351718 

•poo login —9-9788797 

log sin (cp + 2) + 9-5261569 

/ 19° 34' 40" 

f''" \ or 160° 25' 20" 

f - 105° 50'40" 

' 1 or 36° 0' 0" 



To avoid tlio negative value of s, in the first of these solutions, 
we may take for the first value of 

<p + z, 360° + 199° 34' 40" =. 669° 34' 40" 
whence z = 669° 34' 40" - 305° 25' 20" = 254° 9' 20". The se- 
cond solution gives a like reault- 

If wc suppose cp in (324) to be limited to acute values positive or 
negative, we take $ = — 54° 34'40", which gives<p + s= 199° 34' 40," 
or 340° 25' 20", whence the same values of s as before- 

We may repeat the latter part of the work with cos (p for verifi- 
cation- 



* The solution is, by (323), impossible when -^ is greater than unity; and by 
of (822), 4- = m' + n- ; therefore the solution if 



adding the squai 
/ >«• + ,-- 
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DeTelopiiig by (38) and putting 



,,l„(j+,)+(l0.„. 



sin U 4- c Eln ^ + &0. = 



whiali is solved ic the preceding ai 
the terms contain cosinea. 

177, To find kimdi from the sqiii 



tiele, Tbe i 



«(. + .) = 

n (S+ ') = 



e prooesa applies if any or all of 



n and difference of these equations are, by (105) and (106). 
2 4 sin [i {« + /y) + ^] cos J C - fl = -« + » 
2 k cos [J (= + /() + ^J .in H" - -3) = ™ - « 



2i3in[J(. + /f) + .] = 



™ + « 



2*oo8Q(" + 3) + ^] = 



^H--e) 



from which 2 i and J {« + ^) + a are determined by Art. 174. The logs, of the 
second members of these equations should be computed separately, for the purpose 
of readily diseoyeriog the aigns of the sine and cosine in the first members. Tbe 
eolutjon is determinate (according to Art. 174) when the sign of k is given. 
From (827) ne find, by divieion, 



" [J (^ +'?) + ='] = 



« + >. 



ini(a-^) 



(328) 



Vfhich reqrdroa a less number of logs, than the separate computation of (827), but 
yre are obliged to refer to (827) to dctormine (by an inspection of the second meu- 
bers) tbe eigne of the sine ajid oosine. 



e may compute (328) hy the formula 
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In (326) given « = 200", ^ 
find s and k, k being positive. 



EXAMPLH. 




140=, «. = — 0-4234S and t 


^ =. - 0-20123, 


By(3S 


:i). 


m+« 


— 0'fi2468 




— 0-22222 


5 (« + ^) 


170» 


J{a_^) 


ar 


log {m + «) 


— 9-7956576 


log cos M^ - ^) 


+ 9-9375306 


log2fc8:Q[H.+^) + ^] 


- 9-8581270 


log(m-«) 


— 9-3467831 


log5mJ{"-^) 


+ 9-6989700 


log 2 4 C09 [5 (. + ^) + ^] 


— 9-8478131 


logUn[H« + ^) + ^] 


4- -2108140 


H" + y3+*) 


288" 21' 38" -a 


z 


68''21'38"-6 


Jog sin [h (. + yS) + z] 


~ 9-9801171 


log 3 ft 


+ 9-9280099 


3ft 


0-84724G7 


k 


0-42313234 


(326)istlio following.* Let 


> be any angle i 



178. A more general solution oi 
Eumed at pleasure, and Id (171) let 

(distitiguislting the z of (171) bj an accent) ; then we eliall jind 
■in (.-S)«n (> + .)_ <i,(.-j),l„(J+,)_.l.(«->)>li(. + >) 
In tMa let y (whose vnlne is arbitrary) be exchanged for y + 60° ; then 

.in (.- ffl eo. (, + .) .0. (. - ,) .In {« + .) + eo. (« - ,) .in (. + .) 

Multipljing these equations by ft and HUbstitnting m and n from (326) 
islu(.-flsln(, + ,)_».in(>-« — si.(j-.) } 

vthieh (y being assumed at pleasure), determine ft and y ■]- '■ 
If we talie j. = 0, we find 



ft sin (. + ^) = m 

= II, ne hsTs a similar result. 

=: J [o -|- /y) we obtain tJio solution of the preceding article. 

IS required, without first finding i, we have, bj adding the squa 

Kin (.-H)-^ /[ .-+.--2......(.^ffl 

* Gauss. Thcoria Moius CoTpomm Cieloliwnt, Art. 78. 
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179. To ^nd/c and ^ from the equations 

These are reduced to the form (S26) by subetituliiig 90° + a and yO" + fi for n ami S. 
We find, IioiteTer, by a process similar to tliat of Art. 177, 

2 J sin [J (« + ^) + ,] = -—'^ ^. 

2.cos[M« + ^) + ^] = -4-+-^j J 



cot [J (« + S) + ^] = tan [45'= + ,f) tan J (a-/)) J 

ExAMPiE. In (333) given o = 280= IS', (3 = 200° 10', m = — 0-62342, and 
fl = 0-69725, find 2 and k, k being posidTfl. 

Am. s = 207" 5' 34"-4 4 = 1'0273643 

180. The more general solulJon of (333) may be found directly from (172), but 
it will be simpler to obtain it fram (330) by snbgtituting 90° + b for «, and 90° + g 
for II, whence 

k .1. (. - ») .i. (,+■) = ^ « ... (, - J) + . ... (,- .) 1 

i,l»(.-«),..(r+.)- »™(r-«-«»»(i— ■) J ' ' 

Y being arbitrary aa before. 
If 1- =: 0, we find 



— moq! 


B^+noosa 


— msh 


'"+"''"" 


— B!00- 


,(.-^) + ™ 


Bin 


{--« 



i sin (. + =) = 

[f y = J (n + y)), we obtain tbe solution (334). 
If ft is required directly, tlie sum of the squares of (J 
A.in(.-5) = ^K+»'-2™«c 



«sin(» + =r) = ™sin(fl+.) 
which is a more general form of (309). For if WB assume 

k sin (. + .) ^ ™ 
we have h sin (3 + s) = i 

whence k and z are found hy Arts. 177, 173. 
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182. lu like manner, if tlic proposed equation is 

h =0. (. + ,)„» 

and k and 3 are found by Arta. 179, IfiO. As the sign of h (in this and the preced- 
ing article) may ba arbitrarily assumed, there will be two salutiona. 

Ndmerioai. Equations op the Second and Thiki) DEcaiiEa. 

183. To lolve the equation 

.• + ,. + j_0 (338) 

Vihmq is eisen/iaH^ poeilise, and p either positive or nigatise. 
We have firom (144), eichanging x for t, 

tan" J * — 2 cosee *taoj?i+l = (339) 

and (838) mfiy bo rcduoeii to this form by aubstitiiting 

in which we may take the radical only with the posidve sign, Eince wo may assume 
X and z to lutve the same sign. We tiias reduce (338) to 



wliicli compared with (339) gives 



which ^ves two values of * lesa than 360° and consequently two values of r. If 
9bo the least of these two values of* less than 360° (= 2u'), all thevalnes of *wMoh 
have the same sine are 

9, rr — B, 2 sr + 9, S^r — «, &0. 

and all the values of tan ^ ^ arc 

tan J e, cot J 9, tan \ e, cot J 9, &o. 

Heace the two roots of (338) are found by the formulie 

sin 9 = — Hvl?^ ^^ ^ ^7tan J 9, x^ = ^Jcot J 9 (341) 

in which 9 may be always taken < 90° with tte sign of its sine, and ^ j is to be re- 
garded as a positive quantity. 

Aslongas2 v'e's not greater than p, this solntion is possible, but when 2 ^5>j;, 
Bin fl is not possible, and both roota are imi^inary ; which agrees with what is sliown 
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184. To solm the equation 

ahen — j ij eiaetUialli/ negative, p beiiig dlker posUive or rtegaiisi. 
■ffe have, by (14B) 

tan" J ^ + 2 cot fi ton J ^ — 1 =±= 
and (342) is reduced to this fovm by substituting 

whence ii' A , ^ — 1^0 

The required solution is therefore 



or ton ^ = ?-^, K = ^ s tan i * (343) 

If S ia tlie least value of *, ii!i Hie values of if whicii have tlie same tangent are 
e, T + fl, 2 IT + 9, 3 >r + a, &c. 

and all the Talues of tan J # are 

Therefore the two roots of (342) are found by the formulic 

tan fl = l^, z. = ^T tan H. '-. = - v'Vcot J # (344) 

in which, aa before, the radical is to be taken as poaitive, and S < 90" with the sign 
of lis tangent. 

In this case both roots are real, since tan S is always possible. 

185. To aolve a mimical equation of the third degree. It ia shown in algebra that 
any equation of the third degree may be reduced to one in which tlie 2d term ia 
wanting ; we need consider therefore only the form 

1*+ 03;+ i = (34E) 

To reaolvfl tliis, put 

we find (3j,^+„)(j, + ,) + ;,^ + ,= _}.i = 

Now X may be decomposed into two parts, y and z, in an infinite variety of ways, 
and we may therefore suppose that y and i are such as to satisfy the condition 

which reduces tlie first term of the preceding equation to 0, and gives the two con- 
ditions 

yi = ^ — , y' Jj- s' = -—b 
Put y' = („ a" = (a; then we have 

<.,._-g, ., + ,._-» 
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so iJiiit, hy the theory of equations, (, anii i, are the two roots of an equation of the 
second degree in which the absolute term is — — and ilie ooefBcient of the second 
term is b ; that is, tlmy are the roots of the equation 

If then wo find the two roots l^ aatl 1^ of (fli) by the preceding methods wo shalZ 



= jl + z = ^l, + ^ 



(") 



It will be necessary to consider the sign of a in lie equation (m). 

Ist. TPften a ispositine, (m) oomes under the form {842) and the solution by {'iH) 



b^ 27' '' — ^/27 ' 



-JI« 



and if we assume 
this becomes, by [Hi) 



Jl(-^tann--^COtJfl) 
tan J ,f = ^ tan i 9 

Collecting these results we ha^e, for tlie solution of (346), mhen a 



in which the radicals / — and I -r- flie to be considered poaitive. and 9 is to be 
■sj 27 N 3 t ' 

talien < 90" with the sign of Hie tangent. But two of the three values of ^tan J 9 

being imaginary, the given eguation has but one real root.* 



* If r represent the real value of -^ tan J e, and a„ a, the two imaginary r< 
nity, the real value of x is 



and the imaginary values 
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98 PLANE TRIGONOMETRY. 

2d, Whm a is negative and — 4 o" < 27 i'. Equation (m) becomes 

and m of tl\e form (338) ; its roots are tticteforo found by (811) wliioh gives 

aiia bj{n) ^ = J _ ^ (^ tan J fl + ,^ cot ^ e) 

or if we put, as before, tan J ji == -^ tan J 9, tbe solution of (345), when a is negative, 



Substitvildug the TEtluea of ij, aud o^ 
, -1 + S/-3 



and also 



T = tan ^ ^ 



iv finally, K, being tlie real root, the imaginarj roots are 



* The two imaginarj roots >viU be found, bj a pcoccsa similar to that emplojed 
a the preceding note, to be 



n which It, ia Ihe real root found by (347). 
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3il. When a is mi/alive and ~ia'> 27 b\ Intliisoaae sine, in (347), Ib imposeible 
and the pi-ecediiig eolution fails. This is tlie iireducible case of Cardan's rule, the 
roots appealing under imaginary forma, altliough it is known that tliej are all tlii'ee 
real. It is, howBTer, reaclily solved trigonomelrioally. 

la Art, 77, putting * for x, we have 

sin- * - .J Bin * + 1 sin 3 (. = (»') 

and (345) may ho reduced to thia form by snbstituting 



^J-l 



in which the radiosil is to betaken posiiive, SO that x and 2 shall havetho E. 
Comparing (nt') and (n') we have also 

whiuli is a possible sine in the present case. We may tlierefore take 
and the solution ia 

which gives three real coots by tlie dilTerent values of 3 *, which have the e 
If e is the least of these values, all the values at Z if are expreasod by 

2 n s- + S and (2 » + 1) sr — e 

n being any iutegcr or ; and all'the values of i are expressed by 

, + ),-,}• 
.InJ(,-») 



find In the same 


way 




-■i. !('-■), 




i,= 


find both values 


to be 




,ln ♦ _ - 


,1„Ht 


+ •) 
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so tliat there are but three clifferent values of sin if. Substituting these in (348), 
the three roots of (345), when a is negative and — i a'>27i>', are found by 

.,^2j-^SinJ« 

»^.= -3j-|smi(^+e) = -2j--f sin (60-+ J e) 
in which 6 < 90" with the sign of its sine, and the raiJioals ore taken witli the poai- 



I. Sohe (345) when a = 



EXAWFLES. 

-6-I0I815, b = — 5-7665: 



2 /_^=. 



■which being greater than any log, sine, T 
proceed by (349). Then 

log sin 9 = - 



We find 
0-002651* 
:e its antlimetical complement iind 



iO — 27''55'34"-7 
log sin — a-6705571 


60=— ^a 87=55'84"-7 
9-9997155 


_{60=+i(J) — 32=4'25"-3 
— 9-7251024 


logs !—— 0-4O51811 


0-4551811 


0-4551811 


logj:, — 0'1257S82 
JH = — 1-335790 


log I, 0-4548986 
I, = 2 -850339 


log !„ — 0-18028S5 
=r,= - 1-514549 


2. Solve (345) when a = — 7, and 6 = 7. 

Am. s, = 1-356896, x, = 1-6B2 


021, K, = — 8-048917. 


3. Solve (345) when « = 1 


5, End i = — 45. 

Am. The 


real root = 8-4163973. 



It may be observed that the algebraic sum of the three roots is always zero, in 
oonaequenoe of the absence of the term in J:' from the given eijuation. This is easily 
shown irom (349) where there are three real roots, and from the forma in the notes 
p. 98, where there are imaginary roots. Thia principle farnishes a simple verifica- 
tion of the values found by (349). 



■* The sign — here belongs ti 



le number of which this is the logarithm. 
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CHAPTER XI. 



186. In the appl t f trigonometry, it is often required to 
compute a funct f n le from that of an angle which differs 
from the first by a mall q antity. In such cases it is generally 
most convenient t mp t the difference of the two functions, 
which may be appl d t h to obtain the other. 

187. To find the increment of the sine or cosine of an angU, corre- 
sponding to a given increment of the angle. 

Let the angle x be increased by A x, (this notation signifying dif- 
ference, or increment of a:), and let the corresponding difference or 
increment of the sine be expressed by A sin x and of the cosine by 
A cos » ; wo have, by this notation, 

A sin K = sin [x-\- ^x) ~ sin x 
A cos a: = cos (a; + A a;) — cos x 
and by (106) and (108) 

A&mx= 2eos(« + iA;K)sin^A:c (350) 

AcosK= —2 sin (a; + ^ Aa^) sin^Aa; (^^^l) 

which are the required formulfe. 

"We here consider the difference always as an increment, i, o. an 
increase, and give it the positive (algebraic) sign ; its essential sign. 
may, however, be negative, and it will then be in fact a decrement. 
Thus, in (351) the second member will be negative so long as 
X < 180°, and therefore the increment of tho cosine is negative ; 
that is, from 0° to 180° the cosine decreases as the angle increases. 
In like manner A sin x is negative when x > 90°, and < 270°. 

188. To find the increment of the tangent and cotangent. We have 

A tan X = tan (a; + A a;) ~ tan x 
A cot a; = cot (a; + A a^) — cot x 
and by (116) and (119) 

A tan 3! = 7 — ; ^ — - — = sec (x + Ax) see a^ sin A a: (352) 

cos (a; + A a^) cos a: ' ' * ' 

A cot a: = -:—, — ; i— ; — - = — cosec ix-+ Ax) cosec a; sin A a; (353) 

sm(a; + Aa:)sina; "- ^ ^ ^ 
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ISO, To find the increment of the secant and coaocanl. We haye 

A.0..0._,. .»(.+ » ■)-«.«. 

nrby {lS0)an(l(132) 



2 sin ( 


-^+iA^)mniA=: 


CO 


s(i + A>:)ooa^ 


— 2o, 


,s(:. + jA:r)amii. 



(854) 



(855) 

190. Hi ^ful the oKremmts of the scares of th« tngonometnia functiona corresp/mding 
« of the angle. 





= t 


!oa' E — COS- (:^ 


+ A^) 


ik<jncEl>y(133) 








A si 


11' ^ = - a c 


;os' s: = sin (2 


^ + A It) si 


From (115), (llS), 


. and (IIB) w. 


1 deduce 




...... 


_ta.-. = ^ 


iin(^+y)i.in(: 




^ 


— cot" y = - 


-sla(x + y)su 


, (.-,) 


00 


sin^ I sin' 


'y 


diencc 










A tan' X = - 


<in(2^+A:.): 


?inAa^ 




003' (I + A sr) , 


0O3' :C 




ACot'i); = - 


-sin(2»:4-Ai 


jsinAZ 




.In'(^ + A^) 


Bin's: 


From (16) we liayi 










seo^r+A 


^) = tan'(:. + A^) + l 
':t = Un=:. + l 


.he difference of whiuh gWea 







and the yalues of a tan' x, a oof z, may be aahstituted in (3fi9) and (360). 

191. When tke increment of an angle, or arc, ia infinitely small, 
it is called the differential of the angle, or are ; and the correspond- 
ing increments of the trigonometric functions are the differentials of 
theae functions. 

The differential of a; is denoted hy dx ; of sin a: by a! sia x, &o. 
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192. Tofmd the differentials of the trig onomntric functions from 
the differential of the angle. 

Let the angle x and its incremeat Ax be expressed in the unit of 
Art. 11 ; or, wliich is equivalent, let x and Ax he tlie area wliicli 
measure tte angle and its increment in the circle wliose radius = 1. 
It is evident that the leas the arc, the more nearly does it coincide 
with its sine or tangent ; therefore, when Ax is infinitely small, or 
becomes dx, 

sin dx = dx sin ^dx = ^dx 

This may be demonstrated more rigorously thus. When dx is 
infinitely small, we have cos dx = 1, whence 
sin dx _ 
ta,udx 
sin dx = tan dx 
but the arc cannot be less than the sine, nor greater than the tan- 
gent, and therefore 

dx = sin dx = tan dx 
Again, when Ax is infinitely small, or becomes dx, we must, ac- 
cording to the principles of the differential calculus, reject it when 
connected with finite quantities by the signs + or — ; thus we must 
substitute a- for j: 4- dx, or for x+ ^dx. 

Upon these principles we find the differentials directly from the 

finite differences (350), (351), (352), (353), (354) and (355) as follows : 

d Binx= cos x dx (3^1) 

d cos a: = — sin a; (^a; (362) 

dtan X = sec^ a: t^a; = (1 + tan^ x) dx (363) 

deotx= — cosec^ xdx = — (1 + co't^ x) dx (364) 

dae(ix = tan x sec x dx (365) 

d cosec X = -^ cot a: cosee x dx (366) 

193. In the eamo manner Uie equations (356), (SSJ), (358), (359) and (360) give 

rf ain' a; = — d cos" x = sia2xdz (367) 



(370) 
(871) 
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194. AlthoEgli tho equations (361), (362), (363), (364), (365) and 
(366), arc rigoroitaly true only when dx is infinitely small, they may 
he used ■wten dx is a finite difference, insleadof tho equations, (350), 
(351), (352], (353), (354) and (355), provided dx is sufficiently small 
to he considered equal to its sine ■without sensible error, and is also 
very small in comparison with x. This is very frequently the case in 
practice, and the differential equations are then preferred on aceount 
of their simplicity. It is only necessary to observe that dx must 
be expressed in arc, i. e. in terms of the unit radius ; if it is given 
in Beconds, it may be reduced to arc by Art, 9. 

195. To jind the differential of an angle from the differentials of 
it3 functions. 

From (361) ive have 

dx = ^^^^ (372) 

cos a: ' 

but it is convenient in this case to employ the notation of inverse 
functions, Art, 87. Thus, if ?/ = sin 3;, a; = sin ~'- y, and the preced- 
ing equation bccoiaea 

dsm-y --*_-,, (373) 



"v/(l-j') 
In the same manner from (362), &c., we find 



,oo,-.;, = ~-5-.5 (3T4) 

Jcot-y-^ (316) 

(377) 
(378) 



'!/v-(j'-l) 
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CHAPTER XIL 

DIFFEREKCES AND DIFFERENTIALS OF PLANE TKIANGLES. 

196. Ik trigonometrical investigations it is 
often necessary to determine the effect of a 
amall change in one of the data, upon the com- 
puted parts. Thus, Fig. 29, if A, A£ and 
A 0, of the plane triangle ABO, are the data, " 
and ^ C is subject to an error of 0', the required parts will be 
subject to errors which are respectively, the differences between 
A OB and AO'B, ABC&nd A B 0', B a.ni B C. In the same 
figure, the data may be supposed to 'he A, AB and AB C, and the 
angle ABO may he regarded as suhject to the error B 0' which 
produces the corresponding errors in the remaining parts. In the same 
manner, the data may be A, A B, and A OB, A OB being variable ; 
or. A, A B, and B 0,B being variable. In all these instances, A 
and A B are constant, while the remaining four parts are variable, and 
may be considered as receiving, simultaneously, certain increments 
which are related to each other. We propose, then, to solve the 
general problem : 

In a plane triangle, any two parts being constant, and tfte rest 
variable, to determine the relatione between the increments of the 
variable parts. 

It is evident that the solution of this problem resolves itself into 
an investigation of the differences of two triangles which have two 
parts in common. We shall consider the several cases successively ; 
distinguishing the triangle formed from the given one by the appli- 
cation of the increments, as the derived triangle. 

197. Case I. A and e constant. The six parts of the given triangle, 
ABO, Fig. 29, being A, B, 0, a, b, c, those of the derived triangle 
formed hy varying all but A and c, are A, B + aB, C + aO, 
a + An, b + Ab, and o. In these two triangles we have 

A + B+0= 180° 

A + B + aB+0+aO= 180° 

whence AB-t-AC=0, aB = -aO {B79) 
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Also in the two triangles we have 

a == h sin A cosec (m) 

a + Aa = cBmA cosec (0 + A(?) («■) 

t!ie half difference of which by (355) is 

1 , „ caia^ci>s(0'+iAg ) s in^AC , , 

" sin Ogiu{0+ aO) •^' 



^Aa _ JAa _ «cus(l7+|a<7) 

sin i aB sin ^ AC siii(C + aO) 

The half sum of (m) and («} by (131) is 

^ _ CB in.^sin(C' + iAg) co3iA<7 
«+ sA^- sinCsiii((7 + AC) 

which combinccl with {p) gives 

|Aa ^ _ |Aa _ a + jAa_ 

tan J A-B tan ^ At? tan ((? + J aC) 

From (262) we have 

tan = J 

■whence 

h — ecos A = e sin j1 cot 
6 + Ai — c cos J, = c sin J. cot {C + aC) 
the difference of wliieli by (35-5) is 

_ csin^ sin aC 

^* ~ ~ sin Cain (C+ AC) 

therefore 



sin AS sin AC sin(C+AC) 



(380) 



(381) 



(382) 
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Til is eriuation gives by (135) 





J AS 
sin 1 AC cos 


JaC 


a 






sin (0+ AC) 


and dividi 


rig (380) bj this 










A« cos 


<(0+l. 


>^2) 





Ab COS J At* 

It is to be observed that the incremeats (or half i 
the angles must be decliiced from their sines or tangents, since it is 
only by these functions that a small angle can be accurately deter- 
mined. Moreover, a small are being nearly equal to its sine or tan- 
gent, the equations (380), (381) and (382) express very nearly the 
ratios of the increments of the sides to the increments of the angles, 
or rather to those increments reduced to arc by Art. 9, or Art. 54. 

198. Case II. A and a constant. We have as in the preceding 
case aB = — C^C; and in the two triangles 

5 sin ji = « sin S 
{h + AS) sin ^ = a sin (B + AJ5) 
the difference and sum of which give 

i AbamA = a cos (B + ^ AB) sin J aB (p) 

(6 + f Ab) sin J. = a sin (-B + J aB) cos | aB 
whence by division 



jAb ^ _ JAh _ b+^Ab 

.n^AB~ tan J aC ~ tan {B + i aB 



In the same way 

lAc iC'C 



tan I aO tan J AB tan {Q + ^ aO) 

From the equations 

c sin J, = a sin 
{c + Ac) sinA = a sin {€' + aC) 
1G find ^Acsin^ = acos((7 + | aC) sin J aC 



(384) 



(385) 
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wliicli Combined with tlie equation {pj gives, since sin ^aO= — sin JAi?, 



(386) 



(387) 



as _ COB (-B + i A-B) 
Ac ~ cos (f + ^ aO) 

From (p) we also liave 

jAt }a6 6ms(B + iAB) 

sin ^ AB ~ sin J At' ain_B 

wliicli, wlien A 6 is to be found from A5, is more convenient tban 
(384). In the same way from {q) 

jAc JAo _e eos(P +}Ag) , „„, 

sin i AC ~ ~ sin i AS ~ sin '^ > 

199. Cask III. b and c constant. Wo have 
c sin 5 = 5 sin G 
e sin (B + aB) = S sin (C + AC) 
the sum and dilference of which give 

c sin {B + \ &B) COB J aB - 6 sin (f + i aC) cos J AC (p) 
iicos (B + 1 aB) sin 1 aB - S COB (C + i AC) sin 1 AC (?) 
tho quotient of these gives 

tan 1 aB _ tan (B + } AB) „gg. 

tanJAC tan(C+|AC) ^ ' 

By (224) we have 

o - S cos C + c cos B 
o + Aa - 6 COB (C+ AC) + e COS (B + aB) 
the Bum and difference of which give 

<i + iAo = 6cos(C+jAC)cosiAC+cco8(B + }AB)cos}AB 
-1 Ad - iBin(C+ }aC) BinjAC+ CBin(B + iaB) sinJaB 
These expressions are reduced by (p) and [q] to 
a + jAo-«oos(B + iAB)coBiABcotiAC(tanlAB+taniaC) (i-) 
— ^a«=cBin(B + ^aB)cos|aB(tan^aB + tan^AC) (s) 

and by division 

JAa a + iA» ,„„„ 

tan } A cot (B + J aB) '■ ' 
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In the same way wo have 

tan iiS ~ cot (0-\- ^ A(?) 

Since the sum of the three angles ia constant, 
AA+ aB + aO=0 
^ (aS + A(7) = - i aA 
therefore by (115) 

+ 1 a7?^ . 1 A/» smi(AJ5 + AC) 

tan * Ai( + tan * AC = — - , ' — — r— ^ 

'' cos^ Aii cos Ja6' 

_ sin I A J- 

cobJ A-Bcos^aC 

which suhatituted in («) gives 

I Ait _ g3ln(.g + ^A-g) 
sin J A-4 cos J A 6' 

and in the same manner 

jAa _Ssin(C+|Ag) 



Substituting (i) in (r) we find 



11 1 aC ceos (-B + 1 a5) 

1 J aJ. ~ a + fAa 



_ i_Aa ^ be sin (A + i aA) 
sin i aJ, a -J- |- a a 



(391) 



(392) 



(394) 



wheacealso ^f"^ = " r"T*^ ■ (395) 

By differencing the etjnatioii 

a' = b^ + c^~2iccosA 
■we find instead of (392) and (393) 



(396) 
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200. Cask IV. A and B eonstant. We have 



smB 
whence AS = ^r-7 A* 

In this ease the third angle is also constant and there are hnt 
three variables related by the equation 

A« _ A* _ A^ 
sin J. -"^IZK ~ sinC ^'^'"J 

Thia case is not strictly included io the general problem as stated 
in Art. 196, since the two triangles have not two parts in common. 

201. The second members of the equations {S80), (381), (S82), 
(383), (384), (385), (386), (387), (388), (389), (890), (391), (392), 
(393), (394), (305), (396), involve the increments themselves, which 
are the quantities sought. It ia therefore necessary, in many cases, 
to solve these equations by sucoessive approximations. 

For a first approximation we consider the increments m the second 
member to be = 0, employing 5 for _B + ^ aB, &e., and taking 
cos^ aB — 1, &c. This will evidently produce but a slight eiror 
80 long as the increments are small as compared with the entire 
parts of the triangle. Wo then obtain a second approximation, by 
recomputing the equation in its complete form, employing m the 
second members the approximato values of the increments. With 
these second values we may, in the same way, obtain a third approxi- 
mation, &c. Theoretically, it requires an infinite number of such 
approximations to arrive at a perfect result ; but in practice, the 
tenths or hundredths of seconds being the limits of accuracy, it is 
rare that more than a second approximation is necessary. 

It is also to be observed that in computing the values of small 
quantities such as the increments in question, we may employ logar- 
ithms of only four or five decimal places and take the angles to the 
nearest minute. This is in fact one of the chief advantages of com- 
puting by differential formulae, rather than by the direct forraulie 
applied to each of the two triangles successively. 



.Google 



diffekential variations of plane ibiasgles. ih 

Example. 
In a plane triangle whose parts are 
^ = 58°41'48".9 ^-S5°ll' 3"4 C=86° 7'7"-7 
«=6053 6=4082 c = 7068 

let A and a be constant wiiile b ia diminished by 50-5 ; to find tbe 
change in tbe angle B. 

We have in this case Ai 50-5 ; and by (387) 



sin i aB = 



JAbBin B _ 
b cos {B + ^ aB) 





1st Appros. 


2DAPPE0X. 




JaS 


- 25.25 






b 


4082 






B 


35° 11' 


35° 11' 




JAB 





— 15' 




5+ JaS 


35" ir 


34° 66' 




logjAS 


- 1.4023 


■) 




ar. CO. log. (> 


6.3891 


I - 7-5520 




logunB 


9-1608 


J 


ar. CO 


.1. cos(.B + Ja5) 


0.0876 


0.0863 




log. siQ J AS 


- 7.6.396 


- 7-6383 




iA5 


-1,5'0" 


- 14' 66"-8 



It is evident that changing the angle -B + J aB by only three seconds 
would not affect the fourth place of its cosine ; a third approxima- 
tion ia therefore unnecessary, and we have finally AS = — 29'53"-6. 
As the log. sines of small angles do not vary proportionally with the 
angles, it will conduce to accuracy to employ the methods explained 
ill Art. 115. 



Differential Yariatiohs of Plane Triangles. 

202. The equations (380), (381), (382), (383), (384), (385), (386), 
(887), (388), (389), (390), (391), (392), (393), (394), (395), (396) and 
(397) become differential by making tbe increments infinitely smail, 
that is, by omitting the increments when connected with finite quanti- 
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ties by the signs + or — , and substituting tbe increment itself for its 
sine or tangent, and unity for its cosine, (Art. 192.) Tiie character 
d must also be substituted for A. Ihesc changes being made, we 
easily deduce the following differential relations. 
Case I. A and c constant. 

dS = -dO 

da da 

TS - -T7i -aatC 



Case II. A and a constant. 



db 
djB° 



dB - - dO 
41= ScotB 



cos_B 
cost^ 



Case III. h and e constant. 

dA + dB + dC = 

dB _ UnB 
dC~tasO 



■ (399) 



?,= — Ktanif, 



(400) 



dA 



.Google 



DIFFEHENnAL VABUTI0N8 OP PLANE TEIAKGLES. 113 

Ci5B IV. The angles, A, B, C, constant. 

da db de ,,r,,-. 

-^--^ = ~ — - = -;—-, (401) 

Bin A. sin if siii U 

203. These differential relations are often employed when the in- 
crements are very amti,!], instead of the equations of finite diifevences. 
We have already seen that the equation of differences often requires 
to be solved by successive approximations, the first approximation 
being in fact obtained by employing the corresponding differential 
equation. In all cases therefore where a second approximation in the 
use of finite diflferencea could not alter the result of the first, it is 
plain that the differential equation is sufficiently accurate. 

The increments of the angles must generally be expressed in arc. 
Thus if dB is given in seconds we must divide it by H" = 206264"'8, 
OP substitute dB sin 1" for dB. 



^~dB' 

eessary provided the two increments are always expressed in the 
same unit, as minutes, seconds, &c. 

Example, 
In a plane triangle whose parts are 

^ = 58°41'48"-9 £ = 35°11'3"4 C = 86° 7' 7"-7 
a = 6053 b = 4082 c = 7068 

suppose 6 and c to be constant and the angle A to receive the incre- 
ment dA = 20">6 ; find da and dC, 
From (400) we have 





da = 


dA sin 1 


etmB 






iC-= 


- dAe 


cosB 






a 






dA 


1-3139 




log (- dA) - 


- 1-3139 


nl" 


4-6866 




log„ 


3-8493 


ogo 


8-8493 




logcosiJ 


9-9124 


nB 


9-7606 




ar. CO. log ffl 


6-2180 


id,. 


9-6094 




hgda- 


- 1-2936 


da 


0-401 




dO - 


- 19"-7 
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204. The error of employing the differentiala in any case may te determined ap- 
pvoiimately by developing the equation of finite differences find comparing it with 
the corresponding differential equation. "We shall select a simple example. 

We littve from (387) and ita corresponding differential equation in (399) 



the first of whioii when developed gires 

or substituting gin J aS = J 4B sin 1", sin J iS =: ^aB sin 1", and also S for 
.tf 4" 1 '^^ '" ^^'^ second term, nhioh nill affect so smaE a term but slightly. 



- - (4B sin 1")' 

which for aB = 1" is — -000015 k 

It appears fl"om this example that the error is espressed hy a term inTohing the 
square of the increment ; and if we develop nil Uie eqiiations of finite differences we 
shall find that they differ from the oorcesponding differential equations by tenna in- 
volving the squares and higher powers of the increment. Hence, emphi/ins the dif- 
fereiaiah instead of ike fiaits differences amounis to negieeting the terms involvmff (he adores 
and higJier powers of the incremenii. 

205. The differential relations above obtained could have been dednced more di- 
rectly from the formnlfe of plane triangles by differentiation, employing the values 
of the differentials given in Art. 192. Ilius in Cask I, A and c being constant, if 
we differentiate the equation 



The student may exercise hunself by deducing the other relations of (3 
and (400) in a similar manner. 
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CHAPTER XIIL 



206. TnB inTestigation of trigonometric series la most readily 
carried on with the aid of a few elementary principles of tlie Differ- 
ential Calculus, All that will be required here will he no more than 
is generally given ia the first chapter of a treatise on that subject, 
namely, the differentiation of simple algebraic functions, and Taylor's 
Theorem. We sball employ the following expression of this theorem ; 

in which fy, denotes what / (i/ + A) becomes when S = and 

—T^i -r^i &c., are the successive differential coefficients, or de- 
dy dy" 

rivatives of fy. 

207. To d&velop sin a; and cos a; in terms of x. 

We shall first develop sin [y + x) and cos {y + x)'bj (402). Ey 
(361) and (362), if 

/^ = sin^/ 

d.fii d s... ,, 



i-h 


d,mg 


dy 


dg 




cicosy 
d,j 


Sf-ft 


d,ms 


it 


ds ■ 


it 


d,o,y 



* Tbe leading results of tMs Chapter being of very general utUitj and o< 
applioation are printed in the larger type, but as thej are not Feferred to in the sub- 
sequent large print of tliis work, and moreover require a limited aoquaintanoe ■with 
the Differentdal CaJonlus, the student can omit iliem at the first perusal, and pass 
dirocitlj to Part II. 
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SO tliat the values of the coefficients of the series (402) recur in the 
order + siny, + cosj/, —sin?/, — cosji, and therefore /()/ + x)^ 

&m(j/ + x) = smi/ + cos^^~smj/^-cosp^^;^+!ic. (403) 

If we commence with 

/7/ = cosy 

the coefficients will recur in the order + cos^, — sin^, — coaz/, 
+ sin^, and (402) will give 

cos {i/ + x) = way — sin ?/ ^ - cos^z-j^^" + ^'" ^172:3 ~ ^^- f^'*^) 

If now we put i/ = in (403) and (404), sin y = 0,cosy = 1, the 
alternate terms of the series vanish, and we have 



cos ^ = 1 - ^- + 1:2-3^ - i:F34-^6 + *^- t^"*^) 

It may be observed that (406) can be deduced from (405) by dif- 
ferentiation. 

208. The series (405) and (406) are directly available for the eon- 
struction of the trigonometric table. For this purpose x in the series 
must be expressed in are, since (361) and (362), upon whieh the pre- 
ceding demonstration rests, require x to be in arc. Art, 0. 

Example. 
Find eos. 10°. Reducing 10° to arc, by Art. 9, we have 
a: = 10 X -01745329 = -1745329 
and computing separately the positive and negative terms of (406), 

1 = 1- - -^ = - .01523086 

-^-^^ = .00003866 — =-^ = — -00000004 



1-00003866 - -01523090 

- -01523090 
cos 10° = -98480776 
agreeing with the tables, which give -9848078. The student may, 
for practice, verify any other sine or cosine of his table. 
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209. To develop tSMX in terms of :s, 

Eepresenting the cocffioienta in. tie series (405) and (406) by letters, we have 

in wMoh Oa = -j^ "' = j.q.g &o- 

If we perform the division of the numerator hj tlie denominator, we poroeive that 
tie result will be a aeries containing only odd powers of x, and oommenolng with the 
term x. But as the law for the suceeBaive formation of the coeffioienta ie not easily 
shown in tJus way, we ehall resort to the following process. Assume the series to be 

and differentiate it; we find, by (393), after dividing by dx, 

1 + tan" := = <:, + 3 c, >:' + 5 c, »:' + &c. 
or, since from the division of (407) we know that c, = 1, 

tan" :t = 8 .. I' + 5 c, ^* + 7 ., >:■ + 9 .. z' + &o. («) 

Tlie siiuare of (m) la 

tQii':. = ....x'+o... I x^ + e.e,\ ^ + c.e, ^' + &c. 
-\-c.c,\ +C,cA -]-.... +&e. 



which compared with (n) gives 

<,= y(c, .,+ .... + ...,) 

■i=T(- '■+'■•■+"• ■■+"■> 
&0. &0. 

where the law of derivation is obvious. We have preserved tlio factor c„ although 
it ia equal to unity, in order to render this law more apparent. 

Since the first and last terms of these espressions ase equal, as also the terra? 
equally distant from them, we may write them as follows: 

., = i(2.,.,+ 44) 

«.- 4 (!!■.'. + 2'.'.) 
<.. = i{2l., + 2i,i + .,..) 
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ill which form imy coefficient b,„ + , lohen n is ci>ai, is cspresKed by ~ terms all of 

ivhose ooeffioienis are := 2 ; and when n is odd, by ■ ~Z ■ terms all of "wlioaB coeffi- 

cieiitE are 2 escept the last, which is 1,* 

If -we cow auLstitute the value of c, =: I, and deduce tie mimerical values of the 
ooflfiieienta Buocessiyely, we shall find 



210. To develop eot x in terms of i. 
if we inyert (iOT) we have 

iinil the first t*rm of the aotnal division is -—, the second term — (a, — a,) z, and 
the succeeding terms evidently involve only the odd powers of x. Therefore let 

cot a; = d,x — d,-i,' — d^x'~ &c. {«) 

Tbe ooefficiejita cannot be determined by the method of the preceding article in 
consequence of tha negative eiponent in the first term ; but they are directly de- 
duoible from those of the series for tan x. Wo have by (142) 

tan I = cot j: — 2 cot 2 a; {p) 

Now the series (o) being tiue for any valne of x will ^ve cot 2 z by substituting 2 x 

2oot2E = — — 2'<i,* — 2M,i? — 2'rf.i' — &e. 
SttbtraclJng this from (o) we have by {p) 

tan I = (2' - 1) i.a: + (2* ~ 1) d,x^ + (2> - 1) d, x' + &e. 
itiog the coefficients of (408) by f„ e„ c„ Ac. vra have also 



and lie comparison of these two values of t! 



!._l-(2^1)(2+l) 



"(2'-l)(2'+l) I-H 



* Euler, and after him Cagnoli and others, make these ooefHcients depend upon 
tbose of the series ain x and oos x, bit the number of given q^uantities by which 
each coefficient is expressed is double t!ie number required in the method of the text. 
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Substituting tlie values from (i08) 

,, = 1 ,1 = 1 '. = -i^i^- 

and reducing tie ooeffioienta to tiieir simpleat forms, we find the series (o) to be 

211. By a proceaa similar to tliat of Art. 200, but wLich we leave to the student, 
we find 

.eo . = 1 + ^ + ^ + ^:^ + ^:^ + &c. (Ill) 

And from (408) and (410) by menus of tlie formula 



212, To develop sin 'y in terms of y. (See Art, 87). 
Let z = sin"' y (or sin a; = i/) ; then by (373) 



Developing the second member bj tbe Binomial Theorem, 

As this contains only even powers of y, the series from which it 
would be obtained bj differentiation muBt contain only odd powers 
of y ; therefore, let 

x = aiy + a^' + a^^ + o^f + &o. (m) 

There will be no term independent of y if we limit x to Talues be- 
tween and ± 90°, for tbon when ?/ = we must also have x = 0.* 
Differentiating, we have 

^^ = Oi + 3 «3?/=' + 5 a.jy^ -Yla^y''^- &c. 

which compared with {m) gives 

a.= l 8«3=2 5^^ = 24 H = 24:6&c- 

* The series (413) obtained under thia limitation eipresses but one of the values 
of Biii~'y, but if we denote the series by s, we shall have by (95) the following ex- 
pression, including all the values, 

Bin-y = «^ + (-l)-» 
n being an integer, poaidve or negative, or zero, 
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therefore («) becomes 

It is unaecessaiy to develop cos""'?/ since we have 



213. To develop ta,n. ' 1/. Let a; = tan-' »/, then by (375) 

from which wo infer, as in tlie preceding problem, that the required 
series contains only odd pojvers of y ; therefore let 

a; = a,^ + as^ + ay + a^ + &c. («) 

then di/~^^'^^ "^^ "^ ^ "'^^ "*" '^ "'^^ "*" ^*'' 

which, compared with (m), gives 

fl, = l 3«3 = -l 5«, = 1 Tav = -l&c. 
so that the series is 

X = ta,n~'ff = ff — i^^ + ^«/' — 4?/' + &e. (414) 

214. To compute the ratio (= ?r) of (he eirciimferenoe of a circle 
to ltd diameter. 

We have heretofore assumed this ratio to be ItnowQ from geometry, 
where it is found by means of circumscribed and inscribed polygons 
which are made to differ from the circle by as email a quantity as wo 
please; but (414) enables us to express its value in a series. We 

have tan — = 1, therefore if we make i/ = 1 in (414) we have 

But this series converges too slowly to be of any use. To obtain a 
rapidly converging series s/must bo a small fraction. We might em- 



.Googlc 



TKIGONOMETRIC SERIES. 



simpler to resolve -j^ into two or more arcs whose tangeats are known, 
and to compute the value of each of these arcs by the series. To 
effect this let 

(416) 





-J- — tan ' i + tan' 


then by (123) 






-f = -^ 


whence 


-1^: 



(418) 



(417) 

from which, assuming any value of ( at pleasare, the corresponding 
value of t' is found. 
If we take ( = J, we find t'~^; therefore by (416) and (414) 

.— = tan^' I -\- tan~'i 
4 

fl 1/1 N. I/1n. ,_ ] 
+ |t)-t(t!) +t(¥)-*''J 

A few terms of these series give 

— = -4636476 + -3217506 = ■7853982 
4 

ff = 3-14159 

more accurately ir = 3-14159 26535 89793 

If we take t = -^,we find (' = -^, but the above supposition is 
evidently the best adapted for rendering both series sufficiently con- 
vergent.* 

215. Tn rusohe ein i and ooa x intofaclors. 

The eeriea (405) shows tbat i is a factor of sin x, and gives 

sm^ = 1(1-3^3--!- j^g^ -&e.) (P) 

* See Note at the end of this oliipter, p. 124. 
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anil the factors of the scrica within tliB parenthesia must ovid«utly be of the form 

A being a constiint, but haying a different value in each factor. Ths required fictora 
muat be auch as to reduce the second member of [p) to icro whcneYcr the first 
member ia zero. Now Bin x ia zero for the valuu x = d, whence i is a factor as al- 
ready seen, and also for j; ^ ± nsr, n being any integer; therefore the general 
value of (j) is 

which, substituted in (j), gives as the genera! factor 

Making n successively = 1, 2, 3, Sic, tlio equation [p) becomes tlievefore 

The factors of eoa x in (i06) must also be of the form (5) ; but cos x is zero for 

a =: d; (2n+ 1) -^,^ being any integer or zero, and the general value of (j) is 



whence 



P'+ir-* 



which, substituted in (}), gives the general factor 
Making n auccessivelj = 0, 1, 2, 3, &e., we have 

»-=(-S)('-K)('-K)- (" 

216. LogarUhmii sines and cosmei. By means of (419) and (420) tho logarithm 
Bines and oosines of the tables are readily computail. 

Put I = m Y, then 

■>"-5-T('-J")('-?.)('-S)- 
-"f=('-?)0-J")('-'l)- 

and taking tlie logaritlims 

logBm-^=.l«8j + log™ + log(l-y + log(l-^,)^-... 
loi! .0, -!^ _ log (1 _ ^;) + lo, (1 _ IJ) + log (1 - 1,) + . . . 
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Developing these logs, by the known formula 

lo|!(l-.)=-Jf(,+ J.'+J,'+S,.) 
(ill nhieh M = modulus of common logs.) and arranging aocordiDg to the .powers of 



-o- = log — + log « 




-■?(i+- 


,+ i + .c.) 


-"••fa+ 


1 + 1+..) 


8l,2- + 


, + i + »..) 




.+ |i + S«-) 


-" ■2b+- 


; + 1". +»■»•) 




, + ^ + *..) 



imiDg the oongtajit cumerioi 
= -48439 44819 and also o: 



les, and Euhsdtuting the Talue of the n 
liese formulse become 



log si 



= 104B6119S770 + logni 



— m' X 0'17859 64471 

— m' X 0-01468 89690 

— m- X 00023011796 

— m- ^ 0-00042 68450 

— m" X 000008 49075 



— m"- X 0-00001 76758 

— m"X 0-0000087870 

— m- X 0-00000 08284 

— m" X 0-00000 01841 



log 01 



= 10 



->b' X 0-53578 03412 
-m' X 0-2203345350 

- m' X 0-14497 43131 

- m' X 0-10859 04688 
-m" X 0-0868608766 



— !»"X 0-07238 25S02 

— m" X 0-0620420818 

— m" X 0-05428681:5 

— m" X 0-04825 49426 
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EXAHFXB. 

Compute log sin 9°. AVe have 

m X 90" = 9= ^ = r) l«g ™ = - 

and therofore by (421) 

log sin 0" = 10-19611 08770 — 1- 

— 0-00178 5<)fi45 

— O'OOOOO 1*689 

— 0-00000 00023 
= 10^19^198770 — l'001787i357 

log Bin 9°= 9-1048324*13 

217. If in (419) we put j; = -|-, we liave 

■'•f='=fO-i)('-i)(-i)- 

-fe-^)(^)("-^)- 



whieli is Wallis's espreesion of w. 

HoTB to paga 121. Computation of v. Many otlier aorioa besides tliuse of Art. 
214, may be given foe oomputing ir. Ona method of obtaining them is to resolve 
tan" ' ( and tan^"' !' into two others, and thua malLe J sr to depend upon three or more 
arcs. From (194) we enaily dednoe 



(.) 



in which m being given, n may be asBumed at pleasure. The niunetatDrs of the 
frocHons in tlie last terms will reduce to unity when m' -J- 1 ia divisible by n i if 
therefore we assume n and p so as to satisfy the condition 

,,_.■ + 1 (.) 

ve shall luLve 
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For example, let ni = 3 ; then m' + I = 10 = 1 x 10 = 2 >C 5, si 
take n = 1, p = 10; 01 n = 2, 1/ = 5, whence bj (rf) ani! (e) 



Substituting in (418) 



The equation (/) was employed by CLAiiaiN of Germany, in computing a- to 200 
deoimul places, and (g) was employed by Dasb, also of Genwuiy, in compnting b- to 
the same number of figures. These eomputationa were emried on iniiependentlj of 
each other, and the results when communicated to Schumadheb, (who giiea them in 
tJie Astronomische Nachriohten, No. 589), nere found to agree to the luat figure. 
They proye tie talue previously found by Mr. Rutherford to be erroneous beyond 
tlie I50th figure. 

By means of the formula (a), (//). (c). (d) and (n) we may agiiin subdlylde the 
arcs aa often as we please. Thua, it is easy to deduce 

~ = 3 tan- i + tan— y + 2 tan— i 

= 3 t.n- i + tan- i + ta»- 1 + tan- J- 



= 4 tan— - — coQ-' — — 
which last is known us Machm'i fonuuln. In deducing it we tare reduced the dif- 
Another method is, to find by trial, or otherwise, an are a multiple of wliich is 
nearly equal to — , and whose cotangent is a whole nnmberj and then deduce the 
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difference between this multiple and — . Thus it ia known [from tlio trigononietrio 
tables) that cot 11° 15' ^ 5 nearly ; therefore by the last formula of Avt, 79, putting 



-^-^ bj means of (o), [dj and (e), we luive m = 280, 

■IS' = nji, which offers several auppositjons f ox » and p ; if 
i9 aaip = 3-13" = 838, we find bj («) 



ithieh was employed by Kutherford. 
If we take 71 — 1, p = 57122, we find by (d) 
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CHAPTER XIV. 

EXPONENTIAL FORMULA. TRINOMIAL OR QUADKATIC TACTOKS. 
218. To demonstrate JEuler's formula: 



, = i(e->'-i+e— f-') (424) 



""' * - 2 v' - 1 
in which e is the Naperian base of logarithms, or, 

It ia aliown in tbe theory of logarithms that 



(426) 



where for brevity we write 

(1) = 1 (2) = 1-2 (3) = 1.2.3, &c. 

We have by (405) and (406), employing the above notatioo, 



the terms of which are the same aa those of (426), but with alternate 
signs. If the signs in these two series were all positive, the sum of 
the two would be equal to (426) ; and it is evident that wo shall make 
them positive by substituting 

which gives 



.v/-l(l + i; + (5j + (^+4..) 
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;73r — v-i— ^'-i. 

therefore 

cos X — y -1 &m X = 6-"-^'-' (427) 

If in this equation we substitute — x for x, we have, by (56), 

The sum and differcnco of these equations are 

2cos:c = e-i'~' + e-*>'-i (429) 

2 n/ - Isin a; = e"*'-^ — g-")'-! (4gO) 

wlience (424) and (425). 

219. The quotient of (430) divided by (429) ia 






(431) 



220. If we put 

^^ g^v--! =cosx + v' — Isina; (432) 

we have )/~' = e"'' ^' ~' = cos a: — %/ — 1 sin x (433) 

and (429) and (430) hecomo 

2 cos ^ = jr + 2/-' (434) 

2 ■/ — 1 sin a; = «/ ~ ^-' (435) 
If mx be substituted for x in tliesc formulic, ive haye 

yii—giKiy'— I = cos ma: + -v/ — 1 sin ma; (436) 

g,-™ = e-™"' i' -' = cos ma; — v" — 1 sin mx (437) 

2 cos ma; = ^-^ + j/-"" (438) 

2 ^/ — i Bin ma; = ^™ ~ ;/-'* (■*S9) 
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221. Moivre'g Formula. The value of y"* from (432), compared 
■with (436) gives 

{cos a; + v' — 1 sin a;)" = cos »w! + \/ ~ 1 sin mx (440) 
which is Moivre's Formula. It shows that the involution of the ex- 
pression cos a; + y — 1 sin a: is effected by the multiplication of 
the angle. 

Again, if we multiply (432) by 

cosa;'+ v' — lsina:' = e''^'-' 
we have 

(cos a: + y - 1 sin a:) (cos 3^ + V - 1 sin a:') = e t-*"^') /-" 
= cos (a; + a:') + V - 1 sin [x + x') 
which shows that factors of this form are multiplied by the addition 
of the angles. 

We have also 
(coaa;+v/— lsina:)(cosa:— s/-lsina^)=C09'^a^+sin'a:=e''=l (44,1) 

222. General form of Moivrn'a Formala. As long lis m is an integer, botli memliera 
of (440) oftii have but one valae ; but if m = — tke first tiiember beoomes 

(c«3i + v^-lmn:r)7=,y(coa^ + ^^lsm^)' 

nhicb. has q different values* in oonsequence of tlie radical of tJie degree q, nhile 
the second member 

In order that both members may liave the same generality, as should be the cuse 
with every aaalyljoal eKpression, it is necessary to suppose that we take for the arc 
X not merely the arc lesa than the circumference which has the given sine and cosine, 
but also all the arcs which have the same sine and cosine ; that is, e denoting the 
circuaiference, all the arcs 

X, x-\-c, 3T+2c, j; + 3<;,&c. 
Now there is an infinite number of these area, bnt only q of them can give different 
values to (a) ; for all the valnea of the arc in («) will be 



1 l' 



111 p (j-ljpj 



* That la g values Teal and imaffinan/; thug it is shown in algubi-a thiit^u* = -j- n 
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But is: + J 



= (f'=+7)+^"*'^^""^^'"^^'"""'°^"7'' 



Eo that after the first q terms of the above aeciea, the s[uiie valnea of tiie sine and 
cosine return ad infinitum. Bepreaenting, tlierefore, the eircumfereuoe by 2 w, 
the equadon in entirely general under the form 

(«.« + ^-r,ln.)f-.o.^(2.,+ .) + ^-I,lni(2.,+.) («2) 

in wHc!> B ia any number of the aeriea 0, I, 2, 3 s ■ — I. 

223. TrigonomelTic expressiofts of the real andiiaaginaTy roots of unUij. 
If X- = in (442) it gives 

(443) 

(444) 





(1). -0 


oB^ 2njr+ v' — I "" - 




(1)- = c. 


>.2,.., + v'-I.ta2™. 


teii 


ig fractional or integral. 


Ifp = 1,(443) gives 




yi-o. 


.,!^ + ^-l,toL"Z 



which eipresses the { roots of unity by making n aueoessively 
For example, let j = 4, (445) gives for 



n = 0, 


4/1 = 


„,0 + v'-l< 


iin = 1 


M=: 1, 


Vl = ' 


>•• J+s/-l>> 


■n^=y~l 


. = 2, 


i/l = 


a„,, + ^_l. 


iin ff = — 1 


n = 3, 


i^l = 


..s^ + v--: 


1 ain^ =-_^ — I 


i found in algebra. 








K. = ^m(442), 


it giyes 






(v/-I)- = 


m(4. 


•2+"'+^ 


.1.1. -'"■+•" (446, 


hich shows that an imaginarj 1 


erm of any dcgrc( 


; can be re(iui!ed t^J a binomial of 



the form A + B ^ — 1. 
If j: = n in (442) we find 

(- 1)- = cos m (2« + 1) ^ + ^ - 1 sin m (2 n + 1) ^ (447) 

224. To reduce an iniaginar^ guanliiy of tlie form (a -{- h ^ ■ — l)" to the form 

Let S and x be determined from the equations 

i COS I = B, J sin 3; = i 

oy Art. 174; tien, by Moivre's Formula, 

(a + i ^ _ 1)" = i-^ (ooa ^ + ^ _ I sin ^)" 

= 4-(coa™: + v/-lEin™^) 

and putting .4 = A" cos mx, 5 = 4" gin mi, 
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TkIHOHIAXi Oft QOADllAIIG FaGI0B9. 



225. To find the jiiadraiic {trinomial) factors of the scpTsssion z'™ 
ni being inteffral. 
By (438) and (431) w 



Tlierofore if w 




(448) 

(440) 



conaequence of the m Talues of ooa J-J-- (Act 222), foimd by maldng 



» = 0, 1, 2, 3 . . , ns — 1. Theroforo the m quadratic factors of (448) a 
preEsed by (449), and we ha,ve 



=(..-.- 


-i+O 


X (=^-2j 


■-"„+'-") 


x(.-.. 


.„'"+'+l) 



x(.--2....=-(=ll^ + -' + l) 



220. To obtain the simple faetora of (448), -wa have only to find the two s 
factors of eaoli of the quadratic faotors in (450), or to find the two faetora c 
general qnadratjc (449). Now, by the theory of equations, if s, and 3, arc th 
roots of (449), the first member is equal to 

but we have by (132) 

■which givas the tuoTalncs of s iiy the double sign belonging to v' — !■ TIh'i 
the simple factors of (448) are all inolnded in the form 
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1. Find the qitadraiic and simple factors of 

Herem = 2, 2 DOS * = 3, cos ^ = I, * = ; and by (450), 
s' — 22=+ 1 = (2» — 2JOOS0+ l)(s' — 2seo3ff+ 1) 
-(.•_22 + l)(^+2i + l) 
by (451) 

= [._(co,0 + v'-l™0)] 

X [.-(cO-^-linO)] 
X [i-(oo,, + v'-l.ta»)] 
X [.-(».. -v/-l»")] 
_(,-l)(,-l)(,+ l)(.+ I) 

2. Finil tiiB factors of a* + 2 a* + 1. Here ni = 2, 2 cos ? = — 2, ^ = ff, o 

.•+2.-+l-(>'+l) (.•+!) 

B. Find the factors of 2' — s»+l. 
s- — s' + 1 = {s» — 2 c cos 80= + 1) (3= + 2 2 cos 80° + 1) 
_(>■-, ^S + I) (.■+2^3+1) 

i. Finil tic factors of s' — 22' + 1, 

^■-_2.-4. 1 - (.•-2.+ I) (■•+ ■+ 1) (.•+.+ 1) 

_(,_!).(,+ S + i^_8)-(.+ i-S^^8)' 
227. To find Ike gwidjafic faclors of I"' — 1 w/im m is oii. 
lo (450) let ^ ^ 0, it becomes 



(^-i)*=0 


,-l)'x(^'-2. 


ccl^+i) 






x(.-2s 


cosi^ + 






X - ■ ■ 








X (^'-2^ 


co.^("-')' + l) 


(152) 


Nowmbemgodd, » 
esolusire of [j — 1)", 


i — 1 is avaa, aad the number of trinomial factors 
iaGvcu; bnt 


in (452), 


2(1 


"-1)^ /•._ 


2'^_,„2•■ 





SO tliat tlie first and last of tJiese factors are equal. In the same m 
tliat aujtiKj of tliese factors equally distant from lli« first and 
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tliecefore, uniting these equal fuetora and extracting tlie sq^uare roat of botli m 
liera, ve have, when m is odd, 



l-(.-l)x(»'~2.™4f + ") 



To find the quadratic fact 
iniis even,™ — lis odd, 
and the middle factor v 

(1) 



228. To find the quadt-atis faclors of i^ — 1, when m is men. 

When mis even, m — 1 is odd, the number of faotovs in (452), eselusive of (a — 1)', 
le odd, and the middle factor viU not combine with luny other. This factor is the 



and is therefore equal to 

BO that uniting the remaining fa.ctOFK, and eitraclJng the sijuare r 
token m is eBcn, 



x(!--2ioo. !^!-^'~+l) (454) 

229. To find tkefaotnrs n/j™ + 1, rchen m ii odd. 
In (450J let J = ff, it gires 

(..+ l)'_(^-2..o.i + l) 
x(.--!!.».4l + l) 

X . . . 

x(---2.».fc^ + l) 

and it is easily shown, aa in the preceding articles, tliat the factors equally distant 
from the first and last arc equal, ajid that the middle term is i' + 2 s-f- 1 = (z+ 1)*' 
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230. 3bfindlAefadorsBf2^+l,ii!heitmisei>en. 
Tke atune proceas giyefl 

X (^'~2.«os'-^^:^+l) (456) 

231. The fdmple factors of (453) and (464) are obtained from (451) by putting 
rj ^ 0, and those of (i55) and (456) by putting f ^ '. There nill be found pairs 
of eqnal faotora its in the preoediug articles, but all the diferent simple faotors will 
fae found by tailing only the positive sign of the radical ^ — • 1. 

232. Any fuaetion of the form i"" — 2p i™ -|- 5 may also be resolTcd imta quad- 
ratio factors. It is only neoBssary to reduce it to one of the preceding forma. By 
resolving the equation 

^^-~2p^-\-il = (457) 

ne shall iinil from its two values of :™ 

and if tto put tlie absolute term in one of these factors =; =t a™ (according to its 

^ i ». _ .. (il i 1) _ .-(^-i 1) 

in whioli s ^ 02', and the faotors of thia last eipreasion may be found bj one of 
l^e preceding articles. 

If, howeTar, the values of s" in (457) are imaginary, i. e. if p^ < q, this metliod 
foils to discover the real quadratio factors, and we must proceed aa follows. Put 
q = B™, then the proposed fimotion becomes 

la which e = az' ; and Knoe in the present oasej) < o™, -^ ia a proper fraction, 
and we may put ^ = cos *, which reduces the pven ftinotion to the form (450J. 
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CHAPTER XV. 



TRIGONOMETRIC SERIES CONTINUED. MULTIPLE ANGLES. 

288. Tde true developments of sin mx and cos inx in series, when m is not re- 
Htrioted to integral values, were first obtained by Foinset, and form tiie aubjoot of a 
momoir read by him before ihs French Aeadamy of Soienoes, in 1833,» The fol- 
lowing problem is the basis of these investigations. 

23i. Ta develop (k + y/P — 1)"", in a serief of asemding powers of i. Let 



2 = (t + ^F-ir 

2 = A + ^.i+.^.i^ + ^.S". 
Differentiating (a) and putting 



the square of which gives 

Differentiating this and putting 

„ _ &' 
' ~ IT 
we find, after dividing by a', 

!»" J — S/ — (i;" — 1);" = 
Again, differentiatjng {5) twice, ivc find, 

s' =.d, + 2A*+8^.*'*- ■ ■ .■\-nA„¥'—. '. 



V{ie-i)l x/l-t^-i) 



= mM, 


Bg in (d) t 
+ m-A, 


k+«'A^ 


z, s, s', given Dy (oj anu (e), wo tmv 
k' -\-mrA„ 


^ 




~ A, 


-1.2 A, 


... — 11 A^ 




+ 1.2^ 


+ 2.3^. 


+ 3.1J. 


■ ■ +(/.+ !)(«+ 2) A+» 




in which each of the eoeffieients of the powers of k must be lero. To discover the 


law which governs these ooefBcients, it will suffice to examine that of the general 


term, or the coefficient of I", which is 




(m- 


-0^« + 


(n +!)(« + 3) ^„,,=0 





* See the published memoir, " Rechei-cket lur rAnalyse de.i Sections Aagalaires," 
Pads, 1825. 
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tliat from the first ootffieiciit, A^, we find hy making Ji = 0, 2, 4, 6, & 



'Ia,= ^'"'~^a 



A,= 



1.2-3-4-5-0" -^ 



and frota tlis second eocflicicnt, J., we find bj making n ^ I, 3, 5, &o. 



^jia-'-'^.':'!-'-'^'^ 



(j-l-jK-sy 



Therefore, if we put 

^' - ' - ^''- + '*' ~2.','.m' ~ '"' '- ~ ^°- 

iJiB equation (i) becomes 

and it only remains to find ^o and A,. In (a), (i), (c) and (c), put t =: ; we End 
= = (V -i 1)" = ^. / = m (^ - 1) "■- = A, 

Tlierefore ne hare, finally, 

, = (k + ^W^^r = (^-ir K+ {^-1)^'r^K- (458) 

236. 3ii c?ci!(fcp (v' 1 — h' -^- h ^ -^ ly^ ia a smes ef ascending poscera ft/ h. Wa 
liave 

(^T^Tfti + A ^ - 1)" =(^ _ 1)^ (A + ^-^iri)" 
therefore by (158), eiclianging i for A, 

(^l-^li+i^_l)- = (^_l)-i;(^_I)-ir+(^/_l)— ,«'] 

in which H and TT' are what E and JT' become when A iB put for i. Combining 
the imaginary factors in the seeoiid member, observing that 
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(wHoh mnst not be put equal to unity, ainoe «i may be a fraction, and unity b£ 
imagiaar}' roots.) and also tbat 

(»/-l)-X(%/-l)— -v'-lV-l)-' X (•-•)— ■-v'-iP)^ 
(yi:^- + k^-ir=m'^ir+^-l(l)'^mR' (45! 

ff = 1 — p; A' + ""'-'il-^^^r^ ** — &0- 



236. To devdop thesim and coeine of the muUtpU angle in a seri, 
of the cosiiK of lie siinjile angle. 
When Di is an integer, tbis problem requires ns simply Co develop sin va and 

cos tax in a series of powers of cos i ; but when m ia a fraeUoD = — , the angle mx 

has g values wliioh have tlie same sine and eosjiie, (Art. 222), if we consider x to 
represent all the angles which have the same sine and cosine as the simple angle. 
We shall therefore employ Moivre's Formula in its general form (442), or 

(oosj.+ ^-Isin^)'' = eos»(2„r4-^) + ^/-lsium(2n^ + i) 
Patting k = aoax we have by (458) and (146), 
(eos^ + ^-1 sin^)- = (t + v'"^^^^)- 

+ ,os( t-^)(;'''+^'- )..^^4-v/-I^K^"^^^,^^^^-).^A- 
Comparing the real andim.iglnary terms of these two values of (eoai-l-^ — -1 sin it)"", 

.„P„+„ =o„(--<"'+iL') . ^+ „ (' -'»';■ + ')' ) . , ^, 



memliers. Let x ^ —, then /c = 0, if = 1, ff ' = 0, and we have 

COS ^ii^±il^ = cos "'(^"'+^> 
m {4n + _l) ^ _ m (4»'+ 1)^ 

2 - "° a— 

■IB m2 
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angles can only differ by some mul 



-'- + 2 



Vfhenea m (n — n') = n" 

but m being a fraction — , and n, n' numbara of thi 
cannot have m (n — n') equal to an integer n", unl 



and the aboTe developments are 

.„»(2.,+ .,™(:=<iAi!L').,f+...((-=i)(*!±!)5),,,^.(«o, 



■+ 



K -!■)(»■ 



-3")..... 



It hence appears that, in general, it requires the oombinatioo of two Series to es:- 
preaa the oosioe and sine of a multiple angle in powers of the oosine of Ihe simple 
angle, when m is fractional. 

237. When raUan integer, one of the terms of (460) and (461) will always become 
zero, and we shall have but a single series to express the fimotion of the multiple 
angle. The first membeca become in ali cases 

COS (2 ™n ^ +«=:) = COS ™^ 
Sia {2 ™r. ^ + ™^) = ain «.^ 
and the second members vary according to the form of m. In (i60), if 

and since when «i is even, the series K terminittes, and when m is odd, the series K' 
terminates, these four equations are all finite eipressions, and will give the equatjona 
of Art. 76, by malsing m = 1, 2, 3, &o. 
In (461), if 



= 4 «' + 1, 
z4™'+2, 

= 4m'+3. 



I = — mK' 

% ~ K 



is supposed to be reduced to its lowest terms, ji and jai 



other , inerefore, if i-i '- ia nol 

since tlio greatest falue of either n oi 



0, y must divide n — n'; which ia imposaibler 
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er, tlie serins do ) 

« = _«.(!-- 



inninatfi, hat by differential 

oi'i+Se.) 
=i eo>' . + »e.) 

— 00.-I+&C.) 



all of ifhioh tenninaie and ^ve the equations of Art. 75. 

288. To develop thf, sine and aoaine of the multiple angle in a aerks of mcmding powers 
of the sine of the simple angle. 

We inlkt as before 

(eo, . + >/ - I >1« .)- - ... » (2 «, + ")+ vZ-loo » (2 »' + ») 

Putting /. = sin X, we Jiare, by (459) and (144), 
(.... + •- 1 .In «)-- (•"T^^r- + J >/- 1). 

-(l)^Jr+^- 1(1) "«-!?• 
= onamjiV. M+ ^/ — l ainmiiV, i? 
+ v'-l.»>("-l)«V."Jf'-.in("-l)»'».m/r 
Comparing the real and imaginary terms of these eijuatiocs, 

..,, (2., + . ) = ..,..V.J?-in(—l) ,■,..?■ 
,in « (2 ., + ») - »>,««■» . JI+ .0. (« -1) ■', . -S' 
and to find what valuee of « and n' oorrosponii, let 1 = 0, then h-^= sin a; ^= 0,11 = 1, 
W = 0, and we hare 



frODi whioh we infer iJiat 2 mnn- ^ iaiiw, or 2 n 
co3™{2n>r + i) = oos2mnT.i/— Gi 
sinm(2inr + j) = ain 2 «in^ . S"+ oi 

ill which m being a fraction == ~,n\^ any numbe 



«', and hence 




2(m — l)nT.in7/' 


(464) 


2("-l)-'-"a' 


(4«t) 






239. 'When, m rs on integer, the flrat members of (46i) and (465) become coa mx 
and sin mi ; and the oocffioienta of the second members contain only multiples of 
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employ the deviyatiTes of these equations to obtain finite e. 



Therefore differentiating the s< 



» _ 2 «■ + 1, .m .. = ■ (.in . _ -!!l,j-'- «• . + ta.) 

all of which termiante, and give tlie equations of Arts. 77 and 78. 

240. To develop the eirie andcoame of themitUipU angle in a aeries of ascending p< 
of the tangent of the simple angle. 

We hare 
cosm(2n^+^) + ^-lainm{2«^+:.) = {ooa^+^/-UIn:.)™ 

=^ cos"* 37 (1 + v' — 1 t"" =^)'" 

Expanding by the BiDoinial Theorem, and putting 





m(m~ 


i .....+ ■ 


.Jn^ 


l)(m — 2)(m 
1-2-8-4 


— 3) 


_ 


1-2 




_ II 


m 
ana — 


M-l)(m- 


z3. 


an' X + &o. 








1.2"3"~ 







But the Imaginary and real quantities are not yet distinctly separated in the se- 
cond member, for m being fractional cos"" x has a number of imaginary values. If 
ne designatfl its real value by 008"" x, all its yaloes are included in the expression 

cos" :c (1)™ = oos- >: (cos 2 B<«V + v/ - 1 siu 2 ™>jV) 
which, substituted ahove for cos™ x gives 

+ ^— lcoB"'a>(siQ2m«V. i"4- (!oa2 

Compariag the real and imaginary terms, ne now have 

cosm(2n!r+i) = cos" i (ooa 2 m«' t . T— sin2m«!r. 7") 
sin m (2 jJT + i) = cob"- a (sin 2 mnV . T-f coa 2 Wi'a' . T') 

and it is shown as in the preceding problems that n = »', whence 

008ra{2njr+i) = oos™ i (cos 2 mnsr . ?— siu2nins-. I") 
sm ™ (2 « ^ + :.) = COS" :. (sin 2 w,^ . r+ cos 2 ««^ . 7") 



.7") 



(408) 
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in whieh m being a faction ^ — , n is any nnmber of the seri( 

and oos"" x denotes only the real yalue of .J/ (cos x^. 
241. By the division of (i69) by (468) 

t.u,ni2n.^x) - toia^^-r+r 

ts,a'n[Zn^-\-x) _ y _ ^^^ 2^7111. T' 

342. When m is an inlcger, both tlie eeries T md 7" t 
cos 2 mn iT = 1, sin 2 mn 17 = ; and (4G8), (469) Mid'(470) give 

cos mi = COB™ r. I' (471) 

sin nw = oos"3^. T' (472) 

t^„ ^ =^ ?!' (478) 

whioli last eaptaaaion emhracea all the eqnationa of Art. ~i'i.* 

243, Before the memoir of Poinsot, developments were given for the multiple arcs 
in series of descending powers of the sine Of cosine of tlie simple are; but he haa 
shown that these developments ai-e impossible, eicept when m is integral, and in this 
case the series are the aame as the preceding, with the terms written in inverae 

244. 3"o develop any power of the cosine of the simple angle in a series of tines or cosmes 
of the maltipk angles, the cosine of l/te si^le angle being positive. 

If y ^ oos 3 + v'' — 1 si" "^5 ■"^ have, by (484) and the Binomial Theorem, 

(2 cos x)-^ = [y-{-y- T = :/" + ^v"-" + ^pil j,„-. _,. &,. 
and by Moivre's Formula, 

•f - oo.»(2.»+ .) + •-! on- (2«»+ .) 
«S— = »so,(»-2)(2..,+ .) + «>/-l.m(m-2)(2., + i) 

"-"2"'' !>"= " -^ 0.. (.^j (2 , ,»+t^fci V-1 •» (—*)('.. •+') 

Therefore, if we pit 

>...„- CM "■(2«» + -)+~~(~-2)(2-» + ») + *"■ 
^'.. ;„ - ■!« « (2 « » + ■) + " -ta (» - 2) (2 . > + ■) + !•• 

(2.o..)-_P„„.+ ^-lJ"„,„ W 

Now ™ boitig a frftotion (2 ooa i)™ lias imagiunry values, but when cos x is posilh'e, 
it wili iiave at least one real positiTB ralue, and then (2 eoa i)* being understood tu 
denote only this real value, all tiie values are ineitided iu the' formula 

(2 eo. .)- X (1)- - (2 .OS •)- (.0, 2 ™V + >/ - 1 ei. 2 ».V)' 

* Althongh the fommloa for multiple angles require, in general, the combination of 
two seriea when m is not an integer, yet there are certain cases, eren when m is a 
fraction, in which one or the other of the series will disappear. See the memoii' of 
Poinsot, cited at the beginning of this chapter. 
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Therefore we have 

Compaiing the real and imaginavj terms, 

and to find the correaponding Tttlues of n iijid n', let 1 = 0, then. (2 cos j:)"* = 2 
and the asries become 

P... =10. 2»», (] + >■ + !?-&=il + So.) 
-.0.2™,- (1 + 1)- 
and in the same way 
Therefore our formulEo liooomo 



and as in foriaer caaes, itia shown thatn ^ n', so that we have finally 



From this it appeal's tJiat the real and positiTe valne of (2 cos ij^niay be expressed 
Either by a saries of cosines or by one of ainea of the mnltiple angles, and by 
comparing (474) and (478), wo kave tke following constant relation between these 



245. If li = 0, (474) gives 

(2oos^)™=P, = coa™:.+ mcos(™-2)i(+!^i^^=iIcos(>«-4)^+&c. (478) 
mhieh may be employed aa file general deTelopment of tlie real value of (2 eos i)™, 

246. The same supposition of n = 0, gives sin 2 mn t == 0, and (475) giv«a 
therefore, 

== n = sin m-,+ m,ln(m~2)-^+ '^ '"" ~ ^' ^in (m-4) x + &o. (477) 

remarkable property of this series of sines of multiple area, which liolda for al! 

Tfllues of ™, proviiied ^ <-^- 

247. To develop am/ power oflbe coniie of the sin pU anffU in rt series of tinea or eosinei 
of the miUigile aa(/lM,tkBeasir:e of the simple angie behig negative. 
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If the denommator of »i is even, there is no real valai of (2 cos i)" when cos x 
IB negatiTe ; bat we ma; put 

{2cosit)- = (-2cos^)"'(-l)'" 

= (-2co5a:)-[oo3m(2«' + l)^ + y-lsm™(2™'+l),] 
■which, substituted in equation (a) of Act. 244, givua 

{_2cos»;)-™am(2n'+I)^ = F,„. + . 

{— 2 oos i)" sIq m (2h' + !)«■ = /';„^+^ 

IWaliiQg 3! = ^, oca I = — 1, (~ 2 cos n:)" = 2™, and the series become, by tii« 

-P'(.«+.)^ =2™sin™(2n+ 1)^ 
and we ]iave 

2-.in»(2«' + l), = 2-.ta»(2.+ l),- 
wlieiioe, n,s before, n = b', and our fonuulse ure 



by which it appears that the veiil value of ( — 2 ooa i)" ia also expreased aitlier hj 
a Beriea of cosines or of sines of multiple arcs, -Hhioh series have the oonatant re- 

?"„„+. _ a ;nm(2.. + T)^ 
A..+ . -cosm(2« + l), 

248. If n = 0, [478) and (479) give 

(~ 2 COS i)" = -^— = - ^ ... {COB mi 4- ra cos (m— 2)x+ &o.) (480) 

(_ 2 CO. ^)- = ^:j^^ = ^^ (sin ™: + m 8in (m - 2) ^ + &c,) (481) 

In this ease sin msr is not lero, unless nt ia an integer, so tliat the series i"i does 
not become zero when x> -^, and both (480) and (481) raajbe employed as the true 

developmeats of ( — 2 ooa xj", 

249, When m is ait mlei/er, the series (476) and (480) aiwaya terminate at the 
(m 4- l)th term ; and, since in (480) cosma- = zt 1, aeeording as m is even or odd, 
and (— 2 eoa !)■" = ± (2 eos x)'" ia the aame cases, both (i76) and (iSO) become 

(2 cos ^)". = cos mx+ m cos (m - 2) ^ + "''"'~^' cos [«, _ 4) :. + Sc. (482) 

Biit the series (481) becomes zoro, so that (482) is the only scries by whicli 
(2 cos i)'" ciin be developed in functions of the multiple arcs, when m is integral. 
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250 . To develop any power of Ihe sine of the limpU angle, in a series of sines or cosines 
of the multiple angles. 
If y = aosx+^ — 1s\v x, we have, by (435) and tlie Bmoiuln! Theorem, 

(^ _ :).n [2 sin ^)™=[y -!/-)"■ 

in which j,™, y™—, &o. hare the same yiilues as in Art. 244, but tlic signs of tli9 
coefficients are alteriiatflij -(- and — , so that if we put 

Q\„„, = ainm (2« ^ + :f) - m ain (™ - 2) (2 n ^ + .) + &e. 

(v'-l)™ (2 sin >;)•"=: §,„, + . ^-V- I ^'■"^i:. 
Substitnting the value of (v* — !)"■ bj (446), and comparing the real and imnginarj 
terms, we fa>A 

aad if we make i ^ — , we shall lind by the process freqnently employed above. 



BO that the real value of (3 sin a;)" may bo developed in either the cosines or sines 
of the multiples. The two series have the cons taiit relation 

«,„». ».!.(4. + l), 

251. If ;i = in (4S3) and (484), 

(2,ln.)---J^-jji^(m.. — .m(.~!). + S=.) (4««) 

both of which series are applicable whenn; is fractional. 

252. Whm m ia an integer, one or the other of the series (485), (486), will always 
ba zero, according to the form of m, and there will be but one aeriea to express 
(2«n.)- 

If m = 4m', (2siai)™= ooa bh — m coa (m — 2) i+ So. (487) 

■. = 4.'+], (2,m.)-=. .in,._,,i,(.-2),+ (lo. (488) 

■ = 4.' + 2. (2,lni). (»■.-■ era (.,-2)1 + So,) (469) 

,. = 4,,' + 3, (2,to.)-=_(,m.,--„,i„(„_2)i+So.) (490) 
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253. The series (485) and (486) bacomo lero wheu m is an integer, as follows : 

If m = 2m', = ain«t — nisia(ra — 3}i+ &c. (191) 

m = 2 m' + I, = ooa mi — m cos (ni — 2) I + &e. (492) 

The reason, why these series are zero is obvious, since they terminate at the 
(m + !)th term, the terms equally distant from the first ami last ore equal with 
opposite signs, and the middle term of (491) is zero. 

254. Oium the equation 

tan a = J. tan p (493) 

fa express i ± y sn a seris» of nmUiples of y. 

Substituting tlie values of tan x and tan y ^veu by (431) 



."'-. + 1 ' ,-.»- + 1 






p + i-Cp-I)''"-- 






'-tA 




(Ml) 


••" — ? ,..,, , (-l-?^-'- 


r) 


(") 





g the Napei-laii logariliiins of both members, 
a (* - y} x/ ~ I = log (1 - ? ^'^y-) — log (1 — ^e^V-') 
ilojiing th.H second member hy the formula 

los(l-«) = -B-Jn'-^n'-&c. 

2{x--y)^-l= — qe-'vV-^ - .} q- t-V- „ J /j-.v.--. _ &o. 
+ q^vy~' +5;-eM>'-. +^g'e'y^-' + &o. 
Substitu»JDg in the second member by (430), 

»; — S- = ? aia 2y + J j' sin 4j, + J s" sin 6y + &e. (/,) 

The equation (a) might have been put under the form 

1 _ i. e-yV-' 
^(..j„'-.= 1 

from which, by tailing the logarithms anci substituting as before, 

^ Bin2y sinjy sinSy ^^ ^^^ 

In this investigation, we have, in effect, used Moivre's foiTnula, in its limited or 
less general form; but the requisite generality may be given to our results, by ob- 
serving, that (498) would hold if we were to substitute tan 1 ^tan {nV4- "^j' ^""^ 
= tan (n'V + j), and therefore we may eubstitute for the Brat member of (A), 
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n'iT-\-x— (!i"v + y) = K — ;/ — (n" — n') ff = I — s* — """i " "J^'ng (li^" "' ^"'5 "") an 
arbitrary integer or zero. Hence, the required general development of x — y in 

j; — y = na-+j9m2y4.|3'Bin4i/4-}2'Bm6y+&o. (405) 

In like mnnner, wnoe tani = tan (x — nV), tany ^ tan (^ — (("t), we may substi- 
tute in the first member of (c), x — nV4- ?— ""t^ x-\-y^-n!t, and tlio general do- 
valopment olx + ,j in, series is 

In these formnlie x and y are sopposed to bo expressed in ore, ond to obtain 
I ^ S in seconds, the terms of the aeries mnst be divided by sin 1". 

255. The preceding problem is pavtieularly useful in finding x when p and y are 
given, and x is nearly equal to y ; in. which case p ia nearly equal to unity, eilier 

q or — is a small fraction, and one of the series (4S5), (49(!) converges rapidly. 



1, Given y = 50= andji = :-00065, to find x from (493). 

Taking only the first term of tlie series (495), and assuming « = 0, 
21/ = 100" log sin 21- 9-9S335 

! = -2700065 =°S! '■'■"^'' 

ar CO log sin 1" 6-81443 
>: — y = 65"-995 log(3T — ^) 1-81952 

I = 60° 1' 6"-995 

2. O-iven j/ = 50= aadp = — l-OOOGS, to find ^ from (493), In this 

__ 2-00005 
* ""OOOM 
and the computation by (436), if wo assume u = 0, is 

23/= 100° log sin 2 y 9-99335 

1 -OOOGS 



,..(^i)- 



6-51174 



ar 00 log sin 1" 6-31448 
x-\-y = ~ 6&"-995 log [x ■+■ ^) — 1-81952 

x = —ff — 65"-995 = — 50° 1' 5" -995 
or. ifn = l,x= 180" — 50= 1' 5".995 = 129'> 58' 54".005, 

In general, (493) is to be solved by (495) when p Is positive, and by (49C) whenp 
is negative. 

256. Oiven the tgnalion 

.1. (. + !)_■».. («7) 



»+! ,. 
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isliith is veduced to (491!) by putting 

Ii n _P-1__ 1 

and (■105) becoiaes 

. = .,+ ^" + !i||,"+'-||r' + *«- I™) 

which is to be einplojeiJ wlien fli > 1 ; and (490) beeomes 

j+fl. = iiff--mBin« — Jm'3in2« — J™^Bin8a — &0. (499) 

Vfliicli is to be emplojed wliea ni < 1, ii lieing any integer or zero. 
257. Givm the eqimtion 



l + .,c... 




*■ ' 


to apress sin a series ofmnitipln of a. 






Tliia equation in the form 






ain 2 m sin a 






cos^ l-i-meos^ 




gives Bin z 4- m sin z coa « = m eos 


= sin« 




ains = msin(« — 2) 






*-(^-^") = ^»-^« 






which is rediiteii to (493) hy aubstituting 






^=z_J. ;, = i« J, 


_ TO— 1 




P — 1 1 
.We 5 = ___,j = ___ 






and the series (495) and (49G) become 






sinu Bin2« sin 3 


r + &c. 


(501) 


3 = )!w + msin« — Jm*Bin2« + Jm'sii 


1 8 « - &(]. 


(502) 


258. Given the equation 







to express zin a series of imilUpks of a. 

The eqmtion (500) becomes (503) by changing tho signs of both m and i. ; Ihe 
same changes in (501) and (502) give 

, ^ „ ^+ ^ sia « 4. J „,• sin 2 « + J m' sin 3 « + &c. (505) 
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PLANE TRIOONOMBTRT. 
a plane trimgU ABO, given a, b and C, to find A or B by a seriis of tnuUtpUa 



ofC. 
By (262) 



uliiuli, compared mith (503), gires, by (606), 

n 2 , o3 







A = - 


r-sin 


^+^- 


-^+-P-- 


8 


+ fe. 




(506) 


being 
^[>d b. 


necessarily = 


= 01 


D this ca! 


;e. B is found by the 


same serii 


;s, interoli; 


anging 


2G0. 
Weil 


In, 


^ plane f,-. 


\a»3U 


■,.4 5(7, 




4- 1 


obya^eriM 


of multiple. 


(507) 



X [i_(,o.Cr-^-l.m(;)] 
?-=['- T '"""+ ^^ ^ '""']*'['" "J '"°"^~ '■""'] 

Taking the common logarithms, employing in the second mcniber tlie formula 

log(l_,)__Jf(,+ Srf+l.-+fa.) 

and applying MoiTre's Formula (4410) in expressing the powers of <:osC':±: y/ — 1 sin C, 

2 log c — 2 log i = 

-#[-^(co8C+vV-Uin(7) + -|li {oos2C+v^-lam2C) + &c,] 

-.lf[-^(oosC'-v'-lsi»'^) + -|^(™s2l7-V-lsin2(7) + &o.] 

loSB = logi-.¥(-^ooaC + ^.^^+ J.S^ +&0.) (508) 

This aeries was first given ^>y Legendre. The series (498) and (496), upon which 
are based those of tlie subsequent articles, (Arts. 256, 25T, 258 and 259), aie iluo 
to Lagrange. 



.Google 



PAllT II. 

SPHERICAL TKIGONOMETBY. 



GENEBAL FORMULA. 



1. Sphbeicat, Teigonombtry treats of the motliods of computing 
the unknown from tho known parts of a splaeriea! triangle. 

It is shown in geometry,* that a spherical triangle may, in gene- 
ral, be constructed when any three of its six parts are given, (not 
excepting the case where the three angles are given). We are now 
to investigate the methods by which, in the same cases, the unknown 
parts may be comptited. 

We shall at first confine our attention to such triangles only as 
are treated of in geometry, namely, those whose sides are each less 
than a semicircurafereneo, and whose angles are each leas than two 
right angles ; that is, those in which every part is less than 180°, 

2. It is shown in geometry, that if a solid angle is formed at the 
center of a sphere by three planes, the three arcs in which these 
planes intersect the surface of the sphere form a spherical triangle. 
Now the real objects of investigation in spherical trigonometry are 
the mutual relations of the angles of inclination of the faces and 
edges of a solid angle ; hut, for convenience, the spherical triangle 
which forms the base of the solid angle is substituted for it. The 
sides of the triangle being proportional to the angles of inclination 
of the edges of the solid angle, are taken to represent those a 
and the angles which those sides form with each other are r 

* Tho Etudetit is here supposed to be acquainted with Spherical Geometry, at 
least BO rauoli of it as ia to be found in I.egeadve's treatise, ot iJi tliat of Pvof. Peiroe, 
of Harvard Univerwty. 
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as identical with the angles of inciination of the faces of the solid 
angle. But, since varying the radius of the sphere would not, in 
any respect, change the solid angle, or the values of the angles which 
enter into it, the mutual relations in question ought to be deduced 
■without any reference to the magnitude of the radius of the sphere. 
In fact, we shall deduce our fundamental foi-mulfe from a direct con- 
sideration of the solid angle itself. 

3. In a spherical triangle, the sines of the sides are proportional 
to the sines of the opposite angles. 

j,| ^ het ABC, Fig. 1, he a spherical 

triangle, the center of the sphere. 
The angles of the triangle are the 
inclinations of the planes A OB, 
A and BO 0, to each other, and 
7 will ho designated by A, B and C; 
their opposite sides respectively will 
be designated by a, b and e, as in 
plane triangles. The trigonometric 
functions of these sides will be the same as those of the angles 
BO G, AGO, AOB, which they subtend at the center of the sphere. 
(PI. Trig. Art. 20.) 

From any point B' in OB, let fall B'P perpendicular to the plane 
AOG; and through B'P let the planes B'PA', B'PC' he drawn 
perpendicular to OA and OQ, intersecting the plane OAG in the 
lines PA', P(7',and the planes J.05,-B0(7 in the \\aeiA'B',B'0', 
The plane triangles A'PB', B'PO' are right angled at P ; and 
OA'B', OC'B' are right angled at A' and 0'. The angle B'A'P, 
being formed by two lines perpendicular to GA, is the measure of 
the inclination of the planes ^O.S, ^lOC, or of the angle J.; and 
B'Q'P is the measure of the angle 0. 
We hate therefore, by PI. Trig. Art. 15, 

B'P 

sm A = sin B'A'P = ^fj-, 
B'A' 

B'P 

sin Q= smB'CP = ^7777 



sin^ _ - g'^ P'O' _ mp 

sin (7 B'A' ^ B'P B'A' (™) 
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GENERAL FORMULA. 



sinff : 


= si„S'OC' = ||' 




Bino. 


= ....0.-^1^ 




ina^ 


B'O' B'O 
- B'O '^ B'A' 


B'C 
B'A' 


id (,.), 


siiK. tin A 
sino "sinC 





Again, 



Comparing (m) and (ti), 



wliieh in tlic form of a proportion ia 

sin a : Brno = sin .A : sin 

whicli is tlie theorem that was to be provcJ. 

4. In Fig. 1, A, a, and c, are eaeli less than 90°, but the con- 
struction would not vary if any of these parts were greater than 90°, 
except that the points A' and 0' might be found in the linea A 0, GO, 
prod-uced through 0; and one or more of the right triangles A'B'P, 
&c., would contain the supplements of A, a, G, or a instead of these 
quantities themselves. But the sine of an angle and of its supple- 
meat being the same, the preceding demonstration would still be 
valid, so that the theorem is applicable to any spherical triangle. 

Indeed, according to PI. Trig. Art. 49, this result follows from 
tte nature of the trigonometric functions themselves, and the demon- 
stration of the preceding theorem might therefore be considered as 
general, without requiring a special examination of the various posi- 
tions of the lines of the diagram. 

5. In a spherieal triangle, the cosine of any side is equal to the 
product of the cosines of the other two sides, plus the continued pro- 
duct of the sines of those sides and the cosine of the included angle. 

Let the plane B'A'G', Fig. 2, be 
drawn perp. to A, intersecting tiie 
planesAOif, B0(7and^0C, intho 
linesA'fi', B'C'and^'C". Then the ' 
angle B'A'O' = A, and £'00' = a, 
and by PI. Trig. Art. 119, in the tri- 
angles A'BO', OB'Q', we have 

5'C"^ = A'B"^ + A'O'^ - 2 A'B' . A'O' cos A 
B'G'^ -= B'^ -\- 0G"'~20B' . OO'msa 
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Subtracting the first of these equations from tho second, and ob- 
serving that in the right triangles OA'B\ OA'O', 

OS'^ - A'B^ = OA'% OQ'^-A! C"^ = OA"" 

■we have 

0-=2OA'^ + 2A'B'.A'C'cosA~2OB' .0 0' <iosa 

, OA'.OA' , A'B'.A'O' 

whenco cos« = -^^,--^^, + OB'.OO' '''^ 

Substituting the trigonometric fttnctiona derived from the right tri- 
angles OA'B', OA'C, 

COB ffl = COB 6 COS -\- sinb sin o cos A (2) 

which is the theorem to be proved. It may be regarded as the fun- 
daiDeatal theorem, for the preceding (1) can be deduced from it, but 
as the process is somewhat circuitous, we have preferred deducing 
the two theorems from independent constructions. 

6. In the construction of Eig. 2, both 6 and e are supposed less 
than 90°, while no restriction is placed upon A and a ; but the ec[ua- 
tion (2) is no les3 applicable to all the other cases if the principle of 
PL Trig, Art, 49 be granted. As that principle may not be suiH- 
fjk, 3. ciently evident to the student unacquainted with analyti- 

cal geometry, we shall verify it in this case, as follows.* 
1st. In the triangle ABO, (Fig. 3), let fi < 90° and 
c > 90°, Produce BA, BO to meet in £', forming the 
lune BB'; then ^.B' = 180° — c, and b arc both < 90°, 
and tho preceding demonstration would apply to the 
triangle A B'O. Therefore, applying (2) to AB'O, we 
have 

= cosScos(180°-c)+sin^>sin(180°-(;)cos(180°-^j 

or by PI. Trig. (64), 

— COB a = — cos 5 cos e — sin h sin c cos A 

and changing all the signs 

cos a = cos S cos c + ain S sin e cos A 

the same result that would have been found by applying (2) directly 
to ABO. 

* Hjmer's Spliericiil Trigonometrj. CBmbridge, 1841. 
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2d. In the triangle ABC, Fig. 4, let b > 90°, e > 90° ; 
produce AB and AO to meet in A'; then A'B anAA'O 
being both less than 90°, the formula (2) is appltcahle to 
A'BO. Therefore 

cos a = cos (180° — ^ coa {180° — c) 

+ sin {180° - 6) sin (180° ~ c) cos A 
= (— cos 6) (— cos c) + sin b sin c cos A 
= cos 6 coa c + sin b sin e cos A 

the same result as before. 

7. The theorems expressed by (1) and (2) being applied succes- 
sively to the several parts of the triangle, give the two following 
groups : 

"n « ein J5 = ein b sin A 
sin 6 sin C = sin c sin B 



(3) 



W 




COS a = COS 5 cos e + sin 6 sin c cos A 
cos 6 = COS c cos a + sin c ein a cos B 
cos c = cos a COS S + sin a sin b cos C 

8. Let A'S'G\Yig. 5, be the polar triangle 
of ABO, and designate its angles and sides by 
A', B', 0', a', b' and c'. Then, by geometry, 

A' - 180° — a, ffl' = 180° ~ A 

B' = lSO°-b, b' = lSO°~B 

C"=180°-c, c' = 180''- O 2 

and applying the first equation of (4) to A'B'O', 

cos a' = cos b' cos c' + sin b' sin c' cos .^' 
or by PI. Trig. (64), 

- cos A = {- cos B) {- cos G) + sin ^ sin C (- COS a) 

— cos J. = COS 5 COS C — sin B sin cos a 

Changing the signs of this, we have the first of the following group : 

cos j4, = — cos S cos C + sin B sin coa a 

COS 5 = — cos C cos j1 + sin sin -4 cos 5 V (5) 

cos (7 =' — cos A cos -B + sin A sin i 
20 
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It 13 thus that, by means of the polar triangle, any formula of a. 
spherical triangle may he immediately transformed into another, in. 
which angles take the place of sides, and sides of angles. 

9. Several other important fundamental groups of formula are 
obtained from the preceding with tho greatest ease. 

The first of (4) multiplied hy cos c is 

cos a cos c = cos b coa^ c + sin S sin e cos v cos A 
and the second of (4) is the same as 

cos a cose + sin a sin o cos B = cos b 
the difference of which is 

sin a sine cos 5 = (1 ~ cos^c) cos b — sin 6 sin c cos e cos A 
Since 1 — cos^ c = sin^ c, this may he divided by sin e, and gives 



whence 



If we interchange B and 0, and therefore also b a.nd c, the group 
becomes 

>os = smb cos e — cos b sin e cos .4 "^ 

ios J. = sineooaa — cose sinacos-B > (7) 

:os B = sin a cos b ~cosa sin b cos J 

10. If (6) and (T) are applied to the polar triangle, they give, 
after changing the signs of all the terms, 

sin j1 cos 6 = sin C cos 5 + cos sin B Gosa ") 
BinB<iose=BmAcQsO+cosAsinOcosb (8) 

sinCcoa([ = sin_B c<>sA-\- cos£sin-4 cose J 



ocosS-s 


n c cos S — cos e 


in S cos A 


5 COS a - s 


n«C03C-CO8<. 


inocmB 


ocos4 = s 


n6cos<i-coB} 


iiiocoaC 



and 



sin ^ cos e = sin B cos (7 + cos S sin cos a 
sin Bcosa = sin C cos j4 + cos sin A cos b 
sin (7 cos 5 = sin^cosB+ cos J. sin .Bcosu 
11. Dividing the first of (6) by the following derived from 

sin a sin B . , 

■ . — -: — ~ = sin 
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■we find the first of the following group 

sin J. cotS = sine cot 6— cose cos J. 

sin 5 cot (? = sin a cote — cos « cos j9 j> (10) 

sin C cot X = sin b aota — cos 5 cos 

and in the same way from (T), or by intorohangiiig the letters S and 
(7, h and c in (10), we find 



sin J. cot C = 
sin 5 cot -A = 
sin C cot S = 



.n 6 cot c — cos b cos A 

;ot a— cose cos 5 V (11) 

in a cot i — cos a cos 



If (10) are applied to the polar triangle, we find (11), so that no 
new relations are elicited. 

12. The preceding formulse are sufficient to furnish a theoretical 
solution for every ease of spherical triangles, but some transforma- 
tions are required to facilitate their application in practice. 

In the first of (4) substitute, by PI. Trig. (139), 

cos ^ = 1 — 2 sin^ J A 

we find, by PI. Trig. (39), 

cos « = cos (S — c) — 2 sin b sin c sin^ J A (12) 

and we have similar expressions for cos b and cos e. 
If we substitute in (4), by PI. Trig. (138), 

eos^ = — H-2cos^i-l 

we find, by PI. Trig. (38), 

cosffl = cos [b + c) + 2 sin b sin c cos' J A (13) 

and, of course, similar expressions for cos b and cos e. 

13. Substituting in (5) 

cos « = 1 — 2 sin^ J ffl = — 1 + 2 cos' ^ a 

we find by the same process 

cos ^ = - cos {B + 0)~2 sin B sin C sin= J a (14) 

cos ^ ^ cos {B-0) + 2 sin S sin cos' i a (15) 

which might have been obtained by applying (12) and (13) to the 
polar triangle. 
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14. If in (12) wa 


auIjEtitute cos o = 1 — 2 sin'' J a. e< 


.B(4~.) 


= 1—2 Bin 


.'J(S-=), 


wo obtain the first of the following equations ; and 


the otli* 


!ra are obta 


incilby a 


BimJlar process fro 


iB(I2), (IS), (I4)ai.d(15). 








ei 


n-ia = ^n-i(b-c)+^inb> 


iinc sin' 


i^ 


(16) 


si 


n'i^^sin-H'i+O-^-*' 


(in c eos' 


M 


(17) 


CI 


,s"Ja = cosH(*-0-^S' 


iins siu' 


5^ 


(18) 


01 


,en" = oosn(6+0+«'''6' 


(in c cos' 


M 


(19) 


ei 


n'M=«««H(5+t?)+«i''S' 


!in C Bin' 


J" 


(20) 


Bi 


u" i ^ = cos' US- C) — sin B E 


(in £7 cos' 


Ja 


(21) 




>8'M = sinM(-B+C)-ainS, 


iin C e1ii> 


Ja 


(22) 


0( 


)s'^^ = siii'i {B- C)+ sInBi 


iin C cos' 


JB 


(23) 


16. By n. Trig. 


we liave 

1 = cos' J ^ + sin' i ^ 
cos ^ = cos" M -- sin^ J -4 








cos J 


cos. = =osi=o=.cos'^J + o< 


IS i cos c 


sin'M 




sin b sin c 


cos ,4 = sin J sin c cos' J ^ ~ sL 


n i sin e 


nin'iA 





the sum of Hiiieh is, by (4), 

COB o = COS (b - c) COS' J ^ + COS (i + c) Ein> J A (24) 
and substituting 1 — 2 sin' J o, &c., for ooa a, &o. 

Sin' J a = Bin^ ^(5 - '^'"*' J ^ + ^'"° i (* + ^) «'"' i ^ (25) 

eo3'ia = e«s'Ki-=)cos'J^ + ooa'H*+4si'^H-4 (20) 
In tlie same manner we cleducs from (6) 

cos X eos (£ - C) Bin' J <, _ cos (.B + 0) coa' J a (27) 

Bin'M = «os'J(S-C)sin'Ja+oos'J(B+ C)coB'Ja (28) 

C0B'J^= sinH{fi-C)Bin'io + Bin'J(-S4-0)cosn<' (29) 

It is hardly necessary to add that eaoli of the equations (12 to 29) gives a, group 

of tiiree, hy applying it suoaessiveiy to the three sides or three angles of the triangle. 

16. From (12) we find 

'^ 2 sin 6 sin e 

If, in PI. Trig. (108), we put 

■X =^ a, y =^h~ c 

whence 

■we find 

cos (5 — c) — cos « = 2 Bin J (« — S + c] sin J (a + 5 — c) 
which, substituted in the above equiition, gives 

sm-l^- °°'<''~' + '''"*^°"'''^''' (30) 

Sin 6 sm c ' 
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Let s denote the half sum of the si(JL'S, that is, let 

a+l>+c = 2s, ^(a + 5 + ,.) = g 

then 

a~l,'i-c'=a + b + a-2b^'2s-2h=2{s-h) 

a + b~c = a + b + c-2c = 2s~2c^2(s-c) 

which Bubstituteii in (30) give 

sin (s — b) sin (s — <:) 
sm^ iA^ ^^ ' ^^ - 



whence also sin^ ^ .S = 

single = 

17. From (13) ive find 

cosH^ = 



sinS 


sin 


« 




.i„(.-.) 


sill 


(« 


-«) 




sm 


« 




■in(<-a) 


sin 


(» 


-5) 



(31) 



«(' + ' 



and from PI. Trig. (108), by ma.l<ing 

X —b + ff, y ~ ^ 

1 (i + y) = i ( <! + 5 + e), i- (i ~ y) - I (6 + » - ■!) 

WO find 

cos a - cos (6 + <!) - 2 sin J (« + 5 + c) sin |,- {b -\- e - a) 
which, substituted above, gives 

2 , J _ sin |( ^ + 6 + e) sJn ^- (5 + e 



Inti-oducing, as in the preceding article, s = if (« + ^ + ( 
cos^ ^ A= - 

cos^ a -^ - 



.in 


sin( 


-a) 


sin' 


ni SJ 
Sin 


s~b) 


sin 


sin 






nn s 


nfi 



(32) 



(33) 
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18. The (Quotient of (31) divided by (33) gives 
6m(.-5)sin(s-.) 



tan' |- A. - 

tan' ^(7 = 
19. Trom (14) we find 



ain s sin. (s — a) 

sin (s ~ c) sin (s — a) 

sin s sin (s — (>) 

sin(,-,,)s h(.-t) 
sin s sin (s — c) 



(34) 



C03 ^-|-C0s(g+ g) 

2 siu S sin f 



from whicb, by PI. Trig. (107), ive deduce 



ami if wo put 



K^+.B+ e)cos l(.E +g-^) 
siu ii sin C 



l(4 + i(+(7) = S 



_ -eos;Scoa(A'-^) 
" sin"i( sin 



<eSm {S-£) 



(35) 



(36) 



sin C sill J. 

. ,^ ^ -C0S^C03( ,g-g) 
^ sin -4 ain ^ 

The first member of each of these equations being a square, tfie 
second member must be essentially positive, although its algebraic 
sign is negative ; in fact, since by geometry 2 iS > 180°, iS'> 90°, 
COS S is negative, and — cos S is positive. 

20. From (15) we find 

^ ^ _ cos J. -f cos (B — C) 



from which we deduce, by a proceaa similar to the preceding, 
^ ^ m^\{A-B -\-C) cos| j A + B-O) 



(sr) 
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COS (S-B) COS jS-O) 
sin B sin C* 



:s( S- )cQs{ S--A) 



ms(S~A)eoB(S-B) 

cos' i C = — -^ -. i-- — W- 

^ Sin A sin B 



(38) 



21. From (36) and (38) 
tan' ^ a = 
tan' ^ fi = 
tan' J c = 



— CO 


sSco 


(S~ 


A) 


COS (5 


-H) 


cos(^ 


-0) 


— COS 


SCO 


(S- 


S) 


C03(yS- 


-V} 


jos {S 


-A) 


-00 


Six 


(S- 


0) 



(39) 



(,oii{S-A)cos{S~ 

We might have deduced (36), (38), (39), by applying (31), (33), 
(34) to the polar triangle. 

22. Naper's Analogies. Liyiding tlio 1st of (34) by the 2d, we 
find 

tan ^A _ sin (fl — b) 
tan ^ S sin (3 — a) 

Regarding this as a proportion, we have, by composition and division, 



tan 1 A + tan j B _ sin (s — 6) + sin (s — a) 
tan ^ ^ — tan | B sin (s — 5) — sin (s — a) 



In PL Trig. (109), if we pu6 ^ = s - 5, j- = s - <(, whence 
ie have 



sin (s — 5) + sin(s — a) 



tan^c 



sin (s — 6) — sin (s — a) tan ^(a — b) 

and by PI. Trig. (126), 

tan^^ A + tan ^5 _ Bin^(J: + -B) 
tan i A — tan i 5 "" sin ^ (A — .B), 
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Therefore [m) becomcf 



siu ^{A + B) tan ^ e 

or sm^{A + B): sin ^ {A — B)= tan ^ c : tani(a— !>) 
which is the first of Napier's Analogies. 

23. Again, the product of the 1st and 2d of (34) gives 



tan I A tan ^B = 

or 1 ; tan ^ A tan ^ B = 

whence, by composition and division, 

1 ■— tan ^ A tan ^ B s 

i +tan^ ^tan^S ~ s. 

By PI. Trig. (109), if a: = s, »/ = 

sin s — sin {s — c) 
lms + Bm{s~c]" 

and hy PI. Trig. (127), 

1 — tan^-Atan^ -g 
1 + tan J A tan J B 

Therefore (n) becomes 



^ 



"{'-') 



>m . + Bin (. - o) 

s — c, we have 

tanic 



tan^((j+5) 



coa|(.^ +-g) 
■c»»i(^-i*) 



(40) 



« 



(41) 



COS J {A — -B) tail l{a + h) 
or cosJ(^+5):coa^(-A-B) = tanic;tani(a+5) 
which is the second of Napier's Analogies. 

24, If (40) and (41) are applied to the polar triangle, we shall find 



K<. + i):si 



or cos|((i + J);eo8- 



(« + *) 


eotiC 




(»-6) 
(« + 6) 


Kni{A~B) 

eotJC 
laiij(^ + i) 
oot}C';tan}(jl + 


--B) 




-B) 



(42) 



(43) 



which are the third and fourth of Napier's Analogies. 
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25. GaMss'j Theorem. If 

J, = cos S . ^n H^ + S) P = oos i (7 eos l(a ^ b) 

S = cos i C COS i (-^ + ^) = ^in J Oco. H" + *) 

r =aaieBini(A — B) R — ms ^ C sin ^ (a — I) 

! = Sin J c cos i(A — S) S = sin J C sin J (o + i) 

zUvsly e^ual to the 
K.S,F^S,QXR,^X.S.UXS. 
First. FroiB (3) we have 

Whioii, by PI. Trig. (105), (106) and (135), are reduced to 

BiiiJ<oosi.c«sJ(-4 + ^)aiDi(J-B) = 8ia}C7coB}Ooo8|(a+6)ainKa-i} 

ps — PS and gr= QR 

Second. iVom (fi) and (7) 

sin c («08 B ± cos ^) = (I ^ oos (7) sin (^ ± b) 
■which, by PI. Trig, are reduced to 

BinJ.cosi«coai(^+S)cosi{^--S) = sinKaiiK8mH"+S}«o8K«+J) 
Bmicoo8icai>iJ(^+B)smJ(^-fi) = ccs4<7cosJ(7 8inJ("~*)eoaH<'-6) 

qs = yS and ^r = PR 

TIdrd. From (8) and (n) 

nhioU, by PI, Trig, are reduced to 

co5jBOosi.3inH4+B)coaH^+ff)=sinJ'^«««J<^«™n« + i)=asH''-~*) 
sin|csmJ = siQj(-^-'»}««^H'^— S)=sini(7cosif7sinJ(a+S)sm5("-*) 

P9 = Pi? and rs = .SS 

28. rSc Jiolo'i'on of the preceding article beini; still employed, the qiianlitm p', g", r', s*, 
are respectively equal to i», Q", R", S". 
We iiave 



pqY,pT = PQ-X,FR 



the quotient of which is 
and in iJie same way 
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27. In these laal e^atkns, the poaiiiv 
e negative sign m aU of ihem. For if 


aiga must 
vetoke 


be used m all the second 


P 
e equatiuns 

Pi^FQ, pr 


= + P 


ps = PS 


ciug diTided by this, give 






? - + 0- r 


^ + Ji, 


> = + S 



equations, diiided by this, g 



e tlierefore the folloiring, ■whicli a 

mi 6 
■in!. 

.». !. 



,f(«)»l 
Napier' 



generally cited as Oauss's Equation! 
,J(^ + 2!l-oo,}0.o,JC-') 1 

}(-4 + -0) = -~J»~H'"-*) 

JCl + .B) .m}0(,..J(. + i) 

!(i-iJ)-_,lnJC««J(. + S) 
v«r, we consider only those triangles wtiosa parts are all less than 130°, thi 
!sa groups, (44), is alone applicable, for wb must then hare j> = 4--^: 
J- (J, -|- 5), cos J C, cos i (a — i)are thea all positive quantiti 
I be sesD in the chapter on the solution of the ^neral spheri 
i Analogies, (40), (41), (42) and (43) can be deduced direoUy from (44). 

Additional Foujiul^. 



(14) 



(«) 



28. Wc ahail here add some fornmlie which, though not so frequently used aa tha 
preceding, are eitlier remarkable for their elegance and symmetry, or of importance 
in certain inquiries of astronomy and geodesy. 

29. The product of (30) and (32) giyea 



£li: 



a)sin(.-t]sin(.- 







(4G) 



n (s - «; 
n^ = - 



whioh is our fir 
the., from (4) - 
trigonometry a) 



.Iieorom, Art. 3. As (48) was obtained from (30) and (32), and 
rout the aid of (3), we may consider tlio whole fabric of spherical 
isting upon the fundamouta! formula (-1). 
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We have also frum (35) ami (37) 






— 4 CDS S cog (S — A) cos (S — B) oos (S 


-0) 


(40) 








C) 


(SO) 


2N- 




(51) 


"'" - ■ siuB sin a 


m (48) and (51), 






i^^lmJ ^ Wb" ^liH^ 




(52) 


If we develop (47) and (50) by PL Trig. (173) and (174) 






4n' =1 — oos-u —cos'* —cos's + 2 cos a cos 


iOOSB 


(53) 



4JV" = 1 — oos-^ — oob'£ — cos'C- 2eo8jlcos5cos(? (J 

82, The following simple results are easily deduced from the equations (31 to 31 

n (. - S) 



Bin 


JO 


...M 


Bin JB 


cos 


io ■ 


.i.J^ 


eoBj-B 




iff 


sinM 


™J-B 



■i»t»Bl-t» 
M.J. 



■mJ.BO 


H 


Bin J. 


Binjo 
.obJ.cobH 



33. By means of (S5) and (5(5) we can dsdnoa eipressions for the functions of 
!, s — B, &o., in terms of the angles, or of S, S — A, &o., in terms of tlio aides, 
"We have, from (51), 






^smlAeoslAam^B 



"SsinJ^sin^flsinJC 



2cosJ--lcosJBsin^(7 



(57) 
(58) 



whence, by iiiterclianging thtj letters. 



e also siu (s — a) aud sin (s — I). 
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Again, ive hay. 
■wiience 


sin {s — c) = sin ,s cos c ~ COS s ain c 






sine 




which, -by (S5}, iE 


.reduced to 






___ oosJ^oo.JSco.=-sinMsi. 


li-C 




Uu^C 





and from the equation 

ive find, by subatitnting (55) and (59), 

.„.(.^.),=JM£.MJlgy ^°'-Moo.i? ,„, 

S4. To eliminate c from tlie second membera of (59) and (60), we hate, l)j (5), 
<BC+Q.osA e 



(61) 
(63) 





sin^sinJS 


VhO.C.0 


ooaC+ooflJoosJS 


2 


IsiniJainJ^ 




COB C + cos ^ COB B 




icosM^siJi 


v,-liicli, substituted in (G!)) and (60), 


give 




>5^ + eo9B + cosC — 1 




4sinJ^5inJBBiniC 


oos(.-.) = i^ 


J3^+ COSB— C03I7+1 


I- 


-sin^J^-Bin'-JS— sin-'Sf? 




2 sill J ,d sin J £ sin J C 




s'3 J + eos'JB + Bin''JC — 1 




2 COS J 4 003 iJJ Bin 1 6' 


FroM tlie preceding, we easily deduce 



>s^ + coaif— cos 6'+l 
IS e — tan M '"" ^ -0 



(63) 
(M) 

(65) 
I") 
(87) 
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85. The equations (57 to C8) applied to the polar ttiangk, givi 



2oosiooosJ6coa Jc 


»Ji 


(70) 

(11) 
(72) 




oo,J«oo,Jio«0+mJ.>i 


.»J 


«>.l. 
•"■ + ™»+"" + l 


-1 


0OS» io + COB' i i + 0OS» J f - 





2 sin J ffl Bill J 4 coH J c 



(74) 
(76) 
(I») 
(77) 



tanic „, _ coat7+ tan Jntan J5 
l.n(S_(;)_, _.^^ 

86. From (73) we find 






Uie numerators of tritioit may Ite rednced by Pi. Trig. (178) and (17i), by mailing 
r = J„, t/ = i6, ^ = i<:,wiienee^ = i(a4-iH-») = J«. «- "^ =i (» — ''). ^e. i 
tiierefore, 



2,inS. 


sin }(.-.) 


siiiK^ 


— J) a 


Il,i(.-r) 


2e.,i. 


.osl«o, 
,o.}(.— ). 


isjlo. 
»si(. 


osje 


..iC-.) 



Theproiuct of tlieee equations reproduces [B9); their quotient is, by PI. Tvig. (154), 
tan- (45° — J S) = tan § s tan i (s — a) Un .} (s — i) tan ^ (s — <■) (79) 
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37. To deduce theformuliE of plane triangles from those of spkerkal triangles. 

Tlie uoalogy of many of the preceding fonnulEe vritli those of plane triangles is 
aufflcienlly obvious. We can, in fact, deduce the plane formulEe from those of this 
chapter, by regarding the plane triangle as described upon a sphere whose radius is m- 
finttf, the trimtgle being an infimteh/ small portion of the sphere. The quantities a, b and 
; and the angles nhioh 



sipress tie absolute lengths of the 
tliey subtend at the center of the sphere, eipressed 
ing the radins of the sphere. When r ia very large, — , 
may express lie yalues of sin — , eos — , &c. approiimal 



their expan 



es, PI. Trig. (405) and (406), and if their values be substi- 



tuted in oar spherical foiinula;, we shall obtain a 
aides and angles of the triajigle. If we then make r 
relations between the aidea and angles of a plane triai 
Tims we have 



■iUbe-,— , — , rbe- 
re vary small, and we 
,ely, by one or two terms of 






iiid mnking t infinite, we find the formula of PI. Trig. 



"•)(7-W+»"-) 



and making r infinite, we have the formula of PI. Trig. 



Formulre that involve only the sines or tangenta of the sides may be reiJaced im- 
mediately to the plane formulse by substituting a, b, ka., for sin a, tan a, &o. Thus, 
(31 to 34) give the correaponding formulte of PI. Trig, by omitting the symbol sin. ; 
and (40), (41), by omitting the symbol (im. when these symbols are prefixed to sides. 
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CHAPTER II. 

SOLUTION OP SPHERICAL RIGHT TRIANGLES. 

38. When one of the angles of a spherical triangle is a right 
angle, tho general formulffi of the preceding chapter assume forms 
that are remarkably analogous to the relations established for the 
solution of plane right triangles, and equally simple in their appli- 
cation. 

39. Let (7=90°, Fig. 6. Prom (3) we 
have 

sin A = -. — - sin 
sine 

but since 0= 90°, sia 0=1; therefore, 
aiu A = ^'— 



and, in the same manner, 



that is, the sine of either oblique angle of a spherical right triangle 
is equal to the quotient of the sine of the opposite side divided by the 
sine of the hypotenuse. Compare PI. Trig. (1). 
40. From (7), wc iind 

sin h cos c — sma cos 
hut if 0"= 90% cos C= 0; therefore, 



{81) 



.Google 



168 SPHERICAL TBIOONOMETRY. 

that ia, the cosine of either angle is equal to the tangent of the adja- 
cent side, divided by the tangent of the hypotenuse. Compare 
PI. Trig. (1). 

41. From (10), we have, 

n 5 cot « — cos 5 cos C 







cot A — ■ 


sin (7 




— 


which, 


when = 90°, becomea 












cot A — sin 


h coia = 


tan« 




or, 


tak 


:ing the reciprocals. 












, tana 
tan A = -'T— -j 


tf 


in5 = 


tan 5 



(82) 

that ia, the tangent of either angle is equal to the tangent of the op- 
posite side, divided by the sine of the adjacent side. Compare 
PI. Trig. (1). 

42. f'rom (8), we find, 

. , sill <7cosi^ + co36'siiij5cos<i! 

Bin A = 1 ■ 

coso 

and if 0= 90", 

Bin^=^^ sin 5 = ^^ (83) 

cos cos a ' ' 

that is, the cosine of either angle, divided by the cosine of its opposite 
side, is equal to the sine of the other angle. In PI. Trig, we have 
Bin j1 = COB B. 

43. From (4), we Jiave, 

cos c = cos a cos 6 + sin a sin b cos Q 
or, when C = 90°, 

cos c = cos a cos h (84) 

that is, the cosine of the hypotenuse is equal to the product of the co- 
sines of the two sides. In PI. Trig, c* = a^ + b^. 

44. From (5), 

COS 0+ co3.dcoa.B 

'^°^'^~ sinAein^ 

or, when = 90°, 

cosyl cosi? . T. -fi-. 

cose = -. — T— ^~7r =cot^cot-B (So) 

sin A sin B ^ ' 
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that is, the cosine of the hypotenuse is equal to the product of the co- 
tangents of the two angles. In PI. Trig., 1 = cot J. cot B. 

45. No difficulty will be found in rcmombering the preceding for- 
mulie for spherical right triangles, if they are associated with the 
corresponding ones for piano triangles : thus, 



In plane right triangles. 

cos J. = — COS B= — 

e e 

tan A = -rr- tiin B = — ■ 

a 

8inJ. = eos£, sin_B = cosJ. 

1 =cot^cot5 



In spherical right triangles. 



sin b 

sm J.= ,- sini? = - 

cos ti c 

cos e = cot^ cot 5 



46. Napier's Rules, By putting these ten equations under a differBnt form, Napier 
oontriveii to express them all in two rules, which, though artifiuial, are very gene- 
rally aaiplojed as aids to the memory. 

In these rules, the oomplflments of the hypotenuse ojid of the two olilique angles 
are employed iiietead of the hypotenuse and the angles themselTea. The right angle 
not entering into the formulie, they express the relntiona of five parts, but in the 
rules the five parts considered are a, i, oo. e, oo. A and co. S. Any one of these 
parts being oalled a middle part, the two immediately adjacent may be called a/^'a- 
tent parte, and the remaining two, oppotile parti. The right angle cot being considered, 
the tno sides iDolading it are regarded as adjacent. The rules are : 

I. The line of the middle part is equal to the product of the tangents of the adjacent 
parts. 

n. The sBie of the middle pari is egual to Ike product of the cosines of the opposite parte. 

The correctness of these rules will be shown hy taking each of the five parts as 
middle part, and comparing the equations tiius found with those already demon- 
strated. 

Ist. Lot 00. c be the middle part; then no. 4 and eo. /i are the adjacent parts, 
a and h the opposite parts, and the rules give 



sin{oo.o) = 



,n (CO. J) tan (CO 



eotjlootii 



which are (85) and (84). 

2d. Lot eo. A be fhe middle part ; then eo. c and b are the adjacent parts, 
and a the opposite parts, and the rules give 



B.(...J)> 
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In tho same monaer, if co. B is taken as tlie middle part, 

dii (00. B) = tm (CO. c) tan a or cos B = ootc tan a 

Sin (00. B) = oog (oo. A) ooa b cas B ^ sin A oos b 

and these four equations are tha same as (81) and (83). 

3d. Let a be the middle part; then co. B and b ai-e the adjacent parts, eo. A 
and CO. c the opposite parts, and the rules gire, 

In the same manner, if i is taken as the middle part, 

and these four eiinationa are tlie same aa (80) and (82). 

It a.ppeara, therefore, that these rules include all tJie ten equations previously 
proved; and they include no others, sinea wo have takou each part suoocssively aa 
the middle part. 

In the application of these rules, it ia nnnccoasary to use the notation co. A, co. B, 
CO. e, since we may write down at once sin A for cos (co. A), &a.^ 

47. lo order to solve a spherical right triangle, two parts must 
be given, and from the, equations of Art. 45, that equation must be 
selected which expresses the relation between these two parts and 
the reijuircd part. 

When Napier's Eules are employed, it is only necessary to determine which of the 
three parts — the two given and the one rec[Uired — is to be taken as the middle part. 
" These three parts are either oil adjacent to each other, in which case the middle 
one is taken as tlie middle part, and the otlier two are adjacent parts; or one ta 
separated from the other two, and then the part which stands by itself is the mid- 
dle part, and the other two are opposite parts.''^ 

48. In order to distinguish the functions of parts less than 90° 
from those greater than 90°, it will be necessary carefully to observe 
their algebraic signs, according to PI. Trig. Art. 40. But when a 
required part is determined by its sine, since the sine of an angle 
and of its supplement are the same, there will he two angles, both 
of which may be regarded aa solutions, except when this ambiguity 
is removed by either of the following principles. 

* If we employ aa the five parts, the Iiypotenuse, the two angles, aud the comple- 
ments of the two sides including tlie right angle, these parts will he the complements 
of those used in Napier's Rules, and we shall have 

MAFDtilT'fl RutES. — I. Theeosine of the middle pari k equal to the product of the co- 
iangeats of the adjaeeal parts. 

II. The cotiaeofthe middle part is equal lo the product of the sines of the opposite parts. 

With a little attention at the commencement, however, and by observing the ana- 
logy eihibited in Art. 45, the atudsat will find that he will have little use for either 
of these artificial rules. 

■f Peirce's Spherical Trigonometry. 
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49. In a right spherical triangle, an angle and its opposite side 
ire always in the same quadrant, that is, either both less or both 
ireater than 90°. For, by (83), 

cos B 



aA^- 



ia whieb, since sin A is always positive, {A < 180°), cos S and 
cos b must have the same sign; that is, B and b must be cither both 
less or both greater than 90°. 

50. When the two sides including the right angle are in the same 
quadrant, the hypotenuse is less than 90°, and when, the two sides 
are in different quadrants, the hypotenuse is greater than 90°. 
For, by (84), 

cos e = cos a cos 5 
in which, if a and i are in the same quadrant, cos a and cos b have 
like signs, and cos e is positive, that is, c < 90° ; but if a and S 
are in different quadrants, cos a and cos h have different signs, and 
cos c is negative, that is, c > 90°. 

We proceed now to the solution of the several eases. 

51. Case I. G-iven the hypotenuse and one angle, or a and A, 



To find a. The relation among the three 
parts, c, A, and a, (as in PI. Trig, with the 
same data), is given by the sine of A ; and 
by Art. 45, 




from which we find* 



There will he two values of a corresponding to the same sine, but, 
by Art. 49, the true value is that which is in the same quadrant 



To find b. The relation among the three parts, c, - 
a PI. Trig, with the same data), is given by the cosine 



from whieht 



cos Jl = 



tan 6 
' tane 
tan b = tan e cos ^4. 



, and 5, (as 
i A, or. 



(87) 



» Tins equation would be found bj Napier's Rules, taking a aa the middle purt. 
f We find the same result bj Napier's liules, taking an. A as tlie middle part. 
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To find B. We have, by (85),* 

COS e = cot J. cot j5 

from which cot B = -^^^ = coa c- tan A f881 

cot -4 ^ > 

The qaadrants in which h and B are to be taken, will be deter- 
mined by means of the signs of tan 6 and cot 5, according to PI. 
Trig. Art. 40. 

Cheek. To guard against numerical errors, it is often expedient 
to compute the same quantity by two different and independent 
methoda. In many cases, however, we may test the accuracy of 
several operations by a single formula, which may be called the 
cheek. In the present instance, when the three parts, a, b, and B, 
have been found, we should have, by (82), the relation 

sin a = tan b cot B 
so that if the work is correct, we shall find 

log sin a = log tan b + log cot B 

Examples. 

1. Given c = 110° 4G' 20", A = 80° 10' 30", to solve the triangle. 

By (86). By (87). By (88). 

e,]og sin 9.9708106 log tan - 0-4210061 log cos ~ 9-5498045 

A, log sin 9-9935833 log cos + 9-2320794 log tan + 0-7615038 

log sin a 9-9648939 log tan 6— 9-6530855 logcot 5 — 0.3113083 

log tan b — 9-6530855 

Chaelc. log sin a +"9~9"643938 

Ans. a = 67° 6'52"-7, b = 155°46'42".7, B = 153°58'24".5 

2. Given c = 120°, A = 120°; solve the triangle. 

Am. a = 131° 24' 34"-7 b = 40° 58'86".2 B = 49° 6' 23"-8 

62. If A = S0°, we must also have, by (85), c = 90°, and then 



tan i = — tan S = — 

BO that b and B are bofi indeterminate ; that is, tbero is an indefinite number of 
triangles which satisfy tlie given values of c and A ; but since 

we alwajs have B =^b; and since 

Tve have a = 90°, and all tbe parts of the triangle are equal to 00°, except 6 amii B. 
If only is given = 90°, all the parts of the triangle aie equal to 90°, esoept A 
and a ; and we have A = a. 

* Or by Napier's Rules, taking co. c as the middle part. 
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53. Case II. Given the hypotenuse and a side, or c and a 
To find A. We have by (80), 

sin A = - — - = cosec c sin a 



To find B. By (81), 



To find h. By (84), 

cos c = COS fl COS b 

from which cos S = = cos c see a (91) 

cos a ' ' 

Chech. Wo have hetween A, B, and S, the relation 

cos B= mi A coa S 

Examples, 

1. Given c = 140°, a = 20° ; solve the triangle. 

By (89). By (90). By (91). 

c,logco3ec0-]919325 log cot — 0-0761865 logcos— 9-8842540 
a, log sin 9-5340517 log tan + 9-5610659 log sec + 0-0270142 

log sin A 9-7259842 log cos B - 9-6372524 kgeosS- 9-9U2682 
log sin A + 9-7259842 

aieeh. log cos .B~ 9-6372524 
Ans. A== 32° 8'48"-l 
^ = 115M2'23"-8 
i = 144°S6'28"-4 

2. Given c = 101° 16' 16".7, h = 115° 42'38"-5 ; find A. 

Ans. .A = 65" 32' 56"-4 
54, Wben « := c and coiisequeiitlj both = W, sin .^ = 1, ^ = BO", and 

BO that B=b, but both are inde terrain ate as in Art. 52. 
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55. C/\SK III. Given one angle and its opposite side, < 
We eliall have 



(92) 



sin b = cot A tan a 



(93) 



sin S = — ■ — sin B — imsA sec a (94) 

Clieelc. sin h = sin « sin 5 

In this case, there are always two solutions, all the required parts 
being determined bj their sines, and the ambiguity not being removed 
" y either Art. 49 or Art. 50. This also appears from Fig. 7. 

If AB and AC be produuod to meet in A', ABA' and 
AOA' are aemicircumferences and A = A'; the triangles 
ABO and A'BQ both contain the given parts A and a, 
but (f, h' and B' are respectively the supplements of c, 
h and B. It must not be inferred that in every case all 
the required parts are less than 90° in one triangle, and 
greater than 90° in the other; but the proper values for 
each triangle must bo selected bj Arts. 49 and 50. 



Examples. 

1. Given A = 100°, a = 112° ; solve the triangle. 

Ans. e= 70°18'10"-2 ) ( c = 109°41'49"-S 

6 = 154° 7'26"-5 ^ or -< 6= 25°52'33"-5 
^ = 162° 23' l"-3 } I B= 27°36'58".T 

2. Given A = 80°, a = 68' 
Ans. 0= 70°18'10"-2 

6= 25°52'33".5 
B^ 27°36'58"-T 

3. Given B = 150°, b = 160° ; solve the triangle. 

Ans. c = 136°50'23"-3 ) r c= 43° 9' 36"-7 

ffl= 39° 4'50"-T > or < « = 140°55' 9"-3 
A= 67° 9'42".T ) t ^ = 112° 50'17"-3 



solve the triangle. 

f c = 109='41'49".8 

f < 6 = 154<' 7'26"-5 

I _B = 152°23' l"-3 
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56. Case IV. Given one angle and its adjacent side, oi- A and 5, 
We shall find the required parts by the equations 

co3-B = 3in^cos6 (95) 

tan ffl = tan J. sin 6 (96) 

cot c —cos A cot b (97) 
Check, coa B = tan a cot c 

Examples, 

1. Given A = 80° 10' 30", 6 = 155° 46' 42".7 ; solve the triangle. 

Ans. 5==153°58'24"-5 
«= m° 6'52"-6 
c = HO°46'20"-0 

2. Given 5 = 152° 23' l"-3, a = 112°0'0"; solve the triangle. 

Ans. A = 100° 

5 = 154° 7'26".5 
c= 70°18'10"-2 

57. Case V. Given the two sides, a and h. 
We find the required parts by the equations 

cos c = cos a cos 5 (98) 

cot J. = cot a sin 6 (99) 

cot B = sma cot b (100) 
ChecJc. cos c = cotAcot-B 

Example. 
Given a = 116°, b = 16°; solve the triangle. 

Am. =114°55'20M 
A= 97°39'24"4 
B= 17°41'39"-9 

58. Cass VI. Given the two angles, A and B. 
The required parts are found by the forraulse 

cos c = cot J. cot B (I'^l) 

cos a = cos ^ eosec B (102) 

co3 6 = coseo^ cos B (103) 
Check, cos c = cos a cos 6 
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ExAMrLE, 
Given A - 60° 47' 24"-S, B = 57° 16' 20".2; solve the trumgle. 
Ans. c = 68° 56' 28"-9 
a = 54° 32' 32".l 
b = 51° 43' 36".l 

Additional Formula fob the Sot.dtion Of SrtiEiuOAi, Right Tktasoi.es. 
59. Ah in plane trigonometrj, cases occur iu which particular solutions of greater 
luiouracj than the ordinary ones are required. (PI. Trig. Ait. H2,) 
eO. From (88) we find 

1 — sin ^ sin c — sin a 



which by PI. Trig. (154) and (109) is reduced 



tan 5 (c — a) 



which will give a more accurate result than (89), when A is nearly 90°, 
CI. From (91) wc find 

r+^^i = cosT+^^. 

or tan' J 6 = tan H= + «) *"" H= - «) ('05) 

which maj he employed instead of (91) when i is small, or nearly 180". 

62. From (90) we find 

1 + cos B ~ tlin c+"tan a 

Trhioh may be employed instead of (90) when li is small, or nearly 180°. 

63. By similar transformations the formula (101), (102) and (103) beoome 

tan> J « = tan [i (A + B) - i^"] tan [*&" + i f^ - ■«)] (108) 

t^n' i i = tan [J {A + B) - 4&°] tan [45-_ i (^ - 5)] (109) 

We have also, ty (14), 



>'iB = - 



which, when C = 90°, bee 



and from (15), in tlie . 



- 


- COS (A + B)-~ eo« O 


^ 




.n« = - 


- COS {A + B) 


3HC = S 


OS (A - B) 



(110) 

(111) 
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of nhioh (110) may be used when e ia Bniall, and (111) when c is i 
stead of (101). 

6i. The equations (02), (93), and (94), of Case IIL giTO 

lnnH-4— ) 
" tBni(J+a) 

»(■<—) 
..) 

tan- (4S» - i JI) = tan J (^ - ") '•■■ i (-l + •) ("*) 

Tli« rcota of those equations having the double sign, wo may take the angles 
45° — in, etc. sither with the positive or iiegative sign, whenca the two Bolutions 
of the problem, oa in Art. 65. 

65. Some of the solutions may be adapted for computadon by the table of natu- 
ral sines. Thua from (86), (95), and (98), 

sin « = J [cos (c~A)- cos (c + A)1 (US) 

cosS= i [sin (b + A)- sin (b - A)] (110) 

.OS c = H=''3(« + 6) + »«("-*)] (>l^) 

66. The following relations ai'o occasionally useful ; 
From (83) we have 

Prom (80) and (83). 

From (80) and (84). 

67. YarLous relations maybe deiiuced from the general formulte of the preceding 
chapter by making G = 90°. The following are easily obtained ; 





si 




= CDS< 


: tan J tan J S = 


cos a sin J 


tan 


\B 




si 


n (= + «) 


= cos. 


s tan i cot i B = 


cos a sin t 


, cot 


\B 




C( 


IS (c — o) 


= cas< 


^ + ain a sin b tan 


IB 










.a(«-l-a) 


= cos. 


6 — Bin a sin 6 cot 


i-s 








si 


n (a — 5) 


= 2 ail 


a e ain i (-^ + 5) 


sin 1(J - 


-J!) 






si 


u(»+&) 


= 2Bil 


i.cosf(^+B) 


.0. i {A ^ 


-B) 






Bin^= — 


osi«o, 


^ cosS = 


'-^ 


aein 


i» 








cosj 
tanS 




i* 










Quaere 


lNTAL a 


NB Isosceles Tn., 


isgt.es. 






i. The 


polfl 


r triangle of the . 


-ight triangle is a ; 


Xuadtanfal 


triangle, 



le side, (the 
aiiie opposite tlie angle (7) being equal to 90°. The solution of such triangles is as 
simple as that of right triangles, the formuliH for the pavpose being obtained from 
the preceding, by the process of Art. 8. It is unnecessary to produce Uiemheve, as 
quadrantal triangles are generally avoided in practice, and when. anaToidahle jure 
readily solved by means of the polar triangle. 

An isosceles triangle is easily solved by dividing it into two right triangles by a 
perpendicular from the angle included by the equal B;dea. 
23 
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CHAPTER III. 

SOLUTION Of SniEEICAL OBLIQUE TRIANOLES. 

G9. In the solution of apherical obliqae triangles, a required part 
may Bometimea be found by its sine, in which case there will be two 
values of that part, answering to the conditions, unless the proper 
value can be determined by other considerations. In certain cases, 
the true value can be selected by applying one or more of the fol- 
lowing principles, some of which are demonstrated in geometry. We 
still consider only those triangles each of whose parts is less than 180°. 
I. The greater side is opposite the greater angle, and conversely. 
II. Eaah side is less than the sum of the other two. 

III. The sum of the sides is less than 360°. 

IV, The sum of the angles is greater than 180°. 

V, ^ach angle is greater than the difference between 180° and 
the sum of the other two angles. 

For, by IV., A + B+ C> 180° 



whence, A > 180° - {B + 0) 

^'s- s- But if ^ + 0> 180°, we have, in the polar 

triangle, A'B'0\ Fig. 8, by II,, 

a'<b' + c' 
180° - ^ < 180° - 5 + 180° - C 
~A< 180° -{B + G) 
A>{B+ C)-a80° 

\1. A side which differs more from 90° than another side, is in 
the same quadrant as its opposite angle. 
For, by (4), we have 

cos a — cos S cos c 

sin li sin c 

in which tho denominator is always positive. If, then, a differs 
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more from 90° than 6 or than c, we have, (neglecting the signs for 
a moment), 

cos a > cos 6 or > cos c 
and still more cos a > cos 5 cos a 

Hence cos a being numerically greater than cos b cos o, the sign of 
the whole numerator, and therefore the sign of coa J., is the same 
as that of cos a; that is, A and a are in the same quadrant, 

YII. An angle which differs more from 90° than another angle, 
is in the same quadrant as its opposite side, I"or, by (5), 

cos ^ + COS -S cos 

cos a = ' — — ■" ' 11 — '■ — 77 ■ 

sin Ji sin U 

in which, if A differs more from 90° than B, or than C, cos A iJctor- 
minea the sign of the whole fraction, and therefore the sign of cos a. 

VIII. In every spherical triangle there are at least two sides wMoh 
are in the same quadrants as their opposite angles respectively. This 
follows from VI. and VH. 

IX. The sum of two sides is greater than, equal to, or less than, 
180°, according as the sum of the two opposite angles is greater than, 
equal to, or less than, 180°. In other words, the half sum of tivo 
sides is in the same quadrant as the half sum of the opposite angles. 
Jor, by (41), 

tan J(« + 6)cosJ(A + _B) = taniceos^(J. — -B) 

the second member of which is always positive, SO that tan J (a -■- 5) 
and cos \{A + B) must have the same sign. 

70. Case I. Given two sides and the in- Yig.<i. u 

eluded angle, or 6, c and A. (Fig. 9.) 

First Solution; when the third side and 
one of the remaining angles are required. 

To find a. The relation between the given 
parts h, e, A and the required part a is ex- 
pressed by the first equation of (4), 

cos a = co3e cos 5 + sin c sin 5 cos A (m) 

by which a may be found by computing separately the two terms of 
the second member and adding their values to form the natural co- 
sine of a ; but we should thus be required to use, besides the table 
of log. sines, also the table of logarithms of numbers, and the table 
of natural sines and cosines. To adapt it for logarithmic computa- 
tion by the table of log. sinos exclusively, we employ the process of 
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PI. Trig., Arts. 174, 175. Thus, let A be a number and tp an aux- 

ilinrj" angle such, that 

^ sin (p = sin 5 cos -4 "l 

kcos^ =cos J ( ^ ' 

theii (m) becomes 

cos a = k (cos c C03 tp + sin c sIm $) 

-icoa(<,-<p) (»') 

SO that k and <p being found from (m)we majfind « bj (»i'J. But we 
may elimiDato fc by dividing the first equation of (m) by the second, 
and substituting in m' the value of S = — , whence we have, for 

iinding a, 

tan <p ^ tanS cos J. "^ 

_ co s {e - (p) cos b I (122) 

cos <p J 

ivhicb are the formula commonly employed.* 

To find B. The relation between b, c, A and B, is, hy the first 
equation of (10), 

„ sine cot & — COS e cos j4 , , 

cot B = — -. ■ (n) 

This may be adapted for logarithms by the process above em- 
ployed, but to assimilate it to (m) we multiply the numerator and 
denominator of the second member by sin h, whence 



ont R _ sin c cos S — COS c sin h cos A 
sin b sin A 




which by (m) becomes 




Ic sin (c - 4) 


(») 


or substituting the value of k = ——. , the formulffi 

tan $ = tiin S cos J, 


for fml- 
1 


„,£ 8:ii(«-<I>)i!r,t^ 


(mi 




J 



* We migfat have asBuraed 1 sin j = cos i, A cos f ^ watb cos A, whieh -would 
hsive reduceii (ji) to cos a ^ i sin (c -|- j). In this way iill OiB solutions Hiat follow 
may be varieil. 



.Google 



SOLCTION OP SPHERICAL OBLIQUE TEIANGLEa. 



ISl 



In the use of those formulEe, as indeed of all that follow, the 
fiigns of all the functions must be carefully observed, according to 
PI. Trig. Arts. 3T and 40. 

We may take ip between and 180°, leas or greater than 90°, 
according as the sign of its taagcnt is positiye or negative ; or we 
laay take it numerically less than 90° in all cases, but positive or 
negative according to the sign of its tangent, (PI. Trig. Arts. 37 
and 174). 

Check. The quotient of (ft) divided by {m') is 



cot 5 



tan (c — <p) 
sin b sin A 



which multiplied by tho following, from (3), 

sin ffl sin _B = sin 6 sin A 
gives tan acmB = tan (e — $) 



(124) 



by which the values of a and B, found by (122) and (123), may bo 
verified. 

71. If a and were required, the sulution would evidently be 
similar, only interchanging 6 and c, B and 0. By the fundamental 
formulse we shoald have 



cos a = cos 5 cos c + sin 5 sin e cos -A ") 

sin 5 cos c — cos 6 sin c cos J. r (0) 



and denoting the auxiliary angle in this 
solution would be 



J ^, the logarithmic 



tan -^ = tan a cos A 

cos (S — x) C03 c 



_ s in (6 — z) eot A 



Check, tan « cos C— tan [l> — ^) 



(125) 
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182 spherical trigokometry. 

Examples. 
1. Given i = 120° 30' 30", (-■ = 70° 20'20", ^ = 50°" 
iind a and B. 

By (122). 
I = 120° 30' 30" log tan S - 0.2297071 
A~ SCIO'IO" logcoBJ. + 9-8 



(p = 132° 36'44"-2* log tan <p - 0-0362393 
€= 70°20'20"-0 
e-(p = - 62°16'24"-2 
By (122). By (123). By (124). 

log CDS (e — ») + 0-6676898 log sin (c — ») — 9'047O3O4 log tan (o — j) — 0-2793410 
ar M log cos p — 0-1693898 ar oo log sin t + 0-1S31505 log tan a + 0'42916i8 

log 003 i — 07056761 log cot A + 9-92I2038 kg cosS— 9-8501762 

log cos a+ 9'54265S2 log cot JJ — 0-0013847 Check. — 0-2798410 

a = 69°34' 55" -9 B = 135= 5'28"-8 

2. Given h = 120° 30' 30", e = 70° 20' 20", A = 50° 10' 10"; 
find « and 0. 

Ans. a = 69° 34' 55"-9 
(7= 50° 30' 8"4 

3. Given b = 99° 40' 48", a = 100° 49' 30", A = 65° 33' 10" ; 
find a and B. 

Ans. « = 64°23'15".0 
B=.95°38' 4".0 

4. Given i = 99° 40' 48", c = 100° 49' 30", A = 65° 33' 10" ; 
find a and C. 

Ans. a = 64°23'15".0 
(7=97°26'29".l 

5. Given h = 98° 2' 20", c = 80^ 35' 40", A = 10° 16' 30"; 
find a and 0. 

Ans. a = 20° 13' 30"-l 

C=30°35'56".7 

72. If B, U and a were all required, we might find a and by 

(125), and then B ly Art. 3, which gives 

sin « : sin 5 = sin ^ : sin B 

. sin 6 sin A 

or Bin B = -. ■ 

sin a 

*We mnyiilso take ^ = — 47" 23' 16"-8, wlieiice e — ? = 117° 4S' BQ"-8, wliicli 
ivill give tlic same values of a and £ as louud in the t«st. 
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Of the two values of B less than 180° given by thia formula, the 
proper one may generally be eclectod by the principles of Art. tiS). 
'Ihere are cases, however, in which all the conditions there given are 
satisfied by both values of B,* and on this account it is preferable, 
in general, to combine (123) and (125), or to employ the following 
solution, when the three unknown parts are all to be found. 

73. Case I. Given b, c and A. Second Solution ; when the two 
remaining angles are required, or when the three unknown parta are 
all required. 

We have, by Napier's Analogies, (42) and (43), 

sin lih + e): sin J (6 — c) = cot | ^ : tan J (S — C) 
cos 1(5 + c) : cos ^ (5 — e) = cot ^ J. : tan |(B + 0) 



tan ^{B-0) = -. 1)1. i cot * A (126) 

•^ ^ ' sin 1(5 + c) ^ ^ ' 

tan J (B + (7) = ""^ t f? 7 1 cot J A (127) 

^ ^ ' cos 1(6 + c) ^ ^ ' 

which determine ^{B ~ 0) and i{B + 0); then the half difference 
added to the half sum gives the greater angle, and the half differ- 
ence subtracted from the half sum gives the less angle. 

If c > 6, we may write c — b, C— B,\n the place ofb — c,B—G. 

We may now find a by either of Napier's Analogies, (40), (41), 
which givef 

'"i'-£lTJ^4)'«''i(*-^) (128) 

'"i°= lf(g-pi "°i(> + ^) (129) 

* By Art. 89, VL, if * differa more from 90" than c, B ia in the same quadrant 
aa b, and all ambiguity is removed. If c differa more from SO" than h, we may find 
aud 5 by (122) and (128), and then C by the formula 



C being taken in tie same quadrant as c. 






f We may also find a from any one of Gausi 


.■■ E,n 


ations (14), lyliicli Ijecomo, 


the present case. 






oo,}.,taJ(J>+0)-..i 


.!^«< 


«U»-") 


oo.S«».}(i'+'') = 'l' 


, M« 


>■»(»+ ') 


.in { . .in S (-D - t!) = noi 


,M.l 


nK»-.) 


.In J. c. J (-S -£■) = .!. 


1 J jEi 


«»('+•) 
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EXAMPLIS. 




1. 


Given t> = 


120° 30' 


30", « - 70= 20' 20", 


find B, C and «. 


We ha 


ve 








Hi 


+ c) = 85° 25' 


25" 






i(» 


- c) = 26° 6' 
iA = 25° 6' 


5" 



By (126). By (127). 

ig«ini(S + (j) + 0-0019477 aroologcoiKi + c)- 1-0244829 

.g Bin j (6 - c) + 9-6273228 log cos J (S - c) + 9-96697.57 

log cot M H- 0-8296529 log cot i ^ -f 0-3296529 



log tsn i{B-0) + 9-9589234 
1(5— (7)= 42° 17'40"-0 
ij_136° 6'28"-6 

By (128)- 

arcologsinJ(B-O)+0-1720232 

logsinl(i-)-(;)-f9-9994824 

logtanJ(S-c)+9-6703471 

log tan Jo-f 9-8418527 

J« = 34°47'28"-l 



2. Given b = 99° 40' 48", 
find B, C and a. 



log tan i{B+ C)- 1-3111115 
i{B+ (7) = 92° 47'48"-6 
C=50° 30' 8"-6 

By (129). 

rcologcosi(S-(7)-f0.1309465 

logcos|(.B+C)— 8-6883710 

logtanj(6+c)-1.0225352 

log tan^a+ 9-8418527 

Ans. B = 135° 5' 28"-6 
- 50° 30' 8"-6 
a = 69° 34' 56"-2 
= 100° 49' 30", A = 65° 33' 10" ; 

Am. B = 95° 38' 4"-0 
- 97° 26' 29"-l 
o = 64° 23' 15"-1 

74- It may be remarked with regard to (128) and {129) that, when i and e (and 
consequent!; Ji nnd C} are nearly equal, a small error in the previous determina- 
tion of the email angle J{B — C)may piwlueealorgeone in logsin J{B — C), and 
oonsequentlyin]ogtaniafoundby(128)- In that case, therefore, (129) must be pre- 
ferred- 

In like manner, if J{i + c), and oonsequently ^(3+ C), are nearly equal to 
9(P, (139) will beoome inooourate, and then (128) is to be preferred. 

Formula (128) would fail entirely if B = C, and formula (129) would fail if 
^ (i^ -1- ^) = 99", since the second members in tliese oases would assume tlie inde- 


terminate form -^- 

75- Case I. Given h, e and A. Third Solution. When the 
third side is alone required, the computation by (122) is in most cases 
as convenient as any other ; but there are various other methods 
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derived from the formulse of the preeeding chapter, which have beeu 
employed with advantage in particular applications. Among the 
most convenient are the following, from (12) and (13) : 

cos a ^ cos {5 — e) — 2 sin h sin c sin^ \A. (^'^'') 

cos a = cos (5 + e) + 2 sin h aia e cos^ \ A (131) 

The computation of these requires the use of natural cosines and 
numbers, the signs of which must he carefully observed. 





Example. 






Given S - 99° 40' 48 


, e _ 100° 49' 


30' 


A = 65° 33' 10''; 


findo. 


By (130).'^ 






hA= 32° 46' 35" 


log ein' iA = 


2io 


g sin i ^ 9-4669752 


h-c 1° 8' 42" 






log sin S 9-9922023 
log sin e 9-99S7722 




- 0.5675181 




log 2 0-3010300 


- 2 sin S Bin o sin' \A = 


log 9-7639797 


nat cos {h — e) = 


+ 0-9998003 






nat cos a = 


+ 0.4322822 
Bj (131). 




o _ 64° 23' 15" 


iA= 32° 46' 35" 


logcos'iA- 


2 log COB i J. 9-8493748 


b + e- 200° 30' IS" 






log sin } 9-9922023 
log sin 9-9937722 




+ 1.3689240 




log 2 0-3010300 


+ 2 sin 6 sin c cos» 1 4 = 


log 0-1363793 


nat cos (* + <;) = 


= — 0.9366416 






nat cos a = 


+ 0.4322824 




o = 64° 23' 15" 



78. In Art. 14, we havo deduced several formulia bj which J a may be eotnputed. 
We maj adapt (17J and (18) for logarithmic computation, as follows ; 

Bin'*=Bin6 3ineoosH^ 

= sm [J [i + c) + ^] sin [Hi + ^) - ^] 

coan'' = cos''H*-i^)-sinV 

= cea [J (6 - + *] cos ]_\ {b -.)-*] 
of wliioh (132) is to bo prsferred wlien J u < 45°, and (133) when J a > 45' 

* Tha computation of (130) is faoilitated by the nse of a special table (given in 
many treatises ou naTigatioti), from which, with the aj-guraeiit A, is talten the loga- 
rithm of 2 sin" J 4 = versin A. [PI, Trig. (4) and (139)], 
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77. Case II, G-iven Um angles and the 
included side, or A, O'and b. (Fig. 9). 

Mrst Solution; when the third angle and 
one of the remaining sides are required. 

To find B. The relation between A, 0, 6 
and B, is, by (5), 

coiB = — cos OcoaA + sin Csin j1 cos S (m) 

which is adapted for logarithms by tho method employed in the pre- 
ceding case. Thus, let 

A sin 9- = cos^ 
hcosSf = ain^ cos 5 
then (m) becomes 

cosi? =7i (sin (7 cos 9-- cos Csin^) 

= h sin(C-&) {m') 

or, eliminating h = — — ^i the formulfe for finding B are 
cot 9- = tan A cos ft 

^^^^_ am (0-5) cos A \ (134) 

sin& 

To find a. Prom the third equation of (10), we find, 
sin tJcot^ + eosCcosS 



w 



.... 


sin 5 




sin Ceo: 


3^+cosCsin^cosJ 
sin ^ sin ^ 


(X) 


which, by (m), becomes 






cot a 


f^cosjO--^) 


(«) 


,. . . , smAcosl. 
or, ehmmating h = ^— 


■) we have, for finding a, 




cot Sr 


-tan^cosj 


] 


cot a 


_ cos{C-&)cotJ 


(135) 



As in the preceding case, we may either take 9- always between 
and 180°, loss or greater than 90° according as its tangent is posi- 
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tire or negative; or we may take 3- numencally less than 90° in all 
cases, positive or negative, according to the sign of its tangent. 
{PI. Trig. Art. 174.) 

Oheck. The quotient of («) })j [m') is 

cot_a _ c ot((7— &) 
cos B ~ sin A sin b 
which, multiplied by 

sin B sill (( = sin A sin b 
gives 

tanB cos a = cot (0 - $■) (136) 

by which the values of B and a, found by (134) and (135), may be 
verified. 

78. If B and e were required, the solution would he similar, only 
interchanging a and c, A and C. By the fundamental formulae, we 
should have, 

cos -B = — cos A cos C + sin ^ ein cos b 
as C + cos A sin cos 6 



cotc = 



sin C sin S 



and denoting the auxiliary angle by ^, the logarithmic solution 
would be 

cot ^= tan (7cosS 



COS S = ~ 



cote 



cos (^ ~ f ) cot b 
cos ^ 



(137) 



Qhech. taniJ cose = cot(^ — ^) 
Examples. 
1. Given ^ - 135° 6' 28"-8, (7- 50» 30'8".4, 6 - 69° 34'65".9; 
find B and a. 

By (134). 
A~ 135° 6'28"-8 logtanjl-9-9986154 

h - e9° 34' 65"-9 log cos S + 9-6426553 

9-= 109° 10' 31"-0» logcolS-- Wiil270T 

- 60° 30' 8"4 
C-^=- 58°40'22".6 



will evidently f 



e Uie 5! 
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By (134). By (13S). 



By (136). 



logam((7_a)_9-931566i l(igco9(C—3-)4. 9-7150886 logcot{(7— 3-) — 9-7843722 

ar CO log 3m3-{-O-O247807 ar oo log oosft— 0-48351ST logUiiS + 0-07879e3 

logoos^— 9-8501762 logooti +9-75C8352 log coa a— 3-7055757 

log cos S-\- 9-8065323 log cot a — 9-7702025 Check. —9-7843719 

B= SCIO-IC'-O a=120°30'20"-y 

Am.B= 50°10'10"-0 
a =120" m' 2d" -9 
2. Given^ = 135° 5'28"-8, C=50°80'8"-4, 5 = 69°34'55"-9; 
find S and c. 

Am.B^ 50°10'10"-0 
0= 70°20'20"-0 



3. Given ^ = 65° S3' 10", C=95°38'4' 
find S and a. 

Ans. 



b = 100° 49' 30"; 



97" 26' 29" 
a= 64° 23' 15" 
26'29", (7=95°38' 4", S = 64" 23'15"; 



79, If a, e and B were all required, 
(137), and then a by Art. 3, which gives, 

Bin BtsiuA = ein 6 ; sin a 

sin A sin 5 



Ans.B= 65° 33' 10" 
«= 100° 49' 30' 
aiglit find B and c by 



n-B 



(138) 



Of the two values of a given by this equation, the proper ono is to 
be selected, if possible, by tbe principles of Art. 69,* But as cases 
occur in which all the conditions there given are satisfied by both 
valuea of «, it is preferable, in general, to combine (135) and (137), 
or to employ the following solution when the three unknown parts 
are ail to be found. 



* By Art. 69, VII., when A differs more from 90° than C, a must be taken in the 
same quadrant with A, and all nmbiguitj Ib removed. If, then, by A we alwaya 
ileoote iliat angle which differs more from 90° than Jlie otlier given angle, we may 
always solve this ease by means of {187) and (138), witliout meeting with any diHi- 
calty in determining the qnadi-ant in which a La to be taken. 
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80. Case II. Given A, C and h. Second Solution ; when tbe two 
remaining sides, or when the three unknown parts are all required. 
We have, by Hapier's Analogies, {40) and (41), 

sin l[A + 0): sin ^ (^ — C) = tan J 5 : tan | {a — c) 
i[A+ 0): cos J (^ - C) = tan i i : tan i (« + c) 



whence 



tan 2 (a — e) = 



tan l{a + c\' 



sin i (^1^ 0) 
sin I (A + 0) 

cosH^^C} 
■ cos i (^ + 0) 



(139) 



which determine \{a — c) and ^(«+c); then the half difference 
added to the half sura gives the greater side, and the half difierence 
subtracted from the half sum gives the less side. If 6"'> A, we may 
write C— ^, c — « in the place o? A — 0, a ~ n. 

We may now find B by either of Napier's Analogies, (42) and 
(43), which give* 



sin i (o - c) 



O) 



_ cos ^ (g + (?) 
cos \{a~ c) 



t^niiA+a) 



(140) 
(141) 



1. Given A = 
find a, c and 5. 

We have 1(^,+ C) = 92°47'48".6 

i(^-C) = 42°IT40-'.0 
JS-34°4T2S"-1 
Then, hj (189), 

arco!ogsmJ{jl+C)+0-0005176 

log«inl(4-C')+9-8279768 

logtan|S+9-8418527 



Examples. 
28"-6, a = 50° SO' 8"-6, S - 69° 34' 56".2 ; 



gtoni(o-o)+9-6703471 

}{o-c)-. 25° 6' 5".0 

<i = 120°30'30"-0 



cologcosj(jl + t')-1.3116288 

logcosjU-C)49-8690o35 

log tan 4 S +9.8418527 

]ogtan|(a + c) —1-0225348 

}(» + c)-95°25'25"-0 

«-70°20'20"-0 



S EqUHtioi 



, (44), mtci'olinBgujg B 
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By (140). 

»rcolog!iiii(«-(!) + 0.3726772 

log>inJ(« + <i) + 9-8980523 

!ogtaii}(jl-0)+ 9-9689234 

log cot i-S + 0-3296529 

iS-26°5'5"-0 



By (141). 

JO log oo»i( o - ) + 0-043024S 

log cosi( a + e)- 8-9756171 

logtaM-A-foi-l-SlllllO 

•log cot i B +¥3296624 



Ans. 



« - 120» 30' 30" 
c= 70° 20' 20" 
B- SO" 10' 10" 



2. Given ^ - 95" 38' 4", C = 97° 26' 29", I - 64° 23' 15" ; 
find o, .nd B. 

Ana. a= 99° 40' 48" 
« = 100° 49' 30" 
B= 65° 33' 10" 

81- Case II- Given A, CandJ. Hhird Solution. When the 
third angle B is alone required, tlie computation by (134) is in most 
cases as convenient as any otlier, but tbere are other methods (cor- 
responding to those given in Art- 75 for iinding a) which may oeea- 
sionally be serviceable. By (14) and (16) we have 

cos i! = - cos (j1 + e) - 2 sin ^ sin O sin" J 6 (142) 

cos -B ' COS (J. — C) + 2 sin A sin C COS" J 5 (143) 

the compntation of which is similar to that of (130) and (131). 





E.XAMPLE- 




Given ^-95° 38' 4", 


0=97° 26' 29", J- 


84° 23' 15"; 


find it. 


By (142). 




iS- 32°ir37".6 


log sin" 1 5 = 2 log sin -J- 1, 


9-4531022 


A+ e-193° 4' 33" 


log sin ^ 


9-9978967 




log sin Q 


9-9963268 




log 2 
= -0-6602162 log 


0-3010300 


-itmAmnOtm'il^ 


9-7483667 


- nat COB (A + 0) 


= + 0-9740716 




nat COS B 


= + 0-4138553 B = 


:65°33'9"-9 
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82. In Art. 14, aevei-al formulEB are giTen, by whioli J S may ba computed. By 
[21) ami [2a) we Iiiivb 

Ein- J 5 = cos" i(A~0)- ain A sin C cos' i i 
cos" J £ = sin^ i (^ + C) - eln ^ sia (J sin- J i 
whicli may be adapted for logarithma, tlins ; 

sin- * = sin J Bin O cos" J i 

««sM(^-C)-einV 
cos[J(^-C) + *]cos[M-4~' 
Bin ^ sin C sin' J i 

sin'J(J+C)-sin=^ ■ 

sin [J (^ + C) 4- ^] sin [J (^ + C) _ #] J 
of which (14*) is to be preferred wlien J -B < 46°, and (145) when i£> 45°, 

83. Caae II. might have Iieen reduced to Case I. by means of tlie polar triangle. 
Art. 8 ; for there will be known in the polar triangle, two aides and an ^ngle oppo- 
site one of them, being the snpplemonts of the given angles and side of the pro- 
posed triangle. The polar triangle lieing solTBd, therefore, by Case L, and its two 
remaining angles and third side found, flie supplements of these parta would be the 
two sides and third angle required in the proposed triangle. It Js easily seen, also, 
that all the formulte above given for this case might hato been obtained by these 



>n-B = 



,'i£ 



(144) 



(U&) 



8i. Case III. Q-iven two sides and an 
angle opposite one of them; or a, h, ani3 A. 
Fig. 9. 

Mrst Solution, in which each required 
part is deduced directly from fundamental 
formulae independently of the other two parts. 




To find e. We have, by (4),» 










cos c COS 5 + sin c sin 


l> 


cos A = 


= cos a 


(M) 


to solve which, let 










i sin (p = sin i 
i cos <p - cos 6 


COB A 




|h 


then (M) becomes 










i cos (e-*)- cos 










or putting e — $ = <ji', 










k cos ^' = cos a 








1 w 



* This formula has been already employed and adapted for logaritbins in Case 1.; 
but, for the sake of clearness, it is repeated. The student will remark that a sim- 
ple ttansformatinn of (122) gives (146). It will also be obsei'ved that the given augl a 
and the giren side adjacent to it, in eich of tJie tirst four cases, are denoted by A 
and b, in order that the auxiliaries ^ and 3 may have the same values throughout. 
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The auxiliary <p will be fully determined by (m), being taken be- 
tween and 180°, and always positive (PI. Trig. Art. 174) ; but, as 
the cosine of an angle is also the cosine of the negative of that 
angle [PI. Trig. (56)], we may take o' in (m') either with the posi- 
that c = <p ±z<p'- There will thus be 
Dg to the same data, both of which will be ad- 
missible, except when <p + $'exceedsl80°, in which case the only solu- 
tion is c = $ — ip' ; and except when $'exceeds$ [which would make 
e negative), in which case the only solution is e ^ ip -i- cp'. 

Therefore, eliminating k, we have for finding e, 

tan (p = tan b cos A -\ 

cos (p cos o; ., .,. 

cos $' = T — - y (l-^w; 



To find a We have by (10), 

COB C COS 5 -|- sin cot A = sin h cot a 
or, multiplying by sin A, 

COS sin ^ cos ^ 4- sin (7 cos J. = sin A sin b cot a (n) 

to solve which, let 

^ sin 9- = cos A 
A cos S- = sin A cos b 
then (n) becomes 

h cos (C — &) = sin A sin b cot a 
or putting C — 9- = 9-', 

h cos 3-' = sin A sin b cot a 

6' = 3 + y 



in) 



{»') 



Here 3- will be fully determined, while B-' found by its cosine may 
be either positive or negative, so that we shall have in general two 
values of — B- d= ^', corresponding respectively to the two values 
of c ; but, as before, values greater than 180°, and negative values, 
being excluded, there will in certain cases be but one solution. 

Eliminating h = — r — , we have, then, for finding C, 

° cos 9- 
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cot 9- = tail J. COS h 
cos &' = COS 9- tan 6 cot a J- (147) 

c = a ± &' 

To find B. We have several methods : 1st, directly by (3), 

5i» S - '";f_^'" (148) 

which gives two values of B, supplements of each other, correspond- 
ing respectively to the two values of e and 0. We shall presently 
see how to determine which are the corresponding values of o, 
OmdB. 

2d. In (123), <p has the same value as in (146), and therefore put- 
ting in (123), e — (p = <p', we have 

"'""-'^a^ (149) 

which gives two values of B by thu positive and negative values 
of (p'. 

3d. By (124), 

cos B = tan $' cot a (150) 

which also gives two values of B hj the positive and negative values 
of <p'. 

4th. In (134), & has the same value as in (147), and therefore put- 
ting in (134), C ~ & = y, 

-^^=-"stlr-^ (^^1) 

which gives two values of B, as before. 
5th. Ey (136), 

cot i? = tan 9^ cos a (152) 

which gives two values of B, aa before. 

The formula (149) shows that when $' is positive, cot B and cot A 
have the same sign, that is, B and A are in the same quadrant ; and 
that, when <p' is negative, cot 5 and cot j1 have different signs, that 
is, B and A are in different quadrants. A like result follows from 
(151), with reference to 3-'. Hence, that value of B which is in the 
same quadrant as A, belongs to the triangle in which <; = $ + $', 
C = 9" + &' ; and that value of B w/iic/i is in a different quadrant 
from A, belongs to the triangle in which (; = $--$', C = 9- — y. 
This precept enables us to employ (148) without ambiguity. In tlio 
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use of (149), (150), (151) and (152), it is only necessary carefully to 
observe the signs of the several terms. 

Checks. Of the various fornmlEe above given for finding B, one or 
more may be employed for the purpose of verification. When e and O 
have been found, the most simple check is the following, from (3), 

'h^^'hA (153) 

sin a am a ■ ' 

which, indeed, might have been employed to find 0, after e waa 
found, and reciprocally, but for the ambiguity attaching to the sines. 

85. According to Art. 69, VI,, if b differs more from 90° than a, 
B must be in the same quadrant as 6, and, since but one of the tivo 
values of .5 can satisfy this condition, there will be but one solution. 
In that case c and C will each be found to have but one admissible 
value, 

86. The problem will be altogether impossible, when a differs more 
from 90° than b, and is yet not in the same quadrant with A. In 
such case, we should find that ip + <p' > 180°, and :p ~~ ip' < ; 

& + a'>180°, ^-y<o. ■ 

The problem will also be impossible, when sin J. sin 5 > sin a, since, 
by (148), we shall then have sin _B > 1. 



EXAMPLB. 




1. Gmii<i-40»16', b = i7'U',A 


= ,^)2°30'; findR 


By (148). 
a = 40° 16' ar CO log a 
S = 4r 44' log B 
A= 62»30' logs 
.«= 65°16'3,')" logs 
■5 = 114° 43' 25" 


n 0-I8963S0 
n i 9-8692449 
n A 9-8994667 
n B 9-9682466 


2. With the same data, find c and 7i. 




By (146.) 
= 40° 16' 

- 47° 44' log tan 6 +0-0414996 s 
= 69° 30' log 00! ^+9-7844471 


log cos (1+9-8826499 
rcologcosS+0-1722647 


- 33°48'51"4 1oglan((i+8.8259407 
=±19°30'29".0 

- 53»19'20"-4 
= 14°18'22"-4 


logcos$ + 9-9196204 
logcos»'+9-9743260 
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Ey (149). Chsd,. (150). 

,, _ 33°48'61''4«roologskiIi+0.254632Slogoot»+0-0720848 

(f'-± 19°30'29".0 logsm<t>'±9. 6338676 logt.n(p'd=9-649342T 

A— 62°30' 0" logcoU +9-8849805 ±9-621427S 

B= 65°16'34"-91 i„„„,B±9.663i809 logcosB±9-6214275 
S^= 114°43'25"-1 i ^ ^ 

Am. c - 53° 19' 20"-4 1 J c = 14° 18' 22"-4 
B - 65° 16' M"-9 J " I £ = 114° 43' 25-'-l 

3. Given o = 120°, 4 = 70°, A= 130° ; find <mi B. 
By (147). 
a- 120° log cot <i -9-7614394 

6= 70° log cos 5 +9.5340517 logtan 6 +0.4389341 

A- 130° logtanjl-0-0761865 



a= 112°10'33"-6 log cot 9- -9.6102382 log cos »-9-5768627 

9'=± 63°13'13".8 !ogcos9'+9-7772362' 

C- 165°23'47"4 

0= 58°57'19".8 

By (151). Ohedc. {U2). 

a- 112»10'33"-6iircologsm3-+0-0333755Iogcos<i-9-6989700 
y—± 63°13'1S".8 logBiny±9-90360S01ogtan9^±0-1263669 
A- 130° 0' 0" logcos^-9.8080e75 =f9-8253369 

b'- ^56°13'2''!5 } log 008^^9-7450460 logcot£:i:9.8253369 

Am. (7-165°23'47".4 1 
B- 123° 46' 87"- 

4- Given a = 70°, S = 120°, A = 130°; find 0. 
By (147). 
II- 70° ]ogcota + 9-6610659 

S = 120° log cos S - 9-6989700 log tan 6 — 0-2385606 

A= 130° logt«n4- 0-0761865 

9-- 59»12'37"-0 iogcot^ + W'76ise5 1ogcosa+ 9-7091750 
y = ±108°49'35"-1 logcos^'- 9-5O88O2I 

C= 168° 2'12"-1, tailing &' witli the positive sign only, since 
its negative value would render negative. 



!7".4 1 f C-58°57'19".8 

l7"-5 I " 1 ii=66°13'22".5 
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5. Given a == 99° 40' 48", 5 = 64° 23' 15", A = 95° 38' 4" ; find 
e, C and B. 

Ans. c = 100° 49' 30" 
C= 97° 26' 29" 
B= 65° 33' 10" 

6. Given a = 40° 5'25".6, I = 118° 22'7"-3, A = 29° 42' 33"-8 ; 
find c, C and B. 

Ans. c=153°38'42".4) ( c = 90° 5'41"-0 

C = 160° 1'24"4 > or < = 50°18'55"-2 
B = 42° 37' 17"-5 ) I ^ = 137° 22' 42"-5 

7. Given a = 69° 34' 56", 5 = 120° 30' 30", A = 50° 10' 10" ; 
find c and 0. 

Ans. c = 70° 20' 20' 
C=50°30' 8"4 

8. Given a = 120° 30' 30", b = 09° 34' 56", A = 50° 10' 10" ; 
find c and 0. 

A71S. Impossible. 

9. Given a = 40°, h = 60°, J, = 60° ; solve the triangle. 

Ans, Impassible. 
87. Case III. Given a, b and A. Second Solution. We find 
B by the formula 



and then by Napier's Analogies, (41) and (43), 

GO&iiA + B) 

tan 4 (? = Tin. "7>\ t^n A ( a + ) 

^ cos i (A — 5) "^ ^ ' 



cot J (7= -■— ^ 



'«_Hi±i)t 



or by (40) and (42), 



_sini_(4 + fi) 
mi?j(A-B) ^^^ 



cot 1 (7 = ^-^ ii-*jh '' ) tan i(A-B) 



(154) 



H355) 



in which we employ successively the two values of B, and obtain 
two solutions, except when for one of these values the second mem- 
bers become negative, for J e and J being less than 90°, their 
tangents must be positive. 
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We leave it to the student to apply these formula to the preceding 
examples. 

88. To determms bi/ inapeciiott iff the data a, b and A, whether there are two solution!, 
or but one. 

1st. It has already been seen, Art. 8 
S must be in tlie eame quadrant as b, ; 

2d. That uheo a differs more from 90° than 6, there nili necessarily bi 
tions. Wb have, by the first of (4), 



Two solutions exist so long as both Talaea of e ai'e positive, aniJ loss than IHO°, tlmt 
is, so long as sin c is positive. Now when a differs more from 90° than b, we have, 
(neglecting the signs for a moment), 

cos a > COS i > cos S cos e 
tharefore tho numerator of the above Taluo of ain c lias the sign of cos a. Eut by 
Art. 69, VI., a and A are in the same quadrant, and cob a and ooa A have the same 
sign; consequently also, the numerator and denoiuinator have the same sign, and 

tiie value of the fraction, or of sin c, is positive, as was to be proved.* 

Hence, there ii but one solution whm the aide opposite the given angle differs his from 90° 
thaa the other given tide, and ttoo loWions when the side yipoaile the given angle difera 
more from 90° than the other given aide. 

89. Case IV. Given two angles and a side opposite one of them, 
or A, B and h. (Fig. 9). 

Mrst Solution, in which each required pi^.g. o 

part is deduced directly from the fundamen- 
tal formulse. 

To find e. We have, by (10), 



sinccotS — cosccos J. = sinjlcot5 ''<d 


---^ 


or multiplying by ein h, 




Bin c cos 5 — cos c s'm S cos ^ = sin A cot B sin 6 


(M) 


to solve which we take 




ifcsitnp = sin6cos^ 
k cos (p = cos S 


}„ 



* Tile same proposition may be otberwisc proved thus. By Uie equations (m) 
and (m') Art. 84, we liave 

from the third of which we see that k has the sign of coa A ; if than a differs more 
from 90° than b, that is, if cos a and cos A have the same sign, cos f' is positive, 
and If' < 90°. Also since, (neglecting signs), ooa a > ooB b, we have cos *' > COS f, 
or ^' differs mora from 90° than ?t. Honce *' < * and ^' < 180° — ji, or Ji — *' > 
and ^ + *' < 1-80°, or both values of c are between and 180°. 



.Google 



{m') 



(156) 



198 SPHERICAL TRIGONOMETRY, 

then, putting <; — <{'= cp', (m) becomes 

h sin <p' = sin A cot B sin 6 
«=$ + $' 
01' eliminating S;, we have, for finding o, 

tan ip = tan S cos A 

sin $>' = sin $ tan .A cot 5 

Here $' being determined by its sine, will have two values, sup- 
plements of each other, which being successively a,ddecl to $ , give 
two values of c. 

When the second member of the formula 

ein $' = sia (f tan A cot B. 
is negative, sin $', and therefore $' is negative, and the two supple- 
mental values of tp' must be successively subtracted from (p. There 
will be two solutions, then, except when one of tho values of c ex- 
ceeds 180°, or when one of them is negative. 

To find a We have, by (5), 

{«) 
{n) 

{n') 
(157) 



sin sin ^ cos 6 — cos Ccos A = 


= eos-B 


whence, if we put 




A sin 9- = cos A 




7( cos 3 = sin J. cos S 




and also (7 - 9- = a', we have 




Asiny = cosS 




C = ^ + 3-' 




Eliminating 7i, we have 




cot 3- = tan ^ cos b 




. ., sin 9- cos -B 




o-Sr + y 





As y is also determined by its sine, it will have two sup] 
values, which will both be added to or loth subtracted from 3, (ac- 
cording to the sign of ain 9-',) thus giving two values of 0, except 
■when one of thom exceeds 180°, or when one of them is negative. 
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To find a. We have several methods : lat, directly hy (3), 
which gives 

sinSsin^ 
Bin a = — : — f, — (IDO) 

2d. By (146), wheri? $ and <p' have the same values as in this case, 

<"^^ " = cos<p (^^^) 

3d. Ey (150), 

cot a = cot $' cos 5 (160) 

4th. By (147), where 9- and 3-' have the same values as in this 
case, 

cos &' cot b ,-,^-,> 

6th. Ey (152), 

cos a = cot 9-' cot B (162) 

Each of the last four formulic gives two supplemental values of 
a hy the two values of $' or b-', employed in the second members. 

Erom (156) we have 

cos A = tan p cot b 
which with (159) gives 



The sign of the second member of this equation depends upon 
that of cos cp', since sin 6 and sin $ are always positive. Hence 
when cos $' is positive, cos a and cos A must have like signs ; and 
when cos <p' is negative, cos a and cos A must have different signs. 
A like result follows from the first of (157) and (161) with reference 
to 9-'. Hence, that value of a which is in the same quadrant with 
A belongs to the triangle in which $'<90°, 9-'<90''; and that value 
of a whieh is in a different quadrant from A belongs to the triangle 
in wMcA $'>-90°, 9-'>90°. This precept enables us to employ 
(158) without ambiguity. In the use of (159), (160), (161), and (162), 
it is only necessary to observe the algebraic signs of the several terms. 

Checks. Of the various formulse above given for finding a, one or 
more may be employed for the purpose of verification. When c and 
have been found, however, the most simple check is 
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sin h 



(163) 






wLich might have been employed for finding f after e w 
reciprocally, hut for the amhiguity ftttaching to the sines. 

90. According to Art. 69, VII., if ^ differs more from 90° than 
B, a must he in the same quadrant with A. But since the two 
values of a are suppbnients of each other, only one of them can 
satisfy this condition, and there will then be but one solution. In 
such case e and will each be found to have but one ai^missibliA 
value. 

91. The problem will be impossible when B differs more from 90° 
than A, and yet is not in the same quadrant with b. In such case 
we should find both values of c (and both values of C) to be greater 
than 180°, or both negative. 

The problem will also be impossible when sin 5 sin j1 > sin B, 
since by (158) we shall then have sin a > 1. 



Examples. 

1. Given^=132°lS',_B = 1.39M4', 5 = 127°30'; find a 

By (158). 



B = ISO" 44' 0" 


ar 


CO log s 


n B 0-1895350 


A = 182° 16' 0" 




log s 


n A 9-8692449 


I = 127° 30' 0" 




log B 


n h 9-8994667 


a = 65° 16' 35"-l 




log B 


n a 9-9582466 


a = 114° 43' 24".9 








. With the same data, find and 


a. 





B, (167). 
B„ 139'>44' 0" logcos.B-9.8825499 

A~ 132° 16' Clog tan ^-0-0414996 ar CO log 008 ^-0-1722547 
J= 127°30' O"logcos S-9.7844471 

9-- Se'll' 8".61ogoota+9-82594fi7 logsiii »+9-9195204 

y,-+ 70°39'81".O 1 

9'.- + 109°30'29»-0 / 

C,~ 126''40'S9"-6 
C- 165°41'37"-6 



a&'+9.9743250 
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By (161). Cfcd. (162), 
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& = 66° 11' 8".6 I 
y,- 70°29'31".0 1 
y_-10B°30'29".0 J 
b =127° 30' 0" 
o, -114°48'25".l \ 
o = 65°16'34".9 J 

Am. O-126°40'39".6 \ / C'-165»41'3r"-6 
o- 65°16'34"-9 

: and a. 



.rcologcosa+0.2545328 logcoti— 0.0720848 
logoosy±9.6236676 logoot9'±9.6493427 
log cot 6-9-8849805 q=9.6214275 

log coI<i=f9.6631809 log cob a=F9.6214276 



3. Given ^-110= 



60° 
110° 
50° 




167°49'26' 


•4 


36°46'46' 
143°13'13' 
121° 2'40' 

14°36'12 


■8 
■6 



<i-114°43'25".l J I 
, 5 = 60°, 6 = 60° ; Snd 
B, (156). 

logcot5+9-9614394 
logcosJ-9-5340517 logtan4-0-4389341 
logtanS +0.0761865 

logtantp ^.6102382 logsm<p + 9.5768627 
log Bin ,p'-9. 7772362 





By (159 


■ 


Oheek. (160). 


<p - 167°49'26 


.4 arcologcoB<p— 


0333765 log C08.B+ 9.6989700 


^' =_ 36°46'46' 
I,'. 143°13'13' 


J 1 !ogeoB(f '±9 


9036030 logcotip'^0-1263669 


b = 50° 0' 0' 


logcos 6+9 


8080675 


=f9-8263369 


«, - 123°46'37' 
0, _ 66°13'22' 


I logcOBa=F9 


7460460 log 


cot(i=F9-8253369 


Am. 


e=121° 2'40"- 


:}"{:= 


. 14° 36' 12"-6 




« = 123° 46' 37"- 


= 56»13'22"'6 


4. Given A = 


0°, B-110°, 6 = 


60° ; find c 








Am. ^ 


= 11° 57' 47".9 


5. Given .A -115° 36' 45-, B = 


80° 19' 12", 


6 -84° 21' 56"; 


find a, e and 0. 












Am. a 


= 114° 26' 50" 
= 82° 33' 31" 






C 


- 79° 10' 30" 


6. Given A -61 


°37'52".7, 5- 139°54'34".4, 


=150»17'26".2! 


find a, c and 0. 








Am. a -- 


= 42°37'17".5 1 


( a = 


137°22'42"-5 




= 129° 41' 4"-8 


01 '< t = 


19° 58' 36".6 


a 


- 89°64'19".0 > 


I C- 


26° 21' 17".6 
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7. Given A = 70°, B = 120°, 5 = 80° ; solve the triangle. 

Ans. Impossible. 

8. Given A = 60°, B = 40°, 5 = 50° ; solve the triangle. 

J.KS. Impossible. 
92. Case IV. Given A, B and b. Second Solution. "Wc find a 
by the formula 

sin b sin A 



umB 

and then by Napier's Analogies we find c and C, precisely as in 
Case III,, Art. 87, employing successively, in (154) or (155), the 
two values of a given by the preceding equation. There will be but 
one solution, if one of these values renders the second members of 
(154) or (155) negative. 

The student should apply this method to the preceding examples. 

63. To deiermine ig infection of the data A, B and b, whether there are two solutions 

1st It liaa already been aeeii, Ar 
a must be in the same quadrant n 
remaiua to show tliat, 

2d. When B differs more from 90° tlian A, tliore will necossarlly be two solutions. 
We Lave, by (6), 

"""= ■to^.o.S 

Two Eolutiona exist 50 long a 
timt is, so long e,n sin C is p( 
Lave, (neglecting signs for a moment), 

oosB>oos^>ooB^eo 6 
therefore the numerator of the thIub of sin C has ilie s c;n jf i i II. But by 
Art. G9, VII., S and b are in the same quadrant, « neeqnenth the nnmerator and 
denominatoiT have the same sign, and the value of the fmction or of sinCis always 
positive, as was to be proyed.* 

Hence, there is but one solaiion leheti the angle opposite the gtien side differs less from 
90° than the ather given angle ; and tvo solutions when the angle opposite the given side 
differs more from 90° than the other given angle. 

94, Case IV. might bays been reduced to Case III. by means of the polar triangla 
of Art. 8. For there will be known in the polar triangle two sides and an angle 
opposite on© of them, being the suppleniente of Uie given angles and side of the 
proposed triangle. The polar triangle being solved, therefore, by Case III., and itiS 
two remaining angles and third side found, the supplements of these parts will be 
the required sides and third angle of the proposed triangle. 

* It may be shown that both values of C will be admissible, by a process of rea- 
soning similar to that employed in the cote on page 197, applied to the equationa 
of Art. 89. 
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95. Case V. G-iven the three sides, or a, f> 
and c. (Fig. 9.) We have three methods 
for computing the half angles : 

1st. By the sines, from (31), remembering 
that 

8 = i(a + S+«) 




■ , . ! /-sin (s — b) 

2d. Bj the cosines, from (33), 

/ / sin 8 sin (s 
^ ^ \ sm 5 sin 



:■■('-« 



■»('-« 



■^(, - 6), 



i) 



-^ *^ V smc sina / 



id. By the tangents, from (34), 

, . I /s'm h — b) s 

^ "J V em s am | 



'('-") 



) 



) 



(164) 



(165) 



(166) 



J 



When only one of the angles is required, the simplest method will 
he by (165), but if the required angle is loss than 90°, it will be 
found more accurately by (164), for then ^A <45°, and the sine 
varies more rapidly than the cosine. And, for a similar r.oason, if 
the angle is greater than 90°, we should prefer (165). By (166) we 
always have an accurate result, although the formula is not quite so 
simple. 

When the three angles are required, (166) will require the least 
labor, since sin a, sin b, and sin c, are not then required. 
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No ambiguity can arise in these solutions, since the half angles 
must be less than 90°; they require therefore no attention to the 
algebraic signs. 





Examples. 


^100°, 6 = 


50°, 


c = 


60° ; find A. 


a =100° 








6= 60° 






logcoaec 0-1157460 


c = 60° 






logcoaec 0-0624694 


2 , = 210° 








1-106° 






log sin 9-9849438 


-11= 6° 






log Bin 8-9402960 




2)9-1034552 


iA- 69° 


7' 52 


•r 


log cos 9-5517276 


A - 138° 


15' 45' 


i 





2, With the same data, find all the angles. 
B, (166)- 
!-105° I- coseo 0-0150562 I. cosec 0-0150562 1- cosecO-0150562 
,_«= 6° 1- cosecl-0697040 1- sin 8-9402960 I- sin 8-9402960 
:-i= 65° I. sin 9-9133645 1- cosec 0-0866355 1- sin 9-9133645 
!-c= 45° 1- sin 9-8494850 1- sin 9-8494850 I.co8co0-16051-50 
2)0-8376097 2)8-8914727 2)9-0192317 

1- tan 0^4188049 1. ten 9-4457364 1. tan sT-SO^isg 
Jyl= 69° 7'62"-7i.B=l,5»35'37"-0i(7-17°54'59".l 
Ans. ^ = I38°16'46"-4 S- 31»ll'14"-0 (7= 36° 49'58"-2 
3- Given « = 10°, 6 = 7°, c = 4°; find tlie angles. 

Am. ^ = 128°44'45"-1 
.8= 33°ll'12"-0 
(7= 18°15'31"-1 
96. The mctliod by (166), may be put under tbe following convenient form. Let 
■.).i..(.-i).ml.-.h 



,. = J(-i 



.-iMTrnj. —— ,ii,-(,: 



tanJC = 



similar to tlie formnlto of PL Trig. Art. 146, and are eoinputed h 
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d Soluliofi. If the whole angle is 



205 



whioli muy be adupted for logarithm? by nu nuxlliiiry thus: 



_ 2sln^(/. + a)einH.^-'') 



98. Case VI. Given the three angles, or 
A, B and 0. (Fig. 9). We have three methods 
of finding tlie half sides : 
1st. By the sines, (36). 
2d. By the cosines, (38). 
3d. By the tangents, (39). 
The computations are conducted precisely in the same form a 
of tile proecding case. 




Example. 








Given A = 120°, B = 130°, £7 = 80° ; find c. 






Ans. c = 


41 


44' 14".6 


09. Tlic formuliB (39) may bo Hrrangert for ooiiTenient use in 
tliB corresponding formula of the preceding cnse, Art. 90. 
100. CasB VI. Giyeji A, B mcl 0. Ssamd Solmioa. We have 


by (5), 


""' " Bin .0 sia C 






nhielx may be adapted for logarithms by no jmsillary, thus : 






003 * = cos B COS C 






sin B sin (7 




(170) 


e«^ n cos G 






(171) 



* Sec Note at tlie end of this chapter, p. 21 1, for the method of eoiiiputii 

of the gpneral fovmul^ of apliGrical tri-onoinetry directly, without tlie aid 
iljavy angles. 
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t Odlique Spu 



I. TKIAHriLf 






! A. PEBPESOItfLAK. 



101. All tlie eases of alilique sphetical tdaogks miiy be solTed bj cUviding tlie 
triangle into two right triangles by a perpendioular from one of the verdoes to the 
opposite side, and solvmg these partial triangles by tlie methods of the piecediiig 
ohaptoi-. Bowditoh Jias given two rnlea, based npon Napier's Rules, (Art. 46), by 
which the application of this method is facilitated. 

102. Boieditch'sSuleaforObligiiBSVianglea. "Ifinli 
^s- !"■ c spherical triangle, (Fig. 10), two right triangles are 

formed by a perpendioular let full from one of iis rec- 
a the opposite side ; and if, in the two right 
, the middle parts are so taken that the parpen- 
I an adjacent part in both of them ; then 
s of the uaddls parts m the two triangles are pro- 
portiimal to the traigentt qf the a^ateai parts. 
Bat if the perpendieolar is an opposite part iu both the triangles, then 
The lines of the middle parts are proportional to the cosines of the oppasUe parte. 
To prove whioh rules, let M denote the middle part in one of the right triangles, 
A an adjacent part, and an opposite part. Also, let m denote the middle part in 
the other tri.angle, a an adjacent pai't, and o an opposite part; and lot jj denote the 
perpendicular. 




First. If the perpendicular 
Napier's Rules, {Art. 46,) 



11 adjac 



t piirt 



1 both t- 



anglos, 



. If the perpendicular is an opposite part in both triangles, we hare, by 



Wc proceed to solve the si 
dicnlar. ItwiU be seen, ho- 



les of spherical triangles with the aid of a perpen- 
■, that Eowditcli's Rules arc appliiiablo but in the 



's Sphd-lcal Trigonometry, Art. i4. 
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103. Casb I. eWeii b, c and A. Let the perpendicular C P, Fig. 10, bo drinu 
from 0, (that is, in such a manner as to put two given parts ic one of the right 
triangles). Then the right triaBgle AGP gives, by Napier's Rules, if we pat 



\'P^tsmbaasA 


(172) 


liddle parts in the two triangles 
n-ts, whence, hj Bowdii^h's Rules, 


, /I i" = f anil 


s(.-*) = oesi:eos« 




cos (<:-,» cos i 





Again, taliing A P and Pli as middle parts, oi 
whence, Ijy Bowditch's Rules, 



cot-B 



sin(^-»)e. 



and the formula (172), (178], (174). agree entirely with (122) and (123). 

The triangle B OP gives as a check 

tiLnacOsB:=tan(=-*) (175) 

which agrees with (12i). 

By drawing the perpendicular from B, we juoj in the same manner obtain the 
formula (12S). 

The angle C may be found by the proportion 

or if C iiBs been found by moans of a perpendiculiir from JS, B may be found by a 
similar proportion, as in Art. 72 ; and the quadrant in which the angle is to be taken 
mnst be determined by the principles of Art. 99. 

ItM. Case II. Given A, and 6. Let llie perpendicular be drawn as before. 
Fig. 10, and let 

ACP^S, BCP= C — at 

then, by Napier's Rules, 

cot 9 = tan .A cos i (176) 

and by Bowditok's Rules, taMng co. A and eo. B as middle parte, and therefore 
CO. A C P and co. B G P as opposite parts, 

whence 

„.B = i'i^-S±"^ (m, 



''•HAP should exceed A 3, (that is, if the perpendicular shoaM fall without 
the triangle), £P woulcl be equal to AP — AB = •p — c, and the solution could 
be modified accordingly. But the true results will always be obtiuned by regarding 
BP e.3 negative; that is, by still taMng B P= c — (i and attending to the signs of 
all the terms as already exemplified, p. 182. 

t 1{ACP>AC'B, B C 1' T= C— A C P will become negative, but the trtio 
results are still found by attending to tlic signs, as already shown, p. 187. 
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Agfun, taking 00. jIC Pand CO, .BCP (1,8 middle pi 
43 adjaCBnt pEirts, Eowditcli's Rules give 

cos 3: C09((7 — 3) = eot I 
whenoB 



and (176). (177), (178), agree entirely with (134) and (135) 

The triangle -B (77' gives 

tanS coa a = col. (C — S) 
■which agrees with {186). 

By drawing the perpendicular from A, we may in the tan 






n). 



ThB side c may be found from the proportion 

and Art. 69 ; or c being found by means of a, perpendioul-ir from A, we i 

by a similar proportion. 

^^_ ^^ __ 105. Case III. Given n, b and A. Let 

pendicular be drawn from C, Fig 10, as in t\ 
ing oases, and let ^ i" = *, B P=^f- ; thei 



and, by Bowditeh'a Rulei 




then 


■!=.* + ?.' 








n Art. 84, i 


fe Lave found, from analjtioa.1 oo 
IS, and that the general espresaioi 

C = if ± 0' 


ns;der!Lti( 

1 for c is 


ins, that this oo 


,se admits 

(182) 



itruct the triangle witli the data a, b and A. Having 

n angle, and i equal to the adj.acent side, Fig. 11, let 

a small eirele be described about C .is a, 

pole, with n (cironlar) radius =: a; this cti- 

ole intersects the great circle A£ in two 

points, B and Jf, and both triangles, ACB 

and ACS' contain the snnie data a, (■ and A, 

If the perpendicular CP is drawn, we iiave 

SP = B'P, so that in one of the triangles, 

the side c = AB = AP ■\- PB = ^ -\- f , 

and in tlie other, c = AB =: AF — B'P = ip — f'. If both points of intersectiou, 

B-and B', fall on tbe same side of A, and witliin 180° of A, both solutions will be 

udmissihle. 

To find C, let ACP = 9, and BCP = 3', then by Napier's Rules, 







= tan A Ci 



{18.3) 
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Bud by Bovrditeii'a Eulea, 

and sincB in Fig. 11, 

C =: ACU = ACT + UCr = 3 + 3', or C = ACS' = AGF — B'CP = s, — S:\ 

ve tavo 

C=»±y (185) 

and the formula} (180), (181), (182), (188), (18i), (185), agree entirely witli (UG) 
and (147). 
After c was found, we might have found C from the proportion 

sin M : sin c = Bin ^ : sin G (Ififi) 

and B is foand from the proportion 

sin o : sin i = sin ^ : sin it (187) 

The two valuBS of B detarmined by (187), are both admissible when chas two values 
as above. It is also erident, from Fig. 11, that the two valuHa of B are supplemental. 
To determine tlie corresponding values of c and B, we observe that, by Art. 49, th« 
perpendicular CP is in the same quadrant witk A and witli CBF and GBT, and 
therefore CB'A is in a differenl quadrant from A. Henee, thai value of B vhich ii in 
the some gaadrani as A coTre^xmds to (fts value of c ^ f -\- i/f, and that value of B 
which iivi a difereiit quadrant from A eOTTe^ondi to Ike value of c := f — #'; whioll 
agrees with what is shown in Art. 84. 

In computing (186), tlie two values of c must be employed auecesaively, and the 
formula computed twioo. At each oompntation we sliall have two valnes of C found 
from the sine, one of which must be seleoted by Art. 69. But as the applicalioa of 
the principles of Art. 69 is tediooa and embarrassing, it is better to find by (184) 
and (185). 

The formulse (^ 49), (150), (151), (152), for finding B, may easily be do lucod by 
Hapier's and Bowditoh's Rules. 

106. Case IV. Given A, B and b. Let tlie perpendicular be drawn as before, 
Fig, 10, and let AP =: <p, BP = p', then as before, 

and bj Bowditoli's Eules, 

whence 

.=.( + »' 

which agree with (156). But *' liavlng two supplemental 
aine, c has two values, as already explained in Art. 80. 

To sliovf the same geometi'ioally, let 11/', 
Fig. 12, be the acute value of ^l', and 
Case, pole, let a small circle 
pas^ng through B, and Intersecting thi 
great circle AB again in B". Lot B"C bf 
drawn, and produeed to meet AB again ii 
^, forming tlie lime B"B: Then wo have 

B' = B' =: CBA 
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ao that in both triangles, ACB and ACS', 
the value of tie angle opposite tho side i 
■ ia the same, that ia, both triangles contain 
tlie Ba,iae data, A, B and b. Now 
180° = B"B' = B"P+ B'P = BP-\- B-P, 
so that BP and B'P aro supplements of 
eaoli other. 



In tiie triangle jies 



anjin the triangle ACB' 



=^ ^ + f- = AP + BT 
■aluea of c are found by giving 4' 



and henie the 

Baocesaively, as already shown aualytioally. 

liy Art. 49, GI' mnst be in the same quadra 
quadrant witli A, P falls batween A and B, as 
betvfeen A and B'. But if A and Ji wei'e 
B and B; might fall between A and P. TJie 
by the formula 



t with A ; hence, if B is in tlie same 
1 tlie figure, and for the same reason, 
1 different quadrants, both points, 
wo values of a would then be found 



*' taking, a 






e and obtuse values. In that case, tan A and cat B 

would have opposite signs in (189), sin if' would be negadve, ivhioh would make 0' 

EBgaiive, so that the true results will be obtained, without reference to a diagram, 

by attending to the signs of the several terms, as already fully esemplified, p. 201. 

To find C, let ACP = 3, BCP = r, then we have, as before, 

cot a = tan ^ 00s 6 (190) 

and by Bowditch's Rules 

whence 



C^a + s' J 

which agree with (157). It is evident from Fig. 12, that BCP and .ffCP, a 
plemental, aud Uiat lie remarks above made witli reference to f apply alsi 
After c waa found, we might have found G by the proportion 

and a ia found by tho pcoportion 



inB: 



(193) 
e quadrant 



The two values of a found by (193) are both admissible when c 

Prom Art. 50, it foBows that when BP is acute, a must be in tin 

wilh OP, that is, (Art. 49), la the same quadrant with A ; and when BP ie obtuse, 

a must be in a different quadrant from A. That is, that value of a vihkh is iatJu same 

quadrant vfiih A, belongs to the tTTimgle itt vthish ^' < 90°, and that value of a which is in 

a different quadrant from A, bslongt to the triangle in Khich ^' > 90" ; wliioh agrees with 

Art. 89. 

I'he formulie (169), (ISO), (161), and (162), for finding a may easily be deduced 
by Napier's and Kowditch'a Rules. 
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107. Cask V. Given a, h and c. The pei'penclioulap 
Cttnnot be drawn, in tliis onse, ao that two of the gisen 
parts sballbe in one trtnngle; ueverthelesis tlie case can 
be solved by meana of a pevpendieular. Let the perp. 
be drawn from any angle, as C, Fig. 13, and nsbefore, 
put-iP = t^, BP = i'; tlien by Bowditoh's Knles, 




or, by PI. Trig. (110), 

tanJ{f. + <f')tanHJ-^')=tanH4 + ")tanH*-'') 

tan J (■> - /) = tan J(* + ") tan J (i - a) cot ^ o ^ 

which determine J ((i — *') and 4 (^ + if') whence -f and (/. The angles A 
ftre then determined by Napier's Rules. 

108. Case VL GiTen A, .B and C. In Fig. 13, let ACF = 3, BCP = S- ; 
by Bowditeh's Rules, 

irlienije 



(194) 
and B 



(19.5) 



sin S + Bin 3' cos ^ + cos -B 
or, by PI. Trig. (109) and (110), 

tan i {3 + ^) 
Tjhence, since 3 4. 3' = <7, 

tan MS-*') = tan J (5+ .4) Un H^ - ^) ^^-"h <^ \ 

J(3 + y) = JC ^ 

■which determine J (^ — ^0 "^"^ 4 (^ "H ^') *"'' therefore 3 and 3'. Tlie sides n 

are tben found by Napier's Rules. 



Note b 

Compaialwn of Spherical Forraulx ly the Gamtian Table. 
The Oaa£!ian Table ia a table, first Suggested by Gauss, for readily computing the 
logarithm of the sum or difference of two quantities, when the logarithms of these 
qnantities are giTen. 

If p and g are the two numbers whose logJirlthms are given, p being Uie greater 
number, (or logjj the greater logarithm), we have, in the first place 



,+,_,(,+f)-,c+f) 

If, then, wo put I =: .:^, we have 

log! = logJJ — logj 

log {p-\-g)= log q 4- log (I + x) 



log(j, + 5) =logi» + log(l + -^] 
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Downes's Table SXVIII., mth the arguineni log s, the difference of the given logar- 
ithms, gives log (1 -J- i), which being adiieii to log ;, the less logarithm, gives the 
required log, sum, or log (p -f- q). Table XSIX., with the argumeut log x, gives 

log ( 1 -) } which, being added to log^, the greater logarithm, gives the required 

log. sum, Eifier table may, in general, be employed, but one or tLe other may he 
found moi-e convenient in a particular application, and therefore both are given. 
Again, we have 

,-, -,(._!) 

so that, putting, as before, x = — , we liave 

log a; = log JJ — log q 
log (p — g) =logp + log(^l — — J 

Downes'e Table XXS,, with the ai'gutBent, log x, gives log ( 1 ) whieh, being 

added to the p-ealer logarithm, gives the required log. ilifferHQca, or log (^ — r/). 

With these tables, then, we may readily oompnte any of the preceding formulse 
which contain two terms in the second member, without the aid of auxiliary anglea. 



1, Given 5 = 120" HO' 80", c — 70° 20' 20", A = 50° 10' 10" ; liiid a. (t 
as Es. I. p. 182). 
The formula is 

■which will be thus computed : 

log 008 6 — 9 '70557 

log q ~ 9-28260 
log sin b + 9-93529 
log sin c -I- 0-97301 
logcos^ 4- 9-80654 
logi- -f 9-71374 
logjB — log J = log X — 0-48324 
The terms p and q have opposite signs, and although, by the formula, they are ■ 
added (algebrwcaJly), an aritiiinetical difference is required. By marking the i 
of ail the quantities, as above, we shall always knovr whether a sum or diffei 
is required by the sign before log x. In this case this sign being negative, wi 
to find a difference, and therefore, by Table XXX,, we talio 



=o-y 



■82694 
]ogi> + S'71571 
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2. Witli the same data, Bnd B. The fommla is 



(t here be put under the form 



and is thus computed : 

log sin 4- 9-97391 

logeot* —9-77029 

ai-colog9iu4 + 0'1146T 



log? — 9-8588T 



log q -~ 9'44814 
logp _ log J = log r -f 041073 
where the sign before log x being poBitive, the tables for log. sum muatbeused. Bj 
Table SXVIIL, we have 

log (1 + %) 0-5e325 
(wMch is to be added to t^e less log.) log j — 0'44814 

log cot B — 0-00139 
or, by Table XXIS., we have 



logA + i-J 0-142; 



14252 

(wliLch ia to be added to the greater log.) log p — S-85887 

log oot B — 0-00139 

S = 135" 5' 31" 

In these isolated examples, the labor of eomputalioti is very little leas than with 
the use of an ausiliary angle, aa on p. 182 ; but the Qaussian Table has greatlythe 
adTantage when the same formula ia to be repeatedly computed with sncceasiTe 
values of one of the data while the others remiun constant. TIius, in the Jtrat of 
the preceding examples, if sucoeaaive values of a are to be found corresponding to 
snooesaive values of A, while h and c are constant, log q will be oonatant, and log x, 
will take saccessiTe valuea, oorrespouding to those of log coa A, so that after the 
first value of a is found the suooeeiiing ones are rapidly obtained. On the other hand, 
ajj the auxiliary in the formulfe (122j, depends upon A, the whole process would 
haie to be repeated in finding each volne of a. 

For other forma of the Gaussian Table, see the ori^nal table, (to five plaaes of 
deoimals], by Gauss, published in Zaoh'a MonaUitM Cotrespottdeni, Nov. 1812 ; Mat- 
thiessen'a, (to seven places), Altona, 1817 ; in Vega'a Sammlting maihemaiiieher Ta- 
fdn, (fiTe places), Leipiig, 1840; Zeoh, (seven pla«ea), Leipzig, 1849; Shortrede's 
Collection of Tables, (seven places), Edinburgh, 1849 ; Gray's Table) for the Oompu- 
iatioB of Life Ooniingeitciee, (six places), London, 1849; Saikumaeher's HUifstafeln, 
new ed. (four places). 

Downes's Tables, the printing of which had commenoed wben the first edition of 
this work was pnblisbed, have not yet appeared ; but the above explanation will 
enable the reader to understand the principle of any Qaassian table. 



.Google 



SPHERICAL TRIGONOMETKY. 



CHAPTEfi IV. 



SOLUTION OP THE GENERAL SPHERICAL TRIANGIB. 

109. V/e have tlius far, following the uaiiiil oourao, considered those spherioal 
triangles only whose sides and angles are less dian 180°. In the applications of this 
subject in astronomy, howaver, it ia often neeesaarj to consider li'iangles whose 
sides or angles eioeed 180°. (For example, the right ascension of a heavenly body, 
iidmitting of all values from 0° to 360°, may be one part of such a triangle). We 
may, it is true, in sneh cases, alwaya snbstitnte another triangle nhoao parts are the 
supplements to 180° or 360° of those of the proposed triangle; but h" m 1 
although Tery generally regarded as the simplest, is not really so 

alluded to. The construction of figures for discovering the sapplemen ti 
is often embacrassing and liable to mistalie, while the aolutiona, when band are 
mosUy deficient in generality, and can only be regarded as solnlions of th j a n a 
cases of a general problem. But if ive proceecf by a method that is a app b e 
■when the parts of the triangle exceed aa when they are 1ms than 180° w m y u 
vestigate a problem under the simplest supposiiiou of the values of these parts, and 
reiyupon the generality of the method to cover all the particular eases. 

110. We shall first endeavor, in an elementary manner, to give the student a con- 
ception of the nature of the general spherioal triangle. 

J.st ABC, Fig. 14, be any spherical triangle whose parts 
ire all less than 180°; then the reaminder or complement 
of the sphere is also a spherioal triangle whose sides are 
b and c, and whose angles are 3G0° — A, 860° — B, 
a 360° — C. We shall distinguish these triangles from 
/ each other by means of accents, writing lihe letters wii/iia 
triangle to which they respectively belong, as in 
Fig. 14. The sidea are common, but when referred to as 
s of A'B'C, they will be denoted by a", b' and c'. 
Again, one of the sides may exceed 180°, as the side a of tlie triangle ABO, 
Fig. 15. In this triangle, it is evident that we muat have A > 180°, so long aa B, 
(7, i and c are each < 180°. In the triangle A'B'C we have A' < 180°, while 
£< > 180°, C > 180°. 





of the sides to exceed 180°, as a and 
points whose distance is 180°, tlio figure 
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215 



Fig. 17. 




Imftiigle as an enclosed surface, but it will presently appear tliat such triangles are 
solved by tlie same general methods that apply in other cases. To form a just con- 
ception of the trinngle in tliia case, we may conceive Fig. 16 to ba obtained from 
Pig. 15 by carrying the points along the arc t?ji produced until it oroasea the side a ; 
Uie points .d and £ may then be joined either by an arc leaa than 180°, as in Fig. 16, 
or hy its supplement to 860°, as in Fig. 17, in 
■whiofi last case every side exceeds 180°. In 
these figures, to aTOid CDnfusion, tlie point A 
is not placed in ita true pcaition according to 
perspective. 

In each figure we have two triangles, whose i 
sides aro cooimon, and whose angles are eup- 
plemontB to 3@0°. It will be easy to trace the 
two triangles aignified by ABC and A'B'C, bv 
remarking that the letters in each case are all 
on the same side of tlia perimeter of the triangle. 

We may go farllier, and suppose the arc joining A and li to be a circumference 
+ the arc AS, or any number of circumferences + AB ; and similaTly the angles 
may be scippoaed to be altogether unlimited ; but since the relative positions of any 
three points of the sphere must be fully determined by arcs and angles less than 
360°, nothing is gained by passing beyond this limit, 

111. AU the formula of Chapter L are appUcahU to the general apherical triangle. 

This proposition might ba considered aa established by the principle of PI. Trig. 
.Art. 49, but it is also very easily established by a oontinuatloa of the process of 
Spher. Trig. Art. 6, where the fundamental equation was shown to apply to all 
triangles whose parts are leea than 180°. 

It was proved in Ajt. 29, Ihat all the equations of Chap. I. may be deduced from 
the fundameutol one, 

We have then only to prove the generality of this single equation. 

1st. Let all the sides be < 180, but A' >180°, Fig. 14. The formula being true for 
the triangle ABC, we have 

cos a = cos S cos c + sin i sin c cos (360° — A') 
or in the triangle A'B'O; by PI. Trig. (76), 

2d. Let a>180'', Fig, IG, and produce o to complete the great circle. The triangles 
ABC and A'B'C ara respectively the difference and sum of a hemisphere and the 
toiangle A'ik, all of whose parts are < 180°. In the triangle A'ik we have, in terms 
of the parts of ABC, 

and in terms of tho parts ot A'B'C, 

both of which reduce to the form (m). But it is here necessary to ahow that the 
formula may also be applied to each of tho other angles ; thus the triangle A'ih 



■a),. 



n (860° - 



both of which reduce to the form [st). 
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0", Pig. 18 : these ai-cs ii 




cos (a -180°) = 


003 (i ~ 180°) ( 


!os r + Bi 


.n(J- 


- 180°) 6!j 


a c cos (3f 


OQs(a'-180») = 


COS (i' — 180") c 


,os^+ei 


ii(6'- 


- 180°) ail 


1 c' cos A' 


which reduce to the 


form (m) ; ami i 


Q the sam< 


3waj 


the formula apphea 


g\e B. We have alao 










coHc = oos(a- 


-180°)coa(6 — ] 


L80°)+si 


n(«- 


-180") Bin 


(i— 180' 


aiid since cos i = oi 


DS (7 = cos [360° 


■-C')^ 


; C09 C, tiis alBi 


> reduces t 


(h) for both ^BCi 


md A- }¥ c: 










4th. Let a > 180 


°, b> ISO", <: > 


■ 180°, Fi 


g. 19 


; fte side 


cbeiDg pi 


complete the circle, 


the triangle if; ;, 


giyes 

Kg. 19. 




-..A- 






Bndmnceoosi= ooa (180° — ^) = — cohjI = cos 
reduces to the form (m) for botli ABO and A'B'C; 
muln applies to the angle B. We have also 
oos (360° ~c) = cos (o — 180°) cos (S ~ 180°) + 

and A- B' C". 

The cases in trhich the angles of sides exceed • 
in consequence of PI. Trig. Art. 45. 

112. The preceding demonstration, tboagh tedi 
definite conception of the fignrea 
most satisfactory [as it is the 
tion of our fundamental eqiiadi 
geometry, and, for the sake of th 
the following investigation : 

Any point of the sphere may be referred by reotangular eo-ordinatea to three 
planes pasaing through the centre of the sphere at right angles to each other. Let 
O be the centre of the sphere, Fig. 20, aJid AB C s. spherical triangle npoa its 
snrfaoe. Let one of the co-ordinate planes, as X Y, coincide with the great cir- 
cle A B, and let the axis of X pass througli B. If CF be drawn perpendicular 



js A', this 



the form (m) for both ABC 



iaelnded in the preceding, 



has the adyontage of giying a 
represent. But perhapg the 
)Et elegant) method, is to rest tiie demonstra- 
i themsehes upon the prtnciplea of analytical 
s who are acquainted with that subjeot, we add 



juv formi 
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to tlie plane XF, anil Ci" a 
point C aro 



i OX, tlie co-ordinates of the 



■nv-' p 



the rallies of whicli [0 C being talien ^ 1) ore 



K now tliB axis of X be made to pass through A, Pig. ai, -without changing 
the position of the plane XF we ahall have for a;', i;', i', tlie co-ordinates of Creferred 



The asis of 2 lieing unchanged, the relations between i', y', ni.d x, y, arc expressed 
simply by the formula for the transformation of eo-oi'dinates in a plane ; the in- 
clination of the new axes to the first is here eipresaed by c, and the formuli^ of 
transformatiou are therefore 



e the three foliov 



substituting the values of the o 
fundamental equations : 



-which ai-o identJoal with (4), (6), and (3). 

113. Having established the complete generality of our fundamental equationa, 
■we may now employ for tlie solution of the general triangle any of those deduced 
from them in Chap, I. 

As a single trigonometric funotion is not sufficient to determine asi unlimited 
angle or arc, {PI. Trig. Art. 53), it becomes necessary in most cases to deduce ex- 
pressions for both 'Cd.9, sine and cosine of the required part. 

It will be found that all the six eases of the general triangle admit of (wo sohitioris, 
btit that thfy all become delerminate, tehea, m addition to the other data, the «^n of 
the sine or cosine of <me of the required parts is gwen. In the practical applioataons in 
astronomy, it mostly happens that tlic conditions of the problem supply this sign. 
28 T 
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First Solution ; wliBii one of the remaining an- 
required. The reladona hetwaen the given and 



Hi. Ga9B I. GiYen S, c and A. 
gles, as B, and the third side a an 
required parts are 



The signs of the second members will be known from their computed nnmerioal 
values ; tlie sign of cos a is therefore known. If the sign of sin a ia also 
given, the quadrant in 'whidi a ninst be taken will be known ; the a«cond and third 
equations will determine tiie sign of the sine and cosine aS B, and therefore the 
quadrant in which £ is to ho taken. 

In like manner, if the sign of eitlier cos B or Bin B is given, that of sin a becomes 
known, and tiie problem is determinate. If no conditions are atttachcd to the rc- 
qnired parts, there must be two Bolntdons 

The numerical solut w 11 b 1 ted f 11 Th 1 f th ei I 

members (or simply th Igtlro) tb p tly mp t d d th 

signs carefully noted h ti j U t f tl d by th d ( th d ff 
of their logs.) will gi t .S d h 5 wl h w 11 b t k th q J 

indicated by the sign f 1 d Tl th Sd d d d by B 

or the 2c( by COS 5, 11 j, wb h gr g iv tl th I f m th 

Jst equation, will serve In verify the conectness of the whole process. 

Tiiis solution may be adapted for logarithms by the methods employed in the pre- 
ceding cliapter. 

1st. let k and * be determined \is tlie equations 



S sin * = sin b cos A 






k being a positive number (PI. Trig. Avl. 174) ; then 




■ (137) 


eosa = *co8(«-*) 
sin B COS ff ^ A sin (c — ;) 
sin a sin S = sin b sin A 






2d. Eliminating 1.-, and taking ^ < 180°, (PI. Trig. Art 


174), 


tan j> = tan i cos A (<p 


< 180°) 




— S-^f^-^) 




(198) 


sin acosS = ^ sin (<:-*) 






sbasin.B = s;nisin^ 






3d, If the guodranl in which a is lo lie taken is given, w 
equations the following form : 


may give the preceding 


tan^ = tan S cos ^ 


(*<I80'=) 




tan a cos 5 = tan (= — ■f) 


1 


(199) 
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lufi'equoatly litippcns in the sippli- 



tlicn m end n are both positive numbers (i being positire) and (197) giyi 







« sin ^ = sin * tan A 






« cos iJ = sin (« — *) 






cot a z= eot (e — V') 


C/uch 


We find 


""sin r~ ^ ^TbToVA ^ t 
OS (c — *) cos a 



besides uliicii iro may employ, in connection with (200), the equation sin a s 
= sin J sin -4 ; or in conneotion with (197) Or (198) the equation tan a cos . 
tan (c — *). Or when [1 97) and (198) are employed, we may find a both b 
sine and ita cosine. 

115. The angle C may be fonnd in the same manner as B, icterohanging Jl it 
b and e, in the preceding formulso. But when £ and Care both required, the 
cond Solution to be given preseuOy is preferable. 

Ekampi.k. 

Given A = 261° 16' b = 45° 54', c = 188" 33', and a < 180° ; to find a and 
We shall first employ (197). The first column of the following eomputataon, 
taining the symbols eipressing the operations to be performed, shonld be prep 
before opening tiie tables : 

A 231° IS' 
b 45° 54' 
c 188° 32' 

log sin A — 9-9949352 

logcoa^ —9-1813744 

log sin b + 9-8562008 

log cos a = log J; CDS 4 4- S<8425548 

logsinicos^ = log4 sin ?. — S-0S75752 

log tan * — S-1950204 

log cos ^ +9-9947336 

log* +9-8478212 

4 351' 5'42"-6 

*c — 147°2S'17"-4 



* > c. we take c = 188° 32' + 360°, so tbnt e — ^ may be a positive angle ; 
TOuld be equally convenient to tttke c — <p = ~- 212° 83' 42"-6. 



.Google 



SPHERICAL TRIGONOMETRY. 



log sin {c — #) + 9'73096I4 





1 


oskcos(c~- 


*) = log c 


■■•""' 


— 9-7735615 
126= 25' 6" -6 




(l) log, 


lin tsi<iA = 


log Bin as 


iaB 


— H-8G11860 




iogku 


in {._!.) = 


log sin a 


aaB 


+ 9-5787726 








lo^ tan B 


— 0-2728634 










B 


298<'6'2r-8 








logs 


ana 


+ 9-e0563fil 








logfi 


inB 


— 9'S455009 






(I) (7A«.i. 


log sin a 3 


mB 


— 9-8all3e0 


If a we 


re not llmitea, W 


e should ba 


iTB two solutions, the second 


= 233° 34' 53"-4, B = 118-^ 


'6'26"-8. 








WeshaO 


naxt give die computation by (200), wMeh i 


is applicable to this es 


ace botli c 


. and 6 are less than 180°. 


















201=13' 
40° 64' 






log cos A 


= log m ? 


In^ 


— 9-1818744 






log cot i 


= log m c 


Oif 


■f 9-9858540 








logt, 




— 9-1960204 
351' 6'42"-6 
147=26'17"-4 



log tf 

logBU 



log tan A + 0-8135608 

log sin * —9-1897634 

sin * = loK n sin B — 0-0033142 

- J) = log n cos S + 9-7309514 

log tan B — 0-2723G28 



;og cos B + 9-6731379 
,t(e — ,t) —0-1947789 



116. Cash 1. Given b, c and A. Second Solution ; lyhfln the two angles B and O, 
or when all the remaining parts ore required. We have, b; Gauss's Equations (41), 
cos J « sin HB + (?) = COS } (S - o) oos J 4 1 

oosJaccsJ(B+C) = cosl(S+.)sini^ 
BinlaBini(S-C7)=sini(5-«)cosS^ M > 

sin J a cos i (S - C) = sin J (6 + c) sin J ^ J 

From the first two -we deduce J (B + C) and C08 \ a, and fi-om tlie second two 
J (j5 ™ C) and sin J a, whence B, and fl. The problem becomes cleterminate, as 
Wofb; that is, when a is limited bj one of the conditions 

o<180", orB>180° 
for tlien (he signs of both cob J a and sin Jo will be known.* 

* Bj Art. 27, Gauss's Equations may also be talcao with the negative sign when 
the triangle is unlimited, as in the group (45), but the same final results are ob- 
tained from eitliei- (44) or (45). See note at tlie end of this chapter, p. 227. 
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nArt, X15, n < X: 







46" 10' 
130" 38' 




l.grf = losoosj(6_.) 
Iog« = logam4[*-0 
log/=logcosH4 + «) 
losi. = IossinJ(t+.) 

log 009 J J 

log ain J A 


+"[7+7 + 


log rf COS M 

log/sin I A : 


= log oos J a Bin J {-S + «) 

= !ogooBjacosJ{iJ+C) 

logtani(B+C) 


— 9-6539969 

— 8-4676497 
+ 1-1853472 




J (5 + C) 


266° 15' 38" -0 




logsmJ(S+C) 
log cos J « 


— 9-9990771 
+ 9-6539198 




i" 


63° 12' S3"-8 


log . cog M 
loSSsiaiA 


= logsiniaMiiHB-C) 

= logsini«co3j(^-(?) 

lostanJ(i(-(?) 


+ 9-6739643 
-1- 9-8798562 
+ 9-7931091 




i(£_(7) 


31" 50' 28"-7 


Verificai 


r lossinH-B-C) 
;o«. J logsmja 


+ 9-7222788 
-1- 9 9506855 




jo 


63° 12' 33"-3 




CB = 


298° 6'26"-7 




Am. J (7 = 


234°35'29"-8 




( = 


126" 25' G"-6 



117. If a only is requived, we may find it by one of tlie metlioda of Arts. 75 and 
76 ; an i if tlie sign of ain a is given, the eolation is determinate. If tlie aign of 
sin B or of sin C is given, we find tliat of sin a by inspecting the equation 



113. Case 11. GiYcn A, C and h. First SoluHon; when the tliird angle B, itnd 
one of the remaining sides (as u) ore required. 
The general relatioaB between the given and required parts are 

COS 3 = — COS C cos ^ + ain C sill ^ cos i "J 

Bin ^ sin a = sin J sin i } 

wliich ore solved in the same manner as (196). The prolilem is determinate nhen 
the sign of either ain B, cos a, or sin a is given. 
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Adapting (203) foe logarithjns, we find 



B=4ain (C — 9) 
a = kcoB (C — 9) 



oot 9 = tan -i cos i (5 < 180°) 






8± What the quadrant m Khick BUtoU taken is gh 


'en.- 


cot3 = tan-icosi 


(S < 180°) 


t(in5ooao = cot (P — 3) 




^ „ . ton i COB 3 




4a.. When A and B an both Uss than 180", let 




k 


siniJ 


^ = STZ S = 


i 


tlicnj; and q are positive numbers, and we liiye from 


(204), 


^ sin S = oot A 




peosi = cos i 




J sin n = tan S cos 3 




Seos« = ooa((7-9) 




eoti(= tan((7 — 3) cos 


a 


aects. We liave 




eoa(0 — 3) sin^coSB 


t-THi 


cos 3 sin ^ cos A 


tano 


8in(C — 3) oosB 





9 The same factor A !s used here and in (197), althongli the auiiliariea ^ and S are 
different. To eliow tliat k has the same value in (197) and {204), let the squares of 
the equations 

be added ; wo find 

and ill the same manner, from tive equations 

ft sin 3 = COS A t COS 3 = sin A eos b 

we find 

*■■ = 3 ~ sin' i Bin' A 

and Uiercfore, in both cases, k = ^ (_l — sin' b sin" A) 
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besides which we may employ, with (207), the equatioa Bin 5 sin o := sin A 
or with (204) and (205), the equation tan B cos a = cot {C — 3). Also, 
(204) or (205) is employed, wa may find B liotli by its sine nad iia Cosine. 
These formula are computed in the sanie manner as those of preceding cai 
119. Case II. Gitbu 4, Oand*. Seamd Sohition ,■ when the two sides, a 
or all the remaining parts, are required. We employ Gauss's Equations in t 
lowing form : 



iJ), 


i. K" + •) - 1 


JOS i(A — C) 


tJJo 


,.J(. + .) = . 


»■ i(A+C) 


i Us 


inJ(.-.) = , 


(ill i{A — C) 


lie, 


„}(•-.) = ■ 


in iii+O) 



Given A = 121" 30' 19"-8, = 42° 16' iy"-7, b = 40" 0' 10", and B > ISO". 





A 



i{A^C) 

l(A^G) 

3* 


40° 0'10"'O 
12P36'10"-8 
42°15'13"'7 
89''40'S8"-0 
81= 55' 4fi"-7 
20° 0' 5"-0 




Iogrf = loseos}{^~(7) 
log. = log sin} {4 ~C) 

log/ = log COS} (4 +C) 

log? = log sin H^ + (?) 
log sin ii 
log cos J 6 


+ 0-8051224 
-1- 9-1473329 
+ 9-9956775 
+ 9-534080S 
4- 9-972082O 




log d sin J 6 = log sill J B sin J C + =) 

log/cosJ6 = logsln5ScosH'' + ^) 

logtanH''+^) 


+ 9-4203844 
+ 9-1203146 
+ 0-8000698 




U»+^) 


63° 23' 3" -3 




lossinJ(«+«) 
log sin } E 


+ 9-951352G 
+ 9-4G90318 




i-B 


I62<'52'28"-6 


*log (- 
*10S (- 


. . sin J A) = log C- cos -} B) sin i (.» - o) 

- tf cos i J) = log [~ cos J B) oos }{.»-«) 

log tan i (a-.) 

H=-^) 


— 9-8892030 

— 9-9686595 
+ 9-3705435 
193'>12'32"-0 






: 256= 35' 36" -2 




t^«s. .= 


: 230= 10' 30" -4 




B = 


. 325'>44'67"-2 



* The sign of eaon of these factors is changed because B > 180", and cos J if is 
negative. 

t It was necess.irj to increase }(«+=) by 360°, to oljtaln c. The correapond- 
iug value of b would be 616° 35' 36"-2, See note at tlie end of this chapter, p. 227. 
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120, When B only ia required, na may employ the metliods of Avts, 81 and 8ii, 
Ivhich iti'e determiDat* wlien tbe Bign of sin B is given ; or whsa that of eitlier sin tt 
or sin e ia given, sinoe we may iliBD find tliat of sin B by inspecting the equations 



. 121. Case III. Given a, b 3,a6.A. Mriit Soluiioi,; ivhen the three reinulning pari 
B, C, and e are all required. 
We finil B by the equation 

,l.B='J^^± (21( 

Tvhieh is determinate when the sign of oos B ia given. 
Then, to find 0, we have 

— 008 CeosA + siu CmnAcosb = eos B 
Bin Ccos-^ + cos C sin ^ ooa S = sin .S cos a 
'which have already been employed and adapted far logarithms in Art, 118. If w 
denote Hie auxiliary hy 3, and put C — 3 ^ »', we find, from (204), 

SsinS' = C06B I- (211 



winch have already been employed and adapted for logarithms in Art. 113. ]f w 
denote the aunjliary by f, and put e — - ^ = j', we find, from (137), 

A sin ^ := sin b ooa A (4 positive) "1 



Checks. We have 



* The following relations deserve a passing n 






.Google 



SOLUTION OF THE GENERAL SPHERICAL TRIANGLE. 



138° 32 


' 0", A = 2C1 


"16' 

J 


0", iuidoosBii 

120" 25' 6"'6 
138"32' 0"-0 






A 


2G1=16' 0"'0 




log. 


ma 


+ 9-9056851 




log. 


ini 


+ 9-8209788 




logs 


in^ 


— S'9949352 




log. 


inB 


— 9-9102789 






B 


234" 25' 29" -3 




logo 


03 i 


— 9-87*6795 


ein A 


OS 6 = logic 


08 3 


+ 9'869ei47 


logc( 


)S^=l0gftS 


jns 


~- 9-1813744 




iogt 


3 


— 9-8117597 
348°2i'53"-0 




log. 


OS a 


— 9-7735515 


sin j5 00 


. . = log i c 


03 3' 


+ S-6838804 


loBOO, 


s^ = logis 


in 3' 


— 9-7G47520 




Iogt 


InS' 


— 0-0809216 
809°4rS3"-7 




3 + y. 


= C 


298" 6'26"-7 


sin i CO 


s^=log4s 


an 4, 


— 9-0023532 


lojo, 


JS i = log A 


OB* 


— 9-8746795 




logo 


!* 


+ 9-1276737 
187°se'31"-3 


sin ffl 00 


,s B = log ft s 


iln*' 


— 9-C703871 


logo. 


j.._log»c 




— 9-7735515 




logl 


an^' 


+ 9-8968356 






*' 


218'>15'28"-6 




* + ^' 


= c 


45°53'59"-9 




log. 


InC 


— 9-9455010 




log. 




+ 9-8-562006 




"^(M 


?) 


— 0-0893004 


CAsoJ. log^^ 


^) 


- 0-0893001 



In tliis eiample, boti 3 + 5' ""^ *> + *' esceed SCO", and consequently we have to 
deduct 360° from each of them. We might hare ayoided this, ho-novor, by tating 
3' = — 50° 18' 26"-3, *' = — 141° 44' 31" -4. 

122. Case III. GiTen a, b and A. Seamd Solution ; -when and c are required 
-without finding B. 

We haya only to olimiaate B from the fourth equation of (211) by means of (210), 
and then (omitting the third equation) determine s'by its cosine, ohserring, howBTor, 
to tafca it so that sin 3' shall ha-ve the sign of ooa B, which sign 
given. The foi-mulse for finding C thus become 
29 
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To find c, we observe that sin f has the sign of sin a cos B, so tliat we haye the 
following formula ; 

i Bin = sin i cos A (k positive) ~1 



(j,' < 180° with the sign of sin a cob B) I 

Check. The equation (214). 

123. Cask IV. Given A, B and i. First Saluliaa ,- when the tiireo rem iiiiiing parts 
u, c and G are all required. 
We find a by the equation 



sin iJ ^ ' 

■which is determinate when the sign of cos a is givea. Tlio remainder of the solution 
is by (211) and (212). 

124. Case IV. Given A, B and S. Sesoiid Solution; when c and C are required, 
irithout finding a. 

We easily find, from (211), 





J sin S = cos A 
Aoos3 = sin A cosh 


(t positive) 




^.^„_. ins cos 5 










(« 


OS " and sin B eoa a to liave tJie s. 


ame sign) 


And from (212), 


C = S + 3' 


(i positive) 



(cos ^' and 003 n to have the same sign) 
c = St + *' 
Check. The equation (214) 
126. Case V. Given a, b and c. The formula 

cos -4 = °°^ "i^i'sL^'^'' " ^^^''^ 

fletermineB A whpn the sigu of sin A ia known. If the eign of siu B or of siu C is 
giten, that of sin A bocoines known by the equation 
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The formultB (81), (33), (84), may be used, each of which iivin become 
Bate when the sign of either sin A, ein B, or sin is linown.. 
126. Cash VI. Given A, B and C. The formula 



The formultB (86), (38), (39), may be used, each of which will be detetmiuate 
■wheu the dgo of either ain a, sin b, at ein c ia known. 

Note uroK Gauss's Equai'ions. 

In the unlimited spherical triangle, wo may oonsidev any part, aa a, to Lave all 
infinite number of values, viz. a, a -{■ 360°, a + 720°, &o., eiprossed generally by 
the formula a -\- 2nir,n being any whole number or zero ; and sinee 

oU those equations of Chap. I. that involve only ain a and cos a will not be changed 
by the substitution of a -1- 2 n ir for o. A similar substitution may be made for 
each of tie parts, or for all of them, at the same time, so that there ia aji infinite 
seriea of trianglea to which these eqnaOons are applicable. 

But the BubstitaUon of a + 360° for a, in Gauss's Equations, (202), will change 
the sign of all of them, since 

ain i (a + 860=) = - sin J a cos J {a + 360°) = - cos J a 

wLile the aubstitution of o + 720° for a will not change their sign, since 

Bin J (a + 720°) = sin i a coa J (" + 720°) = cos J a 

In general, their sign is changed by the aubstitution of a -f- (* " + 2) "■ for a, and 
it ia not changed by the aubatitution of o + 4 n tr. The same results follow like 
Bubstitutiona for each of the parts. It follows that these equations taken only with 
the positive sign, Ao not include all the trianglea of the infinite scries above spoken 
of, and that they are complete only when taken with the double sign, and expressed 
in two distinct gi-oupa, as (44) and (45) of Art. 27, 

Inpractke, however, we may take them with thepoailive sign ordy; for they wiU then 
g^ve at leaat one of the tHangles of the scries, from whioli all the others, (and parti- 
cularly that whose parts are less than 360°), may be directly deduced by the appli- 
cation of 360°.-* 

This will be illustrated by the example of Art. 119, p. 223 ; we tliere find 

J(fl+0= 68° 23' 3"-3 

i{a — c) = 193° 12' 3r -9 
or rather, since J (« -f" '^) should be greater than ^ (a — c), 

n« + ") = 423° 23' 3"-3 

J(h — (!) = 1B3°12'32"'9 

* Ganas [Theorui Mobia Corp. Orel. Art. 54) recommends the uae of tlie positive 
sign only, observing that any aide or angle may be diminished or increased by 360°, 
as the case may require, but confines himself to the statement of this practical pre- 
cept, without explaining the grounds upon which it rests. 
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whenoB 

a = 616= 35' 36" '3 
c = 230" liy 80"4 
wMoh is tlie proper solntion of the equations taken with the positive Bigu. If now 
ire deduct 360° from a, and take, as on p. 223, 

a =. 256° 35' 36"-6 
c = 230° 10' 30"-i 
Tt« haye the Boluiion tJint iijouM have been obtained by taking the negative sign in 
all the eqaations ; for we now hare 

J(a+c) = 243° 23' 3"-3 
J (o — o) = 13" 12' B2"-9 
wliloh, differing from tlie former values by 180°, mast change the sign of all the 
equations. 

I h«,ve given sorae further particulars rospootiug unlimited spherical triangles, 
and a fuller discussion of Gauss's Equations, in an essay wliich the reader will fiud 
in the Astronomieal Journal, Tol. I., pnblislied at Cambridge, Mass. 
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AREA OP A SPHERICAL TRIANGLE. 

12T. Given the three angles of a spkerieal triangle, to compute 
the area. 

This problem ia solved in geometry, where it ia proved that the 
surface of a spherical triangle iB measured by the excess of the sum of 
its three angles over two right angles, by which is meant, that the area 
is as many times the area of the tri-rectangular triangle as there are 
right angles in the excess of the sum of the angles over two right angles. 

To express this analytically, let 

r = radius of the sphere 
T = surface of the tri-rectiingular triangle 
= ^ surface of a sphere = J x f' 

K = area of the triangle ABO. 
Also, let the angles A, B and be expressed in the unit of Art. 11, 
that ia, let A, B, C denote the arcs which measure the angles in a 
circle whose radius is unity. The right angle expressed in the same 

unit is — , therefore the number of right angles in 2 t? is 



and we have, according to the above theorem of geometry, 




^_rx(t^-2)-^-^^(2«-,) 




or jr-r'(2S-i) 


(222) 


and if the radius of tlie sphere is taken = 1 




K-1.S--, 


(223) 



128. In a plane triangle the sum of the angles is equal to -jt, 
and in a spherical triangle the sum exceeds ■jr by K; hence thia 
quantity, K, is commonly called the spherical excess. 
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129. Given the three sides, to find the ai 
Bj (223), we hare 



i. = .„.(.-f) = 



in wliioh we have only to substitute tha yalues of ooa S, ain S, and cot S, glvi 
AH. 85, to obtain tUe required solution. We find, [j = J {a + 6 + e)], 

J cos J o 003 J i COS J 
...1 ,_00=.+ 0..1+...,+ l 



The numerator of (225) being denoted by n, we find. 



which is known as De Giin's formula. 

Again, from the formulte of Art. 39, since 1 — sin S* = 2 sin ^^K, 1 + si 
2 cos 'iff, we find 

r .ml.sinH^-°)«i°H«-a)«i°H^-''n 
Bin J a: = ^/ 1^-^ cofl J COB J 4 ooa i c J 

cos \K=^ 1_ _^__...-^-^-_^- ^ J 

tani£^.^[tanJstanJ(s-,.)taT.J{— J)t!mJ(s-.)] 
the last of which is known aa LlimUier's formula. 
130. Given Imo sides and the included angle, (or a, b and (?) to find the ai 
We have, from (224), by (J^), 

cotjneotji + cosC 



coti.E' = 



tau ^ a tan ^ i am P 
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AREA OF A SPHERICAL TRIANGLE. 

131. If we admit more than three purta of &e triangle into the espre 
we haVe, by (56) and (Tl), 



nlX = 



slK = 



°ji . 



a^acoB^t+ gJii ^a sin j 6 cos O 



Uie quotient of -whieh gives (229). 

132, Since there are uiwajB two triangles npon the surface of the Sphere whioh 
have the same three stdea, (Ait. 110), tlie anglea not being llmiteil to yaiuos lesa than 
180°, tho formala! (225), (226), (227) should give the areas of botli of them, and 
their sura shonld be equal to the surface of the splicro = isr. In fact, by (226), 
sin J ff may be either positive or negative, while by (226) the cosine is faHy detaiv 
minecl, bo that these forraulce give two values o( i K whose sum is 2 sr, and therefore 
two values of K, whose sum ia iv. 

It follows that (225) alone ia not sufficiently determinate when the triangle ia un- 
limited, since it gives four solutions. The most convenient formula is therefore 
(228), for we must always have i K <t, and the double sign of tlie radical gives 

the two values of ^ ff, one less and ihe other greater than — -. 
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CHAPTER VI. 
DIFFERENCES AND DIFFERENTIALS OF SPHERICAL TRIANGLES, 

133. Two parts of a spherical triangle being constant, and a thiril 
receiving an increment, it is required to deduce the corresponding 
incrementa of the remaining three parta. A3 in plane triangles, 
(PI. Trig. Chap. XII.), this will be effected by a comparison of two 
triangles having two parts in common. The triangle formed from 
the given one by applying the increments to the variable parts will 
be distinguished as the derived triangle. 

We shall first consider the increments as finite differences, and 
give them the positive sign, (PI. Trig. Art. 187). 

134. Case I. A and e constant. The parts of ks,22._ 
ABO, Fig. 22, being A, c, B, 0, a, h, those of the 
dei-ived triangle ABQ' are A,c, B -\- aB, + aC, 
a + Aa, 5 + aS; and the parts of the differential ^ 
triangle BOQ' are a,a+ Aa, Ah, 180° -0,0+ aO 
and aB. We have, then, in BOO', by (3), 

n{a + Aa) _ 



iiiiAB sinC mi(0+AO) 

Also, in BOO', by (40), we have 

sin ^( 180°— 0+ 0+ aO) tan j Ab 



sin ^ (180° ~0-0-aG)~ tan i {a + Aa~ a) 
ivhcnee 





tanj Aa cos {(7+ J A(7) 




tan^A6 cos^aC 


Ey(41)^e 


End in a similar manner. 




tan 1 Ab tan (« + | Aa) 
MnjAC^ sin(6'+iAC) 


J3y ;42). 






dn J Act sin (a + f Aa) 
Uu^aB tan(C+jAa) 



(231) 



(232) 



(234) 
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DIFFERENCES OF SPHERICAL TRIANGLES. 23?} 

By (43), 

tanjA(7_ cos(« + jAa) (255) 

tan^iS "^ cos J Att 

By combining (232) and (233), 

tan ^ Ad tan (« + ^ Aa) f236'i 

ta^'fKO~ tan(C+iA(?) ^ ' 

As these formulse involve the increments in the second meraberSj 
they are to be computed by successive approximation a. (See 
PI. Trig. Art. 201). 

135. Case II. A and a constant. The given Kg.23. ^ 

triangle being ABO, Tig. 23, tho parts of the 
derived triangle A'B are A,a, B + AB,b + a5, 
C + aC, + Ac. Although the figure appears to 
show that the angle Ji is diminished, it is still proper 
to represent the angle A' B hj B + aB, to preserve uniformity 
in the algebraic signs of the increments ; the essential signs being 
given by the equations of difi^orences themselves. Hence we put 
the angle AB A' = ABO - A'B 0= B - {B + aB) = ~-aB. 
Joining A A' we have inBAA' and OA A', by (43), 

cos(c + ^Ac) : cosiAc = — cot ^ aB : ta.n^ {A'AB + A A'B) 
cos (6 + 1 Ab) : cos i a6 = cot | &0 : tan J {A'A 0+A A'O) 

but since A is constant, or B A C'='BA'0,vi6 find that the fourth 
terras of these proportions are equal ; whence 

tan i A-g ^ _ cos (5 + ^ Ab) cos i Ac 

tan I A C cos (c + J Ac) cos J Ai ^"" ' 

In the polar triangle oi A B 0, the constants are still an angle 
and its opposite side, and the preceding equation applied to this 
polar triangle (by Art. 8) gives 



tan ^ a6 _ cos {B + ^ AB) cos J AC 
tan ^ Ac ~ cos (C + yAO')"coB~j"Afi 



(238) 



In ABO and A'B we have 



sin a &in B = sin A sin b 
1 {B + aB) = sin A sin (b + Ab) 
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234 SPHERICAL TRIGONOMETRY. 

the difForence and sum of whicli give 

sin a cos [B -\- I aB) sin J aB = sin A cos (S + J AJ) sin ^ a6 
sin (^ sin {J5 + J aS) coa i a5 = sin A sin (6 + ^ a5) cos I a5 

from wbich, by division, we find 



tan I A5 _ tan (5 + J a6} 



tan 1. AS tan (S + ^ AS) 

and in the same manner 

tan J Ac _ tan (e + J A(?) 
tan J aC ~ tan (C+ ^a^ 

The product of (237) and (239) gives 



(239) 



(240) 



aJQ i A i __ _ sin (i + ^ A&) cos \ Ac 
tan j AC cos (c + J Ac) tan (5 + ^ A-fi) •• ■* 



i™i^- = _ s™ (g + » Ae) cos ^ a5 

tan ^ AS cos {b + ^ Ab) tan (6* + J Af ) *- ^ 

^*- ^ 136. Case III. h and c constant. The given 

c, triangle being ABC, Fig. 24, the parts of the 

derived triangle ABO' are b,c,a + Aa, B + aB, 

0+aC,A+aA. Joining CC" we have in 5 CC", 

by (42), 

sin(a + JA«): sin|Aa = cot J aB: tan J(BCC"— 5C"C) 
Eut observing that AC" = AC, A 00' = A O'O, we have 
BOO' ^'AOO-- 
BO'C ^ AO'Q+ 0+ aQ 
I (3 00' -BO'0) = -{0+l AC) 
and the above proportion gives, therefore, 

sin I Aa sin (a + ^ Aa) 



tan^AB cot(C+^AC) 



(243) 
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DIFFERENCES OF SPHERICAL TRIASGLES. 
In the same manner we ahould find 

sin ^ Aa _ sin (a + j- Aa) 

The quotient of (243) and (244) gives 



(244) 



tanJ_AB _ tan ( -g + j- A.B ) 
tan ^ aO ~ tan {0 + ^ aG) 

InABO&ndAB 0', hy (4), we have 

cos a — cos b cos c + sin 5 sin a cos A 

cos (a + Aa) = cos S cos c + sin 5 sin c cos {A + AA) 

the difference of which gives 

1 i sin c sill {A + I- aA) 



(245) 



sin 1 aA I 


nn {a + J Aa) 


The quotient of (243) divided hj (246) gives 


sin 1 aA sin' 


{a + ^ Aa)tB.n{0+^AO) 


tan i A-B si 


n h sin sin (^ + J aA) 


»d from (244) and (246), in the same manner, 


sm^AA_^ sin''( 


a + i Aa) tan [B + ^ aB) 



(246) 



a 6 sin c sin [A + ^ AA) 



(247) 



(248) 



137- Case IV. B and constant. The equations of the pre- 
ceding case (243 to 248), applied to the polar triangle, give 



sin i aA _ sill (A + i aA) 
tan ^ Ai cot (c + ^ Ac) 

sin ^ AA. _ sin (X + J aA) 

tan J Ac cot (5 + ^ a6) 



(249) 
(250) 



tan ^ AS _ tan (J + | Ai) ('9''-]\ 

tan ^ Ac ~ tan (c + J A^ 



sin I A^ _ sin B sin C sin (a + ^ Aa) 
sin I Ad ~ sin [A + ^ AA) 



(252) 
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SPHERICAL TRIGONOMETEY. 

sin J AiT _ sin^ (-^ + i ^) tan {e + | Ac) 
tan I a5 sin 5 sin sin (t + J Ak) 

sin J Alii _ sin^ {-^ + i aA) tan (5 + j a 5) 
tan I Ac sin -B sin sin (a + i ^'') 

FisiTE Differences of Spherical Eight Triangles. 



(253) 
(254) 



138. All the preceding equations are, of course, applicable to 
right triangles, or to quadrantal triangles, and in some eases they 
assume simpler forma. Thus in Case I., if the variable — 90°, 
(231) and (232) hccomo 

sin Ai = sin {a + Aa) sin aB 

tan ^ Aa = — tan J a5 tan J aC 

and similar modifications take place in other eases, 

139. When one of the constants is 90°, the preceding equations 
do not generally assume any simpler forms, but they may be trans- 
formed so as to involve tho same variables in both members, which is 
generally desirable in their practical applications.* 

The method that we shall follow is so simple that it will be un- 
necessary to repeat it in every case. A single example will aufSce 
to explain it. 

Let C (= 90°) and b be the constants ; to find the relation of Ac 
and A B, we have between the two variables and the constant b, the 
equations 

Bin B = s'mh coscc c 

sin (-B + A-B) = sin b eosec (e + Ac) 

the difference and sum of which, by PI. Trig. (105), (106), (131), 
and (132), are 

2cos(i? + iAB)sin.jA5=-'^="*''^^<<^ + *^^^^="*^^- 



2sin(J5 + jAS)cosiAB = 



sin e sin (c + A c) 

2 sin b sin (c + ^ Ac) cos ^ Ac 
sin e sin (a + Ac) 



* Cagnoli giyes these equations redneecl bo aa to inyoWe the same yariablea ii 
hoth members ; hut in almost every instance hia formiilie involyo two fautors mor 
than ate necessary, and are far less simple and conyeuient than those hero given. 
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DIFFERENCES OF 8PHEEICAL TRIANGLES, 
and tlic quotient of these is 

tan i Ac 



tan I aS 
ton"(S -ffAB) ~ 



tan (c + Y Ac) 

nhich gives the first equation of the following article. 1 
always eliminates tho constant, and is applicable in every case. 

When the equation to be differenced involves cosines, ive employ 
PI. Trig. (107) and (108); if tangents, (115) and (116); if cotan- 
gents, (122); if secants, (129) and (130). The results are aa 
follows : 

140. Case I. = 90° and h constant. 



tan|A e 


tan(c+iAc) 
Un{B+iAB) 


tan JA c 
ta.nl A a 


cot(«+^Ac) 


(255) 


Uh^aB 


cot(a+iA«) 


sin A a 


sm(2a+Aa) 


tanjA a 

7hi aB - 


tan(t!+iAa) 


(256) 


sin A J. 


sm[iiA + AA] 


■sm{2B+AB) 


sin Ac 


sin(2.+Ac) 
cot{A+^AA) 


tanjA-A 
taiilAB ~ 


ts,n{A+^AA) 


(25T) 


tanjAA ~ 


cot (B+^aB) 


141. Case II. = 90° and e constant. 






emA^ 


sin(2J.+AJ.) 
sin {2B+AB) 


tan|Aa 
tan|A b ~~ 


(iot{a+^Aa) 


(258) 


sinA£ " 


COt{b+^Ab) 


tanjAit 


tan((t-|-|A«) 
ta,n{A+^AA) 


tan JA b 
tan^A^ 


t&n{b+^Ab) 


(259) 


tan^AA 


Un{B+iAB) 


sinAffl 


sin(2«+A«) 
cot(B+lAB) 


sin A 6 
tan^A^ ~ 


sin(25+Ai) 


(260) 


tan|A5 


cot(-A+jA2) 


142. Case III. = 90° 


and A constant 






tan|Ac 


tan(c+JAc) 
tan(a + ^Aa) 


sin A a 
tan |a b ^ 


Sin(2«+A«) 


(261) 


tan^Aiz 


tan(6+jA6) 


tan^A 


cot(c+|Ac) 
sin(25-l-AB) 


tan JA h 
tanlAS " 


coi{h+lAb) 


(262) 


ainAB 


cot{B+lAB) 


sin Ac 


sin(2(;+Ac) 
sin (2 6 +A 6) 


tan JA a 
ian^AB 


COt(«-|-jAffl) 


(263) 


ainA& 


tan(S+iAS) 


143. If 


a constant side i 


a 90°, the equa 


ions of finite differeneea 



for the triangle may ho obtained by applying the preceding eq'iations 
to the polar triangle, 
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DlFFEBENTIAL VARIATIONS OP SPHERICAL ObLIQUB TeIAN&LES. 

144. To obtain the differential variations, we have only to make 
tho inerementa infinitely email in the equations of finite differences, 
observing the principles of PI. Trig. Art. 192. Or we may differ- 
entiate the equations of spherical triangles directly, employing the 
differentials of the trigonometric functions given in PI. Trig. Art. 192. 
I'or example, A and e being constant, to find the relation of d « 
and dB, we have 

sin ^ sin c = sin a sin 
the differential of which is 

= sin (I t? sin C + sin Cd sin a 
= sin a cos Cd 0-{- cos a sin Od a 
d a tan a 

dO tan 

and to find the relation of da and d h, we have 

cos a = cosh cos t? -f sin i sin c cos A 
— sin a (? a = — sin 5 cos c (? i + cos i sin c cos ji (? ft 
(? a _ sin ft cos c — cos 6 sin a cos A 
dl diT^ 

or by (T), 



results which agree with those found from (236) and (232), by making 
A«, Aft and aC infinitely small. By either method, then, the fol- 
lowing equations may bo readily verified. 



145. Case I. 


A 


. and < 


sonatant. 






da 
TO" 


- 


tan a 
tanC 




d 5 
d£=^ 


sin C 


ia 




cosC 




d b 
dC~ 


tan« 
~ sin 


da 




sin a. 




dC 





(264) 
(266) 
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DIPFEKENTIAL VARIATIOSS OF SPUERrCAL TRI-tSGLES. 239 
146. Case II. A and a constant. 

dB COS S d b eosB 



d cos e d c cos C 

d b _ tan h do tan c 

~dB~ tanfi ~dO~ taiTC 

(i 5 sin S (i e sin u 

dD cos c tan B JB^ ~ cos & tan (^^ •* 



(267) 

(268) 



147. Case III, 6 and c constant. 



(270) 

d5 tan^ da ■ , ■ n ,n^-,. 

TG= %^ dA^ ^'"^^^-^ ^ (2'1) 



sin J. dA 

11 £ cos (? ^1?" 



(272) 



a £ sin e (274) 



148. Case IV. B and C constant. 

i^J. . . dA . , 

^--v = sm -A tan o -y— = sm J, tan b (273) 

(? S tan b d A _ 

d G~~ tan e da 

d a sin a ^^ _ .^ !.^"_?L_ /nfr^v 

ci 6 "*" sin 6 cos c f? c "" sin c cos 6 I" / 

Differential Variations of Spherical Right Triangles. 

The preceding may also bo used for right triangles ; but it 
may be desirable to have the same variables in both members, as in 
the following formulse derived from those of Arts. 140, 141, and 
142: 



149. Case 1. = 90° and b constant. 



d <! 


tan c 


d e cot c 


'dB~' 


"tan 5 


d a '^ cot « 


d a 
dA" 


sin2« 
sin 2 A 


da 2 tan ffl 
dB~ sin 2 5 


d c 

dA ~ 


sin 2 c 
2 cot A 


dA tan X 
~d B cot B 



(2761 
(27T) 
(278) 
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150. Case IL = 90° and c constant. 

dA sin 2 A d_a cot a .-_g, 

d a tan a d b tan h ("SSO"! 

'dA '^ tan A d£ ^ ianB ^ ' 

d a _ sin2 te d ]}_ _ sin 2i 

'd~B 2 cot ^ ~d A 2 cot ^ 

151. Cask III. Q = 90° and A constant. 

d e tan c da sin 2 a 

rf a ~ tan a d b ^ 2 tan b 

do 2 cot c d b cot 5 fOSQi 

d'B = ^ST£ dB ^ MtTB ^ ^ 

da sin 2 c da cot a 

HT "" Bi^^b TB ^ tan£ 



(281) 
(282) 



(284) 

152. The differential variations aro often employed for approxi- 
mate results, instead of the equations of finite differences, when the 
increments are very small. The remarks of PI. Trig. Art. 203, 
apply here also, but it is not necessary to introduce the r 
seconds, since all the parts of a spherical triangle f 
in the same unit. 

DlFFEBEJiTIili VABIATIOKa OF SpEEHICAL TjlIAKGLES WHEB ALL 1 

Vakiabi-e. 
16S. Let tlie eqnutioa 

be differeudatei}, all tlie porta being variable ; we find 



sin ada = (sin t cos c — eoa 6 aii 


i.ooa^)<i- 


+ (Bin c COS i — 009 « sin 


ieos^)rfe 


+ EinisinBBin-4!i^ 




MTidiug by ein a, thia becomes, by (7) and (3), 




dii = C0& C db + MS Bdc-{. am 


b Bin GdA 


.nd in the same maimer from the 2d and 3d equation 


.B0f(4)wef 


db = ws Adc-\- COS C da-\- siD 


BsioAdB 


<Ic = oosJ?^o+cos^rf5+8in 


aaiaHdC 


From tbcso tliree equations, any three of the si: 


t differentia] 



i,db,de,dA, 
dB, d C, being given, lie other three majbe determined by the iiauol prooeeses of 



If any one of ilie parts be snpposeii constant, its differential will beoome zero, 
niid these equations will assume simpler forms. If two of the parts be supposed 
oouBtant, we can easily deduce all the equations of Arts. 145, 146, 147 and 148. 
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CHAPTER Vn. 

APPROXIMATE SOLUTION OP SPHERICAL TRIANGLES IS CERTAIN 



154. When aome of the parts of tho triangle are smaU, or nearly 90", or nearly 
180°, approximate solutions may be emploj-ed with adTaatage. These are generally 
fonnd by means of series. 

155. In a sphericai rinM triangle (the right angle being C), given A and c, to find h. 
We haye 

tiin i =1 ooa ^ tm (288) 

which is of the form in PI. Trig. (493), and may therefore be developed by (435) 
ajid (4GU) by putting a: = 6, y = c, ^ a=: coa A, ■whence 

P — -I 1 — 008 A I ' i a 

and (405) and (496) become, [taking n = in (486), and « = 1 in (40G)], 

b = c-.tan'§Jsin2c + itan'J.dBin4c — &o. (283) 

iS Ala amall, ooa A ia nearly equal to unity, ojid i exceeds c by a small quantity 
wMchis approximately found by one or more terms of the aeries (289). 

If A is nearly 180°, or cos A nearly ;= — 1, i exoeedsff — c by a small quantity, 
which is found by (290). 

Per examples of the mode of computation, aee PI. Trig. Art. 255. 

156. Although these solutions are termed approximate, it must not be inferred that 
they are Um aecnrale in practice thaji the direct aolution of (288) by the tablea ; for 
t^e logarithmic tablea are themselves only approximate, and the neglect of the 
higher powers in such series as (289) and (290) may inrolye a leas theoretical error 
than the similar neglect of the higher powers in the aeries by which the tablea are 
computed. In the examples of PL Trig. Art. 255, the thousandtba of a second were 
found with aoouraoy, which could not have been effected by a direot solution irith 
less than eight decimal places in the logarithms. 

These considerations lead to the frequent employment of approximate solutions 
in astronomy. 

157. If ^ and i are glTea, to find c, we liaye 

which is reduced to PI. Trig. (493), by putting x = c, y = b, p = sea A, 



tan" I ^ ain 2 ^ + I tan' J .4 5in4i-j-&o. (201) 

oof I A >iia '2b — i oof { ^ sm 4 4 — &o. (292) 
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158. Similar solutioi 



SPHERICAL TRIGONOMETRr. 
1 apply to the Equations of right trianglea. 



the last Tieing solved under tlie form 

tan (90° — B) = COS c tan A 
We may also compute, in the e.inii manner, the aniUiaries # and 9 in (122) and 
(134), 30 frequently employed in the aoludons of oblique triangles. 

159. In a right spherical triangle, given c and A, to find a, when A is nearly 90°. 
We have 

sin a^siaA sin e (298) 

frora which ive deduce 

tan J (<^ - «) = t^n» (45" - | A) tan J (« + ") (^9*) 

From this wo may End c — a, which is anppoaed very small, by suooessive approxi- 
inalions. For a first approsimation, let a = i; in the second member, and find tlienee 
the value ol c- — a and of a; for a second approximation suhatituto in the second 
momhor the value of a just found ; and so on uutil two sueoessive values agree as 
nearly as may be desired. 



Given A — 85", e = 87» ; find a. 






Here 45° — J ^ = 0" 30', and for the first approximation l(c + a) = 87=-. 


log tan i {"+<■) 


1-28060 


log tan' (45'> - i A) 


5-88172 


aroologainl- 


6-81448 


J («-«) = 200-'-74 logH^-") 


2-47675 


o := 87° — 9' 5n"-4S = 86° 50'0"-52 






2u Ai'Piiox:. 


Si) Apfbox. 


4..AP.nox. 


?,(«+") 


86° 65' 0" 


86° 55' 8" 


86° 55' 8"-17 


IogtanH'^+») 


1-26868 


1-26899 


1-26900 


j^, tan' (45°-}^) 


I'laClS 


1'19615 


1-18615 


log U= — ») 


2-46483 


2-46814 


2-46515 


i{c — a) 


29] "'Oa 


291"-83 


291"-84 




9' 43" -26 


9' 43"-6S 


9' 43"-e8 


a 


88°50'lG"-74 


86° 50' 16"-84 


86° 50' 16"-32 



Che direct solution of (293) gives a = 8G° 50' 16", but cannot give the fractions 
a second without tables of mora than seven figure logs. We have given this pro- 
m, however, not so much on account of ita particular utility, as for the purpose 
introducing ihe method of appro Kimation to which it leads, and which is often 



The process here explained may obviously be applied to any equation of the form 
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160. In a spherical oblique triangle, given two eidss and the included angle, 
other angle! and side by aeries. 
If a, 6 and C are tie data, to find c, we have 



Substituting lialf area, 

wMch is of the form PI. Trig. (507), and may be developed by (o08) by snbBlitntiug 
sin j c for c, ain J a ooa J 6 for a, and cob J a sin J i for b; so that [508) becomes 



loEaini. = logco.i«sinJ*-Jf[^ce3(7 + (g^y^'^+&e.](205) 



To find A and B 






whence 



..„[i,-H^-i»]-( :"l:j:;"l5 t..ig 

CoQiparing these equations witli PL Trig. (4i)3), and developing by (490), n = 0, 
!,-i(-l+iI)-JO-^J^"lnC+ (S^iT^r'-*''- '-'"' 

If me develop by (496), we find 

i,-S(X+z,)_-K+(!!li|).inC^(;i-||)-^''+t., (2», 

from whidi a aeleotioii will be made in any particular case, according to the coji- 
vergeney of the seriea. The terma of the series are in arc, and must be reduced to 
seconds, by dividing by sin 1". 

This solution may be applied to the case where two angles and the included side 
are the data, by means of the polar triangle. 

161. To express the area of a spherical triangle in series. 

Comparing (229) witli PI. Trig. (500), and developing by (502), we find 

J .ff" = tan i (I tan J i sin C— ^ tan> J a tan" J i sin 2 (7+ &o. (BOO) 
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244 SPHERICAL TRIGONOMEl'RY. 

162. lEOieNDBE'fl Thbobbk. If the sides of a spherical triaagle are very small eont- 
pared with the radios of ike sphere, and a plane triangle be formed whose sides are equal 
to those of the spherical triangU, then, each angle of the plane triangle is equal to the corre- 
sponding angle of the spherical triangle minua one-third of the spherical ej:ces3. 

Let a, b and c be the Bides of the spherical triiuigle expresaed in arc, the rndtus 
Df flie splieire being unitj ; and let A', B' and C be the angles of the plane triangle 
whose sides arc a, h and c. Then we have, in the spherical ti-iangle. 



Substitute in the second member of this, the values of cos a, &e., in eevies, by 
PI. Trig. (405) mid (406), neglecting only powers above the fourth, viz. 

we find 

COS A = L(^"_±i^^l_+jV K -i--.'-6i' e^) 

r »ud denominator by 1 + -J (J* + c% and neglecting 

cos A = ^'' + "^ — °' - a- + i' + c- — 2 n'i." — 2 a 'c' — 2 tV 

whicli, by PI. Trig. (225) and (230), becomes 

Let A ^i A' -{• X, then since x is small, we may put eoa a: = 1, so that, by 
PI. Trig. (88), 

But I be mii A ^ area of the plane triangle ^ very nearly urea of the spherical 
triangle = K, whence 

x = ^K A' = A~IK 

The Sams reasoning applies to each of the other angles, so that 

B' = M — IK G'=C~iK 

which proves the theorem. 

168. This theorem is applied in geodetical surreying, and ia fonnd to be snffi- 
ciently accurate for triangles whose sides are eonsiderably greater tban 1°. It is to 
be reinembered that the sides are to be expressed in arc ; and if they are given in 
feet [for example), they must be reduced to are by dividing by the radius in feet, 
or, which is equivalent, the ttraa must be divided by the square of this radins. If 
then r = radius of the earth in units of any kind, a, h and c the sides of the tri- 
angle in units of the same kind, and /( the area of the plane triangle, we shall have 
K in seconds, by the equation 

EXAHI'lE. 

In a triangle upon the earth's surface, given 5 = 183496-2 feet, c = 156122-1 feet, 

and A = 4a° 4' 32"-35 ; to find the remaining parts. 
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APPROXIMATE SOLUTION OF SPHBKICAL TRIANQLES. 245 

We have 4 = J i c sin ^, and the mean value of c = 20888780 feet. Ilenoe 
log i 5-263iJ3 
log e 519346 
log Bin ^ S-87159 
aroolc!g2r>Einr' 0-87356 
E = 6"'04 log K 0-70224 

It is evident tliat great a«curac; in the value of r and of the other data is not 
required in computing K. We now have ^ K = l"-68, A' = 48° i' 30"'67, and by 
solving the plane triangle witJi the data A', b and c, we find 

a = 140680-0 feet B' = 7(5" 12' 22"-19 C = 65= 48' 7"-l 3 

Adding J ^ to eaoh of tJicso angles, the angles of the spherical triangle are 

B = 76° 12' 28" -87 C = 55° 43' 8"-81. 

For further details respecting geodetical tciangles, and for the methods of solving 
spheroidal triangles, special works upon geodesy must be consulted, suoU as 
Legendre's Analyie dm Ttiaitgles trace! siir la surface rf'ime spMroide; Puisaant's Ti-oiiS 
de 66od6iie; Puissant's Noavel eami dt tngonomiliie ipjiiroidique ; Fischer's Lchrbuch 
der hokerm Oeodatie; various papers by Ganas, Bessel, &c. 

164. lb solve a spherical Irianjle when too of !to aides are nearly 90". 
If a and b are nearly 00°, e and C are nearly equal, and it will be expedient to 
compute the small quantity G — e by an approximate method. We have, by (25), 

sin> J . = sin- iC + *) «!"' J O + sin' i {a - i) cos» ^ O 
and by PI. Trig. 

sin' J C= [sin^ H" + *) + '^"^^ I i" + *)] si"' i ^ 
the difference of which equatiooB ie 

Let 

rf = BO" — 5' = 90° — 6 

o' and ff bdng very small ; also, since C and c are nearly equal, put 

tien the above eqnaOou becomes 

sin Csin J{(7— :) = siu'i («' + *') ein'i (7- sm' i (<f ~f) cos'' J O 
Dividing by sin C = 2 sin J C cos j- C, and substituting the arcs .} (0 — e), 
i (a' + J'), i (a' — b'), for their sines, we find 

G- c = sin 1" [if^y tan J C - (^-^)' "ot J o] (301) 

which is the required approximate formula for the case when a', b' and G are given 
to find c. 
If a', S'andearegiTen, to findC, we may eschangeCforc in the second member. 



.[(i±^y..„j,-(=:=^)%».5.] 
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SPUERICAL TRIGONOMETRY. 



CHAPTER VIII. 

MISCELLANEOUS PROBLEMS OF SPHERICAL TEIGONOMETRY. 

165. /n a given spherical triangle, to find the p'ljieiitiioular from one of llie angles upon 
the opposite aide. ' 

I^. 25. Denoting the perpendicular upon the side e (Pig. 25J 

by p, we have 

emp = sin 4 sin ^ (308; 

If the throe sides or the three angles are given, wo 
find by (48), or (51), and (803), 




^'^ ^ ~ sin e — sin G 
in wliieh n and A'' are given by (47) and (50). 

If we admit more than three psu-ts of the triangle into the espres; 
hare, by (56), (56), and (808), 



_ asinJ^^^iiOB 
oes i C 



sinjB 



(304) 
(SOS) 



166. To find the radius of the circle described about a given spherical triangle. 

Kg- 2D. The radius here understood is the arc O ^ = OB ^ 

C, Fig. 26, drawn from the pole of tie small circle 
j4 i? C to cither of the onglee. Let 

OAB = OBA = r. 
tlicn C=OCA-\.OCB=zOAC-\-OBG 
= A~x+ B — x 
iz=J[/l + S— f) = S— £7 

putting S=H'1 + -B+C)- 

The triangle A B being isoseeleg, the perpes-iicular 
F bisects the side c, therefore if ^ = Jf, wo have 




or, by (70), 



cos(S-(7) 



(300) 



(3071 

By applying the principles of Art. 37, this will give the corresponding formulte ot 
PL Trig. (285). 

167. From (69) and (70) we find 

coa (S_C) = — cos Scot J a cot J 6 
hy which (308) is raduoed t( 



.■a.R = 



anj»t 



njitanjc 






'?0g. 
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MISCEI.LANEOUS PROBLEMS. 
Also, by the last equation of {5e), (300J bceomes 



168. Substituting in (30G) for tan J c by (39), 
tan i; = v/ („os (5-^)0^(3^ 



169, Let tlie sidea of tlie triangle A B C, Fig. 27, be pro- 
dueel to meet in A', B", and C" ; and denote the radii of 
tie circles ciroumacribed about J'B f, B'A C, CAB by 
if, ^', .ffi"' reapeetively. Then if 2S" denote the euiu of 
the angles of A' B C, (A, B and C being the anglea of 
ABC), 2 



S- — A' = 


.-i{A + B+0)^^ 


that (306) applie 


d to A' B Ogives 




tanJJ' '""^" 




^^"^ eos(S'-^') 


d in like manner 


..uT^-v *-i.^ 




Substituting for tan J a, &e,, by (39), or for cos S by (69), 
... ff' _ ""^ (S^-^) _ gsinS^ocs^ieo; 



n S'" = 



s_(S-0)_ 
N 



«_Ja 



111 



170. Combining (310) with (312), we find the relation 

cot S cot E' cot S" cot a"' = JV" 

If tbis be multiplied suoeeBsiTelj by the squares of (310) and (312), -vi 
tan B cot R' cot S" cot B"' = cos' S 
cot K tan E' cot ff' cot ff " = cos' (S — ^) 
cot R cot ^' tan R" cot fi'" = eos= (S ~ B) 
cot fl cot R' cot Ji" tan B'" = cos' (5 — C) 
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1, Irom (310) and (S12) ive find 

— tan £ 4- tan J!' + tan E" + tan R"' 



N 



— tan ^ + tan R' + tan R" + ton R'" 
Wo shall find in a similar manner 

tan R — tan R' + tan R" + tan ^" = i.""^ '^ ■*_!■" L 



nii + t, 



,R'~ 



a R" ■ 



tan R" 



^ 4 sin ^^ COB ^5 sin ^ (7 



tan ^ + taB fl' + tan R" — tan Ji"' = - 
It is also easily shown that 
tan' ii + tan> fl' + tan" R" + tan' R'" = 



IS 5 01 



(317) 




172. To find the radius of the circle inscribed in a given ipherictcl tTiangU, 

^«- ^S- p In Fig. 28, being the pole of the required circle, 

draw OP, OP" and OP" to the points of contact, and j oin 
OA, OB. We have 0P'= OF" and the triangles 
'\,„ ^0-P"and^Of" right-angled at i^'andP"; hence 
sin OP" Bin OF" 

tlierefore A P' = A P", {for we cannot haye 

OAP' = TT — OAP"), and the pole of the inscribed circle is conaoquoJiUy fomul 

by the same construction as in piano, namely, by bisecting the angles of the triangle. 

If then we put s = J (n -(- 6 + b), and r = radius of the inscribed circle, me 

AP" -\- B P -^ F = AP" -^ a = s, AP" = 3 — a 

and the right triangle A OP" gives 

tan )■ = sin (« — a) tan J A (B18) 

correaponding with (he formula of PI. Trig, (288). 
Substituting, in (318), the value of tan J A, 



=J(=^ 



.).m(.~i).in(,- 



i2^ 



>, by (51), Tje hare N = ^ eXa B eia C eina, whieli reduces (320) t( 
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173. Let tte ra 
CAB of Fig. 27, 
A'BG, we hare 


111 of the circles inEcrlbcd iu tho three triangles A'BO, B'AO, 
be i', r" and r'". Then if s' denote the half Bum of the sides of 

2»' = 2ff — 6 — c+a 


SO liat (318) appl 


cd to tlie three triangles, gives 




'•■"■ -■.ta--M -1 



Substituting in these the vnlnes of tan J A, > 



iTp - .) = 



2c 


osJ^slnJSsin^O 




A' 




2s 


n f ^ COS J Ji si 


10 



COS ^. C 


osiC 


co« 


^ 


oosJC 


o^iA 


cos 


B 


cos^ J 


OS * .fi 



174. The product of (319) and (323) giv. 






,n'(.-») 
,n-(.-J) 
■•(•-«) 



175. W« find from (319) and (323), aa in Art. 171, 

-.„tr + .,.t. + .at..+ ..t.-„ --'°i":" 
4 .in } . .„ } 1 



Got r — c. 



,tr+e. 



V+n, 



■ t » Jn } ' 0' 
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176. Fi-om (300) and (321), we find 

J^ = 4 Bin J ^ 5in J iJ sill 5 C «os J fl cos J J oo3 J = (328) 

From (307) and the first of (827), 

From (315) and (820), 

_ tan ^ -f tan It' + tan E" + tan S'" = 2 cot r (330) 

and other similar relations ai-o found by oompmiig (312) with (327), and (310) 
with (S28). 

177. The following relations are also wortli remarking. 
If p is the perpendicnlar from G upon c, 

°" ' ° I (SSI) 

00 r .mj. „ ^^^^ J 

178. The pole of the circle inscribed in a spherical triangle is also thcpoh of the circle 
circamsciibed aioat the polar triangle • and the radii of Ihese cirehs are eomphmmia of each 

The ares Waeodng the angles of a giTen triangle will evidently bisect the aides 
of the polar triangle and will Je [eipendioalar to those sidea respecliTely ; the 
common intersection of these aro^ is therefore at once the pole of the circle in- 
scribed in the first and cucumicnbel about the second. 

Again, if we join the angular puinta of the polar trifltigle nith this oorotnon pole, 
the arcs thus drawn bein^ piodnoed to meet the sides of the first triangle, are 
perpendicular to thee eidea an 1 therefore pass through the points of contact of 
the inscribed circle. Each of these arcs ^ 00°, and ie at the same time the sum 
of the two radii of tlie eirolos in question. 

This latter property is also obvious from the analytical expressions of the two 
ladii. By maana of it, we might have deduced all the formulse for the inscribed 
from those for the eireumscribad circle, or vice versa. 

179. To find (ke ai-e Joining IkepoUs of the circles inscribed in, and circumscribed about 
a given spherical triangle.* 

Let he tlie pole of the eircumscribed circle, 
Fig. 29, and 0' tliat of the inscribed circle. Put 
00- = I); then 
oosJ)!=oos^OcoB JO' + sin^Osin^O'cosO.lO' 
By Art. 166, we have OAB = S — G, whence 
■H OAO' = S — C — ^ A = ^ {3 — G) 

O'P cos AP = cos r cos (s — a) 




'a Splicrioal Trigonometry 
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MISCELLANEOUS TROBLEMS. 
Thorefjre, 

Snbstitnting by (319), (307), and (44), 

_eofl D Bin » cos (» - a) + 2 gin j i si» j o sin H* + 



VeoB ^ sin »■/ 



1 + ain B sin 


6 + sm o B 


iQc + sinisii 






an" 


/8i,l,+ 2d 


n5«BinJi 


■ BinJfV 




11 





iS)- 



bj PI. Trig. (179), :. 

= (cot r + 

008"!)= OOB'tfi — !-)H 
Si.l'-D=Bil.>(S-^)- 

If tlie inscribed cirule is inscribed 
have, by a eimilar process, 

sin' D' = sill' {R + r') — oos' R Bin'/ (333) 

180. Tafind the equilateral spherical triangle inscribed in a given circle. 

li B ^ radius of tlie given circle, and A = one of tlie angles of tie eiinilatora! 
triangle, we liave, by (310), and PI. Trig. Art 70, 



1 A'BO, rig. 27, and its radiu 



■i^-J(i+i^) 



181. To find the equilateral spherical triangle oirciitiiscribed about a ffiven circle. 
It r ^ radius of the giveu oirole, and a = one of the sides of the triangle, «■ 



■'"J(TTi^) 



182. Gimii the base and area of a spherical 




angle, to find tie locus of the vertex. 

base, and X = area of ASC, Fig, 30. 
Produced AB and AC to meet in A', Lot he the pole 
of the circle described about A'MO. The radius of this 
circle is giyen bj the first equation of (311), wliioh, by 
(224) beoomes 

tan It' = ^YE '■^^^^ 

The second member of this equation, being constant for 
all the trianglos of the same base a, and the same area A", 
shoirs that £'is also constant, and oonsequently, that tlie 
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252 SPHERICAL TRI0ONOMETRY. 

point A' is always found upon the oiroumferenoe of the Butne email eirole A'BO. 
But A and A' being the eitremitlea of the same diameter of ttie sphere, A m alsi 
found upon IL emoill circle, equal and paratlel to the circle A'BC. 

The perpendicular distance (jj') of from tlie base BO,is found by the equation 
, _ COS R' 

nnd tho pole of the locus of A Is in the eame perpendicular, at a, distance from 
BC ^ ST ■ — ji' =^ p, whence 

The equations (338) and (837) determine t!ie radius and position of the pole of ttio 
required locus, which may therefore be constructed. 

This elegant proposition is due to Let-ell. 

188. To find the angle betu'een the chorda of two sides of a spherical triarigk. 




In Fig. 31. being the center of tlie oiroum scribed circle, tlie nngTe between the 
oliocds of tlie sides AG and BO is half the spherical angle AOB. If, tlien, 
C, = angle between the chords of a and 6 
cos C. = cos AOP = sin OAP cos AP 
or, by Art. 190, cos C, = sin (S — C) cos ^ o (338) 

By (72) this becomes 

184. The preceding problem is employed for geodetioal triajiglas, in which C, 
little from G, in which case it is expedient t 
', = X, We easily reduoe (339) to the folloy 
cos (7, = cos i(«-*)<="s'J(7_eoBj(., + S)sin'^C 

= cos»i(7_2sinn(a-i)60s'J(7-Bin'JC+2dnn(^+i)s!i,'JO 
Subtracting cos C = oos' i G — sin' § C, we have, 

sinJ(f+C,)sinJ((7-t7.)=smn(«+i)sin'i(;-siQ»H«-*jBos'|C7 
or approximately, taking 

sin J (C+ (70 = sin C= 2 sin J Coos J G 
and sin i{G—C,)Tz^\x sin 1" 

X being expressed in seconds, 

' - ilF F ■"' ! (" + i) l>n ! C - ^, .in- »{»-') " i " (8«) 
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1 RS .5" jreo/ t^cle {DE, Fig, 82) bisect Ike 
angina, amj great drcle (FG), perpendicular to it, 
tn&its whofie sines itre proportional; that ifi* 

sin FA: sin FC= sin ( 
i*t P be tlifl pole of ED, {DP = 90°), and 
POP any great circle drawn tirough P, and 
therefore perpendicular to DA'. Then, ainoe 
FB + PA — 2 FJ} = 18(1° 



base of a spherical Iriangls a 
dimdet Hie sides (AC, PC) it 



fo, Dj (£ 



sin FI3 



nPaia PA = 
= sin G sin OB 
ainFsinro = 9ii.Gain OC 
■whence, by (Uvision, the theorem (341). The 
the base in plane triangles. 

18G. fftwo m-M of great circles, (AB, CD, Fig. 33), Isi 

the proiaei) of the tangents of the aemi-segmeats are equal 

tan i ^£f tan J BB = ton 1 G£ tai 

Let /"be the pole of the circle DACB. Join PE 

and draw the perpendiculars FF, PG, bisecting the 

arcs AB and CD. Then we have 




.&FE 



,sFE 



,sGE 




wLioh, by PI. Trig. (IIO), gives (842). 

187. If thrit arcs be drawn from the angles of a splterical triangle through the same 
point, to meet the opposite sides, the products of the sines of the alternate segments of the sides 
will be equ<ll. 

Thus, in Fig. Si, we shajl have 

sin^B'sin Ci'sin BC = sin CB' ain BA' sin AC (343) 

For wc easily find 

siH AB" Kin A I' sin APB' ^'^'' ^' ' 



nOB 



n CP 



aAF 



1 CPB 




Multiplying these eqaationa togetiier, the protluot of tlie second members is unity, 
■whence (348). 

The same property is easily extended to the segments of the angles. 

188. It follows, tliat when three ares are drawn from the three angles, so as to 

satisfj the condition (343), they most intersect in the same point. This occurs in 

the same cnasa as in plane triangles, that is, when the angles are bisected ; when the 

Bides are bisected ; when the three arcs are drawn fi-oni the angles to the points uf 

W 
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contact of the inscribed circle ; and wlien lie three arts are the three perpendiculars 
upon the aides. 

The firat tiirea of these oasea are obvious. To prove the last, if A', B' aod C, 
Fig. 8i, are right angles, we have 

eras AE COB GA ' cobSC" _ co b d-g , eos CA _ cob B G _ 
COS els' ' '^i~BA' ' fic^'C' " coa CB ' cos BA ' coe AC ~ 
whence oos AB' eos CA' cos BC = cos CB' cos BA' cos AO' 
and in the snjne rQann.er we find 

tan AB' tan CA' tan .5(7' = tan Cff tan if^' i^AC 
The product of these two equations glyea the condition (343), and tlierefore the per- 
pendioulacB intersect in the same point, 

189. To find the ere draica from any angle of a spherical triangle to a given paint in 
the opposite aide. 
In the triangle P^ji"i Fig. 86, let i'jt' be drawn; we ha*a 




oos FA' Bin A A" = cos PA' sm (A A' + A" A") 

= cos PA' oos A'A" sfoAA' + cos PA'co&AA' sin A'A" 
Bat in the triangles P A A', P A'A" we have, by (4), 

cos i'_4' oos A'A" = cos PA" + ain PA' sin A'A" cos I'A'A 
which substituted above give 

BOS F A' ava A A" = am PA sm A'A" -\- bos PA" aia A A' (844) 

which determines FA', the sides FA and FA" and the segments of the side A A" 
being given. 

190, Let three area PA, PA', FA", Fig. 8S, passing through the same point P, 
be intersected by two othora^^" and BS' whose intersection is Q\ we have seve- 
ral symmetrical relations among the parts of the figure whieli find their application 
in astronomy. 
Let the points A, A', A" be given in position by their distances from Q, and p'lt 
AQ=za. AB =-^0 FB =y 

A'Qz=t' A'B' = ^ FB' = y- 

A"Q = ^" A"R' = g' PB" = y" 

By PI. Trig. (171), we have 

and in Fig. 36, 

sin S ■" 



II B ~--y- 
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wliich, substituted above, give 



,.{»■■ 



■^3 + S 



o [« — «■) = (345 



Agttin, if we expreaa {34i) in the notation of this article, it becomes 
■which, added to (846), gives 



tan J. 






*")+ - 



i„(«^^-,) + -. ^_X;^3m(.-«') = (8*7) 



131. If P is the pole of A Q, ne have 

,e + V = ^' + >' = ^' + ^" = 90" 

and (345) and (3i7) both give 

tan ^ sin (,' - «") + tan ^ sin («" - «) + Un ^' sin (« - «') = (348) 

192. To find the mclmation of tma adjacenl faces of a regular polyhedron, and the radii 
of the inaeribed and ca-cumsoribed spheres. 

Let C and U, Fig. 86, be the centres of two adjacent faces whose oommon edge is 
AS; the centre of the inscribed and circumsoribeii spheres. Draw D bi- 
secting AB at right angles; draw CD, KD, which will also evidently be per- 
pendicular ia AB; and put 

/ = inclination of the faces = C D F. Kg- 30. 

R 1= radius of the oiroumscribed sphere =z: A = B \ 

T = radius of the insoribed sphere = OC = OE 

a =; one of the edges = AB 

m = number of faces that form a solid angle 

n ^ number of sides of a face 

Suppose a sphere to be described about the centre 
with any radlas, and cad the triangle formed apon its sur ■ 
face by the planes OOB, CO A, A OB; this ti'iangle is 
right-angled at d and gives 



cad 



ed^eosCOD, and 

GOI> = W — CDO=~ 




= i angle of the planes OAOmiOAE 
1 2^ ff 
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